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Šárka Nečasová
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Preface

The first edition of Nečas’s book Les méthodes directes en théorie des équations
elliptiques was published in 1967 simultaneously by Academia, the Publishing
House of the Czechoslovak Academy of Sciences in Prague, and by Masson in
Paris. The publication was unique in that it gave quite a general up-to-date account
of Direct Methods (also called Variational Methods) in the context of linear elliptic
equations and systems of arbitrary order in Lipschitz domains, together with an
excellent general introduction to the theory of Sobolev Spaces. The topics the book
addresses were always among the main research interests of J. Nečas (together with
non-linear problems). The book was written in French not only because French was
J. Nečas’s favorite language, but also due to his collaboration with J. L. Lions and
the Paris school. After the success of the French edition the translations into English
and Russian were discussed at several points, but for various reasons this work was
completed only recently.

I am very grateful to J. Nečas’s colleagues and friends, particularly to W. Jäger,
E. Zeidler, P.G. Ciarlet, C. Simader, V. Solonnikov, H. Sohr, R. Glowinski, and
R. Rautmann. The generous support and patience of C. Byrne and M. Reizakis of
Springer were also essential for the success of the project. The first version of the
translation into English was prepared by G. Tronel of Université Paris VI. Additional
modifications of the translation were carried out by A. Kufner in cooperation with
O. John,V. Šveràk, and G. Koch. LaTeX2e typesetting was finalized by E. Ritterová
and O. Ulrych. As the editorial coordinator of the publication I would like to thank
all those mentioned above and also many others who contributed to the final success
of the task. In particular, the support of my mother and my sister was invaluable.

The content as well as form of the translated work keep strictly to the author’s
concept with no attempt to update or restructure it significantly. Such changes would
have destroyed the unique historical value of the work. In addition, the huge progress
that the theory of PDEs went through since the first edition of the book would
require both considerable theoretical extensions and vast additional comments. We
thus present Nečas’s work essentially in the form in which it was published in 1967,
because it is in some sense timeless in that it gives a definitive presentation of the
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topics it addresses, still very relevant today. Quoting C. Simader, the book is as vital
now as it was in 1967.

Prague 2011 Šárka Nečasová



About the Translation

When Prof. Jindřich Nečas’ book Les méthodes directes en théorie des équations
elliptiques in 1967 appeared I was a PhD student at the University of Munich
(Ludwigs-Maximilians-Universitaet Muenchen). My advisor, Prof. Dr. Ernst Wien-
holtz, immediately ordered this book for the library. One has to know that at this
time only a few books on Sobolev spaces and their applications to PDE - problems
existed: Translations of S. L. Sobolev’s book (1964), the books by S. Agmon (1965)
and L. Bers, F. John and M. Schechter (1964), where the last two books only treated
L2 - Sobolev spaces. Solely looking at the list of contents of Nečas’ book convinced
us that this book is of enormous importance for us. But there was a great problem:
Prof. Wienholtz and I learned Latin for several years at school, but we never learned
French. Therefore trying to understand the book was a permanent fight as well with
the language as with the difficulty of the material - even though we found out quickly
that the presentation was very well understandable. One great advantage of this

book is that it contains all facts on the spaces W (k)
p (Ω) for all 1 ≤ p < ∞ (nowadays

called Sobolev spaces). In addition he regarded the spaces V (k)
p (Ω) whose definition

is more in the spirit of Sobolev’s original definition. Here I found in well readable

form the spaces W (k)
p (Ω) with k non integer, all facts on traces and much more. The

main part of the book concerns the problem how an elliptic boundary value problem
could be translated in a weak form and in the solution of the resulting functional
equation in suitable function spaces. Further regularity properties are studied.

In February 1969 after receiving my PhD I had the opportunity to participate in
the Oberwolfach meeting on Partial Differential Equations. There I met first time
Prof. Nečas. Having the maturity of his book in mind, I was very much surprised
by his Juvenileness. He was not yet forty. Unfortunately this was the last time to
meet him for more than 20 years. After 1968 he did not behave in the sense of the
occupying Soviet forces. Only in May 1990 at a Spring School held in Roudnice
nad Labem (Czech Republic) I met Nečas again. He nearly did not change during
the past 21 years. On the contrary he see seemed to me more happy as in 1969: He
lived now in a democratic, free mother country.
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viii About the Translation

I learned a lot of things from this book and it is until today a standard reference
for my students - and I am convinced that many students all over the world will
appreciate and use the underlying English edition of the book, which is as vital as
in 1967.

C. Simader, Bayreuth 2010



Preface to the French Edition

This book is devoted to the theory of linear partial differential equations of elliptic
type; it is based on the work of the Seminar of Partial Differential Equations at
the Mathematical Institute of the Czechoslovak Academy of Sciences as well as on
a lecture series I gave at the Prague Charles University.

The content of the book concentrates on the solution of boundary value problems;
less attention is given to the problem of eigenfunctions and eigenvalues. The
solution of the problem is sought in the Sobolev space W k,2, i.e. in the Hilbert
space of functions with bounded Dirichlet integral. The definition of the boundary
value problem, based on the concept of the integral of energy and its first variation,
is expressed in the form of an equality between a certain sesquilinear form and
some functionals determined by the data. From this equality, existence theorems are
deduced. I call this approach the “direct method” which corresponds in general to
the use of this notion by other authors. This point of view seems to be very useful
and in principle simple, and can be used to solve the other questions considered in
this book as well, e.g., the regularity of solutions, the introduction of the concept of
very weak solutions, the use of Rellich’s identity etc. This book also contains the
theory of Sobolev spaces. It is assumed that the reader is familiar with basic notions
and results from functional analysis, which can be found in the literature.

I tried to include in the book, in a natural way, a number of recent results,
published as well as unpublished, of other authors and of myself, or at least to
mention them in the bibliography. The choice of subjects and bibliography is, of
course, not exhaustive and depends on the author’s taste. In some sense, the book is
related to the paper by E.Magenes and G.Stampacchia [1].

The chapters are divided into sections (two digits, the first denoting the corre-
sponding chapter; Sect. 3.2 is the second section in Chap. 3), sections are divided
into subsections (three digits, 3.2.5 is the fifth subsection in Sect. 3.2). Formulas
are numbered succesively throughout the corresponding chapter; theorems, lemmas,
remarks, exercises etc. are numbered succesively throughout the corresponding
section. If we refer to a theorem etc from another chapter, we add a new digit at
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the front, e.g. Proposition 6.2 from Chap. 3 (i.e. the second theorem in Subsect. 3.2)
is referred in other chapters as Proposition 3.6.2.

A few words about the content: The first chapter describes, in a simple form,
the results of Chaps. 2 and 3 together with some questions concerning numerical
methods, etc. This chapter is addressed to a larger group of readers than the other
chapters. In the second chapter, we describe the theory of the Sobolev spaces W k,p

together with imbedding theorems and the problem of traces and extensions. The
third chapter is devoted to the definition of the boundary value problem and its
solution and includes the Fredholm alternative. We deal here with apriori estimates
of functions satisfying the Lopatinskii conditions at the boundary, and investigate
the dependence of the solution on the coefficients of the operator, on the coefficients
appearing in the boundary conditions and on the domain. In short, systems of
equations are discussed.

In the fourth chapter, the methods of differences and of compensation are used to
prove the regularity of solutions. The dual approach leads to the very weak solutions,
with the Green kernel as a particular case. The fifth chapter is devoted to Rellich’s
equality. There we deduce, for instance, the existence of the solution of the Dirichlet
problem for a second order differential operator with square integrable boundary
data and without assumptions about the regularity of the boundary. In the sixth
chapter, weighted spaces are introduced and used for the investigation of boundary
value problems with non-degenerated differential operators. The seventh chapter
deals with questions of regularity based on the maximum principle and on the mean
value theorem.

Besides theorems and their proofs, there are also remarks, examples and exer-
cises in the book. The latter ones can also serve as announcements of new results
and approaches, and not only as pure exercises. There is also a list of open problems.

I want to express my gratitude to the fellows of the Department of Partial
Differential Equations of the Mathematical Institute, A.Kufner and J.Kadlec, who
have read the manuscript and contributed to its improvement, and further to Prof.
V. Pták, and Dr. L. Pachta, the reviewer.

Prague 1966 Jindřich Nečas
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Chapter 1
Elementary Description of Principal Results

Chapter 1 is intended for those who want to acquire, as quickly as possible,
a knowledge of the basic elements and results of the theory of elliptic equations;
naturally, it is therefore reduced to the exposition of only the most important and
easy results. We also have in mind non-mathematician readers whose interest is
oriented more towards applications and numerical methods. Nevertheless, reading
Chap. 1 is recommended to those who will study the following chapters to
familiarize themselves with the basic notions which theory will meet again in
the rest of the book. For the moment, we will limit ourselves to citing only the
works of R. Courant and D. Hilbert [1]; S. G. Mikhlin [2]; E. Magenes and
G. Stampacchia [1], where further literature can be found, and to S. Agmon [4];
J.L. Lions [4]; V. I. Smirnov [1]; S. L. Sobolev [1]; G. Hellwig [1].

1.1 Beppo Levi Spaces

1.1.1 Definition of Wk,2

We denote by R
N the N-dimensional Euclidean space with generic point x =

(x1,x2, . . . ,xN), and set

|x|= (
N

∑
i=1

x2
i )

1/2.

We denote by Ω a bounded or unbounded domain, i.e. an open and connected subset
of RN .

We denote by C∞(Ω) the set of infinitely differentiable complex-valued functions
on Ω which can be continuously extended with all their derivatives to the closure
Ω of Ω . If Ω is unbounded, we suppose that functions from C∞(Ω) vanish
in a neighborhood of infinity; of course, this neighborhood can be different for
different functions.

J. Nec̆as et al., Direct Methods in the Theory of Elliptic Equations,
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8 1,
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2 1 Elementary Description of Principal Results

We denote by C∞
0 (Ω) the subset of all functions from C∞(Ω ) with compact

support in Ω ; here, the support of φ , supp φ , is defined as the closure (in R
N) of

the set of all points x such that φ(x) �= 0. Consequently, every φ ∈C∞
0 (Ω) vanishes

identically in a neighborhood of ∂Ω , the boundary of Ω .
We denote by L2(Ω) the space of all complex-valued functions which are square

integrable over Ω ; the set L2(Ω) is equipped with the scalar product

(v,u) =
∫

Ω
v(x)u(x)dx (1.1)

where dx = dx1 dx2 . . . dxN . The integrals are considered to be Lebesgue integrals.
L2(Ω) is a Hilbert space. Wherever there is no ambiguity, we will write simply

L2 instead of L2(Ω).
Let i = (i1, i2, . . . , iN) be a vector whose components are non-negative integers.

We call this vector a multiindex. Denote

|i|=
N

∑
n=1

in.

For u ∈C∞(Ω ), we denote by Diu the expression

Diu =
∂ |i|u

∂xi1
1 ∂xi2

2 . . .∂xiN
N

.

For k = 1,2,3, . . . , we introduce on C∞(Ω ) the scalar product

(v,u)W k,2(Ω) ≡ (v,u)k ≡ ∑
|i|≤k

∫
Ω

DivDiudx. (1.2)

The space W k,2(Ω) is defined as the closure of C∞(Ω) with respect to the norm

(v,v)1/2
k ; we also write simply W k,2 instead of W k,2(Ω). This convention will be

used in the sequel for other spaces as well. For the norm (u,u)1/2
k , we will use the

notation |u|k or |u|W k,2(Ω).

If f ∈ W k,2(Ω) and |i| ≤ k, Di f is defined as a function from L2(Ω). Indeed,
according to the definition of W k,2(Ω), f = limn→∞ fn in W k,2(Ω) where fn belongs
to C∞(Ω ); hence, for |i| ≤ k, Di fn, n = 1,2, . . . , is a Cauchy sequence in L2(Ω). We
denote its limit in L2(Ω) by Di f and call it the generalized derivative (distributional
derivative, derivative in the sense of distributions). Di f is uniquely determined by
virtue of the following assertion:

Proposition 1.1. Assume f ∈ W k,2(Ω). Then for any ϕ ∈ C∞
0 (Ω) and for any i,

|i| ≤ k, ∫
Ω

ϕDi f dx = (−1)|i|
∫

Ω
Diϕ f dx.
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Indeed, since the identity is satisfied for every fn from C∞(Ω), we obtain it for
f by passing to the limit. The uniqueness of Di f follows now from the fact that
C∞

0 (Ω) is dense in L2(Ω). For details see S. L. Sobolev [1].
The space W k,2 is again a Hilbert space if equipped with the scalar product (1.2).
We denote by W k,2

0 (Ω) the closure of C∞
0 (Ω) with respect to the norm of

W k,2(Ω).
The spaces W k,2(Ω) are called spaces of functions with “finite energy”.

1.1.2 Equivalent Norms

For applications, it is important to find different norms which are equivalent to

(v,v)1/2
k and to consider boundary values of functions from W k,2(Ω) as well as the

quotient space W k,2/P, where P denotes the subspace of polynomials of degree up
to k− 1.

Theorem 1.1. Let Ω be a bounded domain. The scalar product

(v,u)
W k,2

0 (Ω)
= ∑

|i|=k

∫
Ω

DivDju dx, (1.3)

defines a norm on W k,2
0 (Ω) which is equivalent to (v,v)1/2

k .

Proof. It is sufficient to prove the so-called Friedrichs inequality

∫
Ω
|ϕ |2 dx ≤ c

N

∑
i=1

∫
Ω

∣∣∣∣∂ϕ
∂xi

∣∣∣∣
2

dx (1.4)

for any function ϕ from C∞
0 (Ω).

The domain Ω can be placed inside a cube |xi|< a, i = 1,2, . . . ,N. Extending ϕ
by zero outside of Ω , we have that

ϕ(x1,x2, . . . ,xN) =

∫ x1

−a

∂ϕ
∂x1

(ξ1,x2, . . . ,xN)dξ1,

and the Schwarz inequality leads to

|ϕ(x1,x2, . . . ,xN)|2 ≤ 2a
∫ a

−a

∣∣∣∣ ∂ϕ
∂x1

(ξ1,x2, . . . ,xN)

∣∣∣∣
2

dξ1. (1.5)

By integration with respect to x1 over the interval [−a,a] it follows that

∫ a

−a
|ϕ(x1,x2, . . . ,xN)|2 dx1 ≤ 4a2

∫ a

−a

∣∣∣∣ ∂ϕ
∂x1

(ξ1,x2, . . . ,xN)

∣∣∣∣
2

dξ1. (1.6)
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x̃

0
Ω

x1

Fig. 1.1

By repeated integrations with respect to x2,x3, . . . ,xN over the interval [−a,a] we
get (1.4) with the constant c equal to 4a2.

Remark 1.1. The previous proof holds even in the case that Ω is bounded only in
one direction, for instance in the direction of the x1 axis (cf. Fig. 1.1 where x̃ =
(x2, . . . ,xN)).

Exercise 1.1. Let Ω be bounded or unbounded, Ω ′ ⊂Ω , Ω ′ bounded,RN −Ω �= /0.
Prove that for u ∈W k,2

0 (Ω), the following inequality holds:

|u|W k,2(Ω ′) ≤ const(Ω ′)

(
∑
i=k

∫
Ω
|Diu|2 dx

)1/2

. (1.7)

1.1.3 Concept of a Trace

In what follows, we will mainly work with bounded domains whose boundaries are
continuous. The boundary ∂Ω of Ω is called continuous if the following conditions
are satisfied:
– there exist positive numbers α > 0 and β > 0, systems of local charts
(xr1,xr2, . . . ,xrN) = (x′r,xrN), r = 1,2, . . . ,M, and continuous functions ar defined
on closed (N − 1)-dimensional cubes |xri| ≤ α, i = 1,2, . . . ,N − 1, and such that
every point x at the boundary ∂Ω can be represented at least in one of the charts in
the form x = (x′r,ar(x′r));
– the points (x′r,xrN) such that |xri| ≤ α , i = 1, . . . ,N −1 (we denote this set by Δ r)
and ar(x′r)< xrN < ar(x′r)+β belong to Ω while the points (x′r,xrN) such that x′r ∈
Δ r, ar(x′r)−β < xrN < ar(x′r) are outside of Ω . (Cf. Fig. 1.2.).
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Ω

x r

xrN

ar

a

b

b

Fig. 1.2

The boundary ∂Ω is called Lipschitz (or lipschitzian) if the functions ar above
satisfy the Lipschitz condition on Δ r, i.e.

x′r,y
′
r ∈ Δ r =⇒ |ar(x

′
r)−ar(y

′
r)| ≤ const|x′r − y′r|.

We will show that, in a certain sense (which will be specified), the functions
from W k,2(Ω) have boundary values on ∂Ω together with their derivatives of order
≤ k− 1; these values generalize in a natural way the boundary values of a function
continuous on Ω . We will call them traces.

We denote by L2(∂Ω) the space of functions which are square integrable
over ∂Ω .

Theorem 1.2. Let Ω be a bounded domain with lipschitzian boundary. Then there
exists a uniquely defined, linear and continuous mapping T : W k,2(Ω) → L2(∂Ω)
such that for x ∈ ∂Ω and v ∈C∞(Ω), it is defined by T (v)(x) = v(x).1

Proof. Let Vr be the subset of Ω of points x = (x′r,xrN) for which x′r ∈ Δr, ar(x′r)<
xrN < ar(x′r)+β .

During the proof, we will omit the index r. Let v ∈C∞(Ω); then we have

v(x′,a(x′)) =−
∫ τ

a(x′)

∂v
∂xN

(x′,ξN)dξN + v(x′,τ), a(x′)< τ < a(x′)+β .

Using the Schwarz inequality, we obtain

|v(x′,a(x′))|2 ≤ 2

(
β
∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,ξN)

∣∣∣∣
2

dξN +2|v(x′,τ)|2
)
. (1.8)

1In the sequel, we will write simply T (v) = v.
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Integrating this inequality with respect to τ over the interval [a(x′),a(x′)+β ], we get

β |v(x′,a(x′))|2 ≤ 2

(
β 2

∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,ξN)

∣∣∣∣
2

dξN

)

+ 2
∫ a(x′)+β

a(x′)
|v(x′,τ)|2dτ.

(1.9)

Now integration over the cube Δ leads to

β
∫

Δ
|v(x′,a(x′))|2 dx′ ≤ 2β 2

∫
Δ

dx′
∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,xN)

∣∣∣∣
2

dxN

+ 2
∫

Δ
dx′

∫ a(x′)+β

a(x′)
|v(x′,xN)|2 dxN .

(1.10)

The surface element of ∂Ω can be expressed as

dS =

(
1+

N−1

∑
i=1

(
∂a
∂xi

)2
)1/2

dx′.

for i ≤ N − 1, the derivative ∂a
∂ xi

is bounded since the function a(x′) satisfies the
Lipschitz condition and its first derivatives exist almost everywhere in Δ . Hence the
assertion of our theorem follows from (1.10). �

In Chap. 2, the reader will find several generalizations of Theorem 1.2; the space
L2(∂Ω) will be replaced there by other Banach spaces equipped with a more fine
structure.

Corollary 1.1. Let Ω be a bounded domain with lipschitzian boundary, |i| ≤ k−1.
Then there exists a uniquely defined, linear and continuous mapping Ti : W k,2(Ω)→
L2(∂Ω) such that for u ∈C∞Ω ,

Tiu = Diu.

In the sequel, we will denote for simplicity the trace of u∈W 1,2(Ω) on ∂Ω again
by u.

1.1.4 The Poincaré Inequality

We shall prove the Poincaré inequality for the cube |xi|< a, i = 1,2, . . . ,N.

Theorem 1.3. Let Ω be the cube |xi| < a, i = 1,2, . . . ,N. For u ∈ W 1,2(Ω), the
following inequality holds:
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∫
Ω
|u|2 dx ≤ 2a2N

∫
Ω

N

∑
i=1

∣∣∣∣ ∂ u
∂xi

∣∣∣∣
2

dx+
1

(2a)N

∣∣∣∣
∫

Ω
u(x)dx

∣∣∣∣
2

. (1.11)

Proof. For u ∈C∞(Ω) and x,y ∈ Ω , we can write

u(x)−u(y) =
∫ x1

y1

∂u

∂x1
(ξ1,y2, . . . ,yN)dξ1

+

∫ x2

y2

∂u
∂x2

(x1,ξ2,y3 . . . ,yN)dξ2 + . . .

+
∫ xN

yN

∂u
∂xN

(x1,x2, . . . ,xN−1,ξN)dξN ,

(1.12)

and consequently,

|u(x)− u(y)|2 = |u(x)|2 + |u(y)|2 −u(x)u(y)−u(y)u(x)

≤ 2aN

(∫ a

−a

∣∣∣∣ ∂u
∂x1

(ξ1,y2, . . . ,yN)

∣∣∣∣
2

dξ1 + . . .

+

∫ a

−a

∣∣∣∣ ∂u
∂ xN

(x1,x2, . . . ,ξN)

∣∣∣∣
2

dξN

)
.

(1.13)

Integration over the product Ω ×Ω yields

2(2a)N
∫

Ω
|u(x)|2 dx

≤ 2aN(2a)(N+1)
∫

Ω

(
N

∑
i=1

∣∣∣∣ ∂ u
∂xi

(x)

∣∣∣∣
2
)

dx+2

∣∣∣∣
∫

Ω
u(x)dx

∣∣∣∣
2

,

(1.14)

and the result follows. �

1.1.5 Rellich’s Theorem

The identity mapping W 1,2(Ω) → L2(Ω) is linear and continuous, but we have
a more precise result, namely Rellich’s theorem:

Theorem 1.4. Let Ω be a bounded domain with continuous boundary. The identity
mapping W 1,2(Ω)→ L2(Ω) is compact (cf. F. Riesz, B. Sz. Nagy [1]).

Proof. A bounded subset M of some Banach space is precompact if and only if for
every ε > 0 there exists a finite ε-net in M, i.e. some elements u1,u2, . . . ,ul ∈ M
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such that for every v ∈ M, one has

v ∈ M =⇒ min
i=1,2,...,l

|v−ui|< ε.

Let ε > 0. We can find a set Ω1,Ω 1 ⊂Ω , such that for all functions u from W 1,2(Ω),
for which |u|W 1,2(Ω) ≤ 1, we have the estimate

(∫
Ω−Ω1

|u|2 dx

)1/2

< ε/6. (1.15)

To prove it, let us consider the set Vr (cf. 1.1.3), in the proof we again omit the
index r. Let v ∈C∞

0 (Ω). If a(x′)< yN < a(x′)+β/2, we then have:

v(x′,yN) =−
∫ τ

yN

∂v

∂xN
(x′,ξN)dξN + v(x′,τ), a(x′)+β/2 < τ < a(x′)+β .

We can deduce that

|v(x′,yN)|2 ≤ 2β
∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,ξN)

∣∣∣∣
2

dξN +2|v(x′,τ)|2. (1.16)

Integrating the last inequality with respect to τ over the interval [a(x′),a(x′)+β ]
we get

β |v(x′,yN)|2 ≤ 2β 2
∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,ξN)

∣∣∣∣
2

dξN +2
∫ a(x′)+β

a(x′)
|v(x′,τ)|2 dτ. (1.17)

Now we integrate (1.17) first over Δ and then with respect to yN over the interval
[a(x′),a(x′)+ δ ], δ ≤ β . We get

∫
Δ

dx′
∫ a(x′)+δ

a(x′)
|v(x′,yN)|2dyN ≤ 2β δ

∫
Δ

dx′
∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,xN)

∣∣∣∣
2

dxN

+2δ/β
∫

Δ
dx′

∫ a(x′)+δ

a(x′)
|v(x′,xN)|2 dxN .

(1.18)

This inequality is satisfied also for u ∈W 1,2(Ω). If δ is small enough, using (1.18)
for all r (omitted in (1.18)) we obtain (1.15); for Ω1 we can take

Ωλ = {x ∈ Ω , dist(x,∂Ω)> λ},

λ small enough.
Let us cover Ω1 by cubes Ci ⊂ Ω , i = 1,2, . . . , l, with edges less than or equal to

ε/(6
√

2N). We deduce that
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(∫
Ω1

|u|2 dx

)1/2

≤
(∫

∪l
i=1Ci

|u|2 dx

)1/2

≤ ε
6

(∫
∪l

i=1Ci

N

∑
j=1

∣∣∣∣ ∂u
∂ x j

∣∣∣∣
2

dx

)1/2

+
1

(2a)N

l

∑
i=1

∣∣∣∣
∫

Ci

u(x)dx

∣∣∣∣ .
(1.19)

Let us consider the linear continuous mapping of W 1,2(Ω) to the l-dimensional
complex space A defined by yi =

∫
Ci

u(x)dx, i = 1,2, . . . , l. Since A is finite-dimen-
sional, this mapping is compact. Hence for the unit ball of W 1,2(Ω), |u|W 1,2(Ω) ≤ 1, it
is possible to find u1,u2, . . . ,us such that for every u in this ball there exists some ut ,
satisfying

1
(2a)N

l

∑
i=1

∣∣∣∣
∫

Ci

|u−ut|dx

∣∣∣∣< ε/3. (1.20)

For this function u we have that

(∫
Ω
|u− ut|dx

)1/2

≤
(∫

Ω−Ω1

|u−ut |dx

)1/2

+

(∫
Ω1

|u−ut |dx

)1/2

< ε/3+ ε/3+ ε/3= ε

as a consequence of (1.15) and (1.20). Hence u1,u2, . . . ,us form an ε-net in L2(Ω)
for the ball |u|W1,2(Ω) ≤ 1. �

1.1.6 The Generalized Poincaré Inequality

Now, we generalize Theorem 1.3:

Theorem 1.5. Let Ω be a bounded domain with continuous boundary. Then for
u ∈W k,2(Ω), the following inequality holds:

|u|2Wk,2(Ω)
≤ const

(
∑
|i|=k

∫
Ω
|Diu|2 dx+ ∑

|i|<k

∣∣∣∣
∫

Ω
Diudx

∣∣∣∣
2
)
. (1.21)

Proof. To the contrary, let us assume that there does not exist any constant for which
inequality (1.21) holds. Then we can find a sequence of functions us ∈ W k,2(Ω),
s = 1,2, . . . , such that |us|W k,2(Ω) = 1 and

|us|2W k,2(Ω)
> s

(
∑
|i|=k

∫
Ω
|Dius|2 dx+ ∑

|i|<k

∣∣∣∣
∫

Ω
Dius dx

∣∣∣∣
2
)
.
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Hence, it follows that for |i| = k, lims→∞ Dius = 0 in L2(Ω). On the other hand,
due to Theorem 1.4 we can find a subsequence usi which strongly converges in
W k−1,2(Ω). Let u = limi→∞ usi in W k−1,2(Ω). We have limi→∞ usi = u in W k,2(Ω);
but Diu = 0 for |i| = k, and hence u is a polynomial of degree ≤ k− 1. Obviously,
we have

lim
j→∞

∫
Ω

Dius j dx =
∫

Ω
Diudx = 0, |i|< k

and so u≡ 0. But this contradicts the fact that 1 = limi→∞ ‖usi‖Wk,2(Ω) = ‖u‖Wk,2(Ω).
�

1.1.7 The Quotient Spaces

Let P(k−1) be the space of polynomials of degree ≤ (k−1) and P ⊂ P(k−1) a linear
subspace. We denote by W k,2(Ω)/P the quotient space of classes ũ of functions
u ∈W k,2(Ω); u,v ∈ ũ ⇔ u− v ∈ P. The norm in the space W k,2(Ω)/P is defined in
the usual way:

|ũ|W k,2(Ω)/P = inf
u∈ũ

|u|W k,2(Ω). (1.22)

The quotient space of a Banach space is a Banach space. (Cf. F. Riesz, B.Sz.
Nagy [1], L.A. Ljusternik, V.I. Sobolev [1].)

Example 1.1. Let k = 2; P can be the set of constants or the set of first order
polynomials a0 +a1x1 +a2x2 + . . .+aNxN with ∑N

i=1 ai = 0; etc.

If P = P(k−1), we obviously have for u ∈ ũ:

(∫
Ω

∑
|i|=k

|Diu|2 dx

)1/2

≤ |ũ|W k,2(Ω)/P(k−1)
, (1.23)

and the left hand side of (1.23) depends only on the class ũ. Moreover we have the
following theorem:

Theorem 1.6. Let Ω be a bounded domain with continuous boundary. The follow-
ing inequality

|ũ|Wk,2(Ω)/P(k−1)
≤ const

(∫
Ω

∑
|i|=k

|Diu|2 dx

)1/2

(1.24)

holds for u ∈ ũ.
The space W k,2(Ω)/P(k−1) is a Hilbert space with the scalar product

∫
Ω

∑
|i|=k

DivDiudx with v ∈ ṽ,u ∈ ũ.
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Proof. If ũ ∈ W k,2(Ω)/P(k−1), then it is possible to find a function u ∈ ũ such that∫
Ω Diudx = 0 for |i|< k. Hence (1.24) is a consequence of (1.21). �

The quotient spaces W k,2(Ω)/P are Hilbert spaces too:

Theorem 1.7. The quotient space W k,2(Ω)/P is a Hilbert space with the norm
(1.22).

Indeed: W k,2(Ω) = P�K i.e. the direct sum of P and its orthogonal complement
in the hilbertian structure (1.2). If ũ ∈ W k,2(Ω)/P, then there exists exactly one
element uK ∈ ũ,uK ∈ K; let us put (ṽ, ũ)W k,2(Ω)/P = (vK ,uK). Then we have:

|u|2Wk,2(Ω)/P = inf
u∈ũ

|u|2Wk,2(Ω)
= inf

u∈ũ
(|uK|2W k,2(Ω)

+ |uP|2W k,2(Ω)
)

= |uK|2W k,2(Ω)
.

�

1.1.8 Other Equivalent Norms

In the previous subsections we have constructed equivalent norms in the space
W k,2(Ω) or in some subspaces. Now, we give three theorems with some other typical
examples.

Theorem 1.8. Let Ω be a bounded domain with continuous boundary. Then we
have for u ∈W k,2(Ω) that

|u|W k,2(Ω) ≤ const

(∫
Ω
|u|2 dx+

∫
Ω

∑
i=k

|Diu|2 dx

)1/2

. (1.26)

Proof. We shall prove that W k,2(Ω) is a Banach space (indeed a Hilbert space) with
respect to the norm given by the right hand side of (1.26). Then we use the Banach
theorem on isomorphism (cf. L.A. Ljusternik, V.I. Sobolev [1]).

Hence let us be a Cauchy sequence with respect to the “new” norm. Accord-
ing to Theorem 1.6 there exist polynomials ps of degree ≤ (k − 1) such that
lims→∞(us + ps) = u in W k,2(Ω) for the “natural” norm. Since us is a Cauchy
sequence in L2(Ω), the sequence ps is a Cauchy sequence too, but in a finite-
dimensional space. Because all norms in a finite-dimensional space are equivalent,
ps → p in W k,2(Ω). �

By the same way we obtain the Friedrichs inequality:

Theorem 1.9. Let Ω be a bounded domain with lipschitzian boundary. Let
Γ ⊂ ∂Ω , meas(Γ ) �= 0. Then for u ∈W 1,2(Ω) we have
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|u|W1,2(Ω) ≤ const

(∫
Γ
|u|2 dS+

∫
Ω

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣
2

dx

)1/2

. (1.27)

Finally we prove

Theorem 1.10. Let Ω be a bounded domain with lipschitzian boundary. Then for
u ∈W 2,2(Ω) we have

|u|W 2,2(Ω) ≤ const

(∫
∂Ω

|u|2 dS+
∫

Ω
∑
|i|=2

|Diu|2 dx

)1/2

. (1.28)

Proof. We proceed as in the proof of Theorem 1.8 taking into account that
(
∫

∂Ω |u|2 dS)1/2 is a norm in P(1). �

In Chap. 2, we shall consider Sobolev spaces W k,p(Ω), 1 ≤ p < ∞, which are
Lp analogs of W k,2(Ω). We shall prove various imbedding theorems for which the
theorems of this section are model cases. For p > 1 and for sufficiently smooth
domains, we will define trace spaces. Cf. S.L. Sobolev [1], J. Deny, J.L. Lions [1],
E. Gagliardo [1, 2], J. Nečas [11].

1.1.9 An Imbedding Theorem

The inclusion W k,2(Ω) ⊂ L2(Ω) has the following sense: the imbedding (i.e. the
identity mapping) of W k,2(Ω) into L2(Ω) is continuous; we call this inclusion an
algebraic and topological inclusion. Another type of inclusion, which is a particular
case of an imbedding theorem, is given by the following:

Theorem 1.11. Let Ω be a bounded domain in R
2. We have W 2,2

0 (Ω) ⊂ C(Ω)

algebraically and topologically; C(Ω ) is the space of continuous functions on Ω ,
which is a Banach space with respect to the norm

|u|C(Ω) = max
x∈Ω

|u(x)|.

Proof. We can put Ω into a big square, say into (−a,a)× (−a,a). For ϕ ∈C∞
0 (Ω)

we have that

ϕ(x) =
∫ x1

−a

∫ x2

−a

∂ 2ϕ
∂x1∂x2

(ξ1,ξ2)dξ1 dξ2,

hence

|ϕ(x)| ≤
∫ a

−a

∫ a

−a

∣∣∣∣ ∂ 2ϕ
∂x1∂x2

(ξ )
∣∣∣∣ dξ ≤ 2a

(∫ a

−a

∫ a

−a

∣∣∣∣ ∂ 2ϕ
∂x1∂x2

(ξ )dξ
∣∣∣∣
2
)1/2

.

�
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Remark 1.2. For domains with lipschitzian boundary and for u ∈ W k,2(Ω), it is
possible to define, in terms of traces, Diu on ∂Ω , |i| ≤ k− 1, also exterior normal
derivatives, ∂ iu/∂ni, i = 0,1, . . . ,k − 1; ∂ iu/∂ ni ∈ L2(∂Ω). If ∂Ω is smooth,
for instance a (k + 1)-times continuously differentiable hypersurface, then using
local charts we can define the spaces W l,2(∂Ω), and prove without difficulty the
inequalities ∣∣∣∣∂ iu

∂ni

∣∣∣∣
W (k−i−1),2(∂Ω )

≤ const|u|Wk,2(Ω), i = 1,2, . . . ,k−1.

We can formulate the converse question, i.e.: Given ϕi ∈ W (k−i−1),2(∂Ω), i =
0,1, . . . ,k−1, can one find u∈W k,2(Ω) such that ∂ iu/∂ ni = ϕi on ∂Ω? The answer
is negative. For k = 1, we can construct a continuous function ϕ0 on ∂Ω such that
there is no function u ∈ W 1,2(Ω) with ϕ0 as trace. An example of such a function
(cf. for instance S.G. Mikhlin [2]) was given by J. Hadamard.

But if ϕi ∈W k−i,2(∂Ω), the answer is positive. For details see Chap. 2.

Exercise 1.2. The mapping T defined in Theorem 1.2 is compact. Hint: Use (1.10)
with β small enough.

Exercise 1.3. Let Ω be a bounded domain with continuous boundary. Then we
have

|u|W k,2(Ω) ≤ const

(
∑
|i|<k

∣∣∣∣
∫

Ω
xi1

1 xi2
2 . . .xiN

N u(x)dx

∣∣∣∣
2

+ ∑
|i|=k

∫
Ω
|Diu|2 dx

)1/2

.

(Cf. Theorem 1.5.)

Exercise 1.4. Let Ω be a bounded domain with continuous boundary. Let P be the
set of constants; then the norm |u|W k,2(Ω)/P is equivalent to:

(
∑

1≤|i|≤k

∫
Ω
|Diu|2 dx

)1/2

.

Exercise 1.5. Let Ω be a bounded domain with continuous boundary and C ⊂ Ω
a cube; then

|u|W k,2(Ω) ≤ const

(∫
C
|u|2 dx+

∫
Ω

∑
|i|=k

|Diu|2 dx

)1/2

.

Exercise 1.6. Let Ω be an ellipsoid. The analogue of (1.28), i.e. the inequality

|u|Wk,2(Ω) ≤ const

(∫
∂Ω

|u|2 dS+
∫

Ω
∑
|i|=k

|Diu|2 dx

)1/2
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is not true if k = 3; if Ω is not an ellipsoid, and if Ω is bounded with lipschitizan
boundary, then the inequality is true for k = 3.

Exercise 1.7. Theorem 1.2 is not true in case that the boundary ∂Ω is not
lipschitzian. Hint: Consider a domain in R

2 with a cusp.

1.2 Boundary Value Problems for Elliptic Operators

1.2.1 Elliptic Operators

Let k be a nonnegative integer, let ai j be measurable and bounded complex-valued
functions defined on Ω , |i|, | j| ≤ k; i = (i1, i2, . . . , iN), j = ( j1, j2, . . . , jN).

A differential operator given by a matrix ai j will be written in the following
form:

A = ∑
|i|,| j|≤k

(−1)|i|Di(ai jD
j). (1.29)

If the coefficients ai j are |i|-times continuously differentiable in Ω , then we can
define for u 2k-times continuously differentiable in Ω :

Au = ∑
|i|,| j|≤k

(−1)|i|Di(ai jD
ju).

The operator (1.29) is elliptic at the point x ∈ Ω , if for ξ ∈R
N , ξ �= 0, we have:

∑
|i|,| j|=k

ai j(x)ξ iξ j �= 0, ξ i = ξ i1
1 ξ i2

2 . . .ξ iN
N . (1.30)

The operator is elliptic in Ω if (1.30) is satisfied almost everywhere in Ω , and
uniformly elliptic in Ω , if there exists a constant c > 0 such that almost everywhere
in Ω the following inequality holds:

∣∣∣∣∣ ∑
|i|,| j|=k

ai j(x)ξ iξ j

∣∣∣∣∣≥ c|ξ |2k. (1.31)

Let u be in W k,2(Ω) and let f be in L2(Ω); we shall say that Au = f weakly in Ω
or that u is a weak solution of the equation Au = f in Ω if for all ϕ ∈ C∞

0 (Ω) the
following identity is satisfied:

∑
|i|,| j|≤k

∫
Ω

ai jD
iϕD judx =

∫
Ω

ϕ f dx. (1.32)
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Example 2.1. We take ai j = 1 for i = j = 1, ai j = 0 otherwise (i, j are usual indices,
not multiindices, i, j = 1,2, . . . ,N.) As a result, we obtain the Laplace operator:

�=
N

∑
i=1

∂
∂xi

(
1

∂
∂xi

)
.

Moreover
N

∑
i, j=1

ai jξiξ j = |ξ |2,

which implies that (1.31) is satisfied.

Example 2.2. Let ai j (again with usual indices i, j), i, j = 1,2, . . .N, be real
constants, and assume that the quadratic form

N

∑
i, j=1

ai jξiξ j

is positive definite. Then the operator

A =−
N

∑
i, j=1

∂
∂ x j

(
ai j

∂
∂x j

)

is uniformly elliptic. The same property holds for the operator

A =−
N

∑
i, j=1

∂
∂x j

(
ai j

∂
∂x j

)
+

N

∑
i=1

∂
∂xi

(bi)+
N

∑
j=1

c j
∂

∂ x j
+d,

where ai j,bi,c j,d are arbitrary real constants.

Example 2.3. Consider |i| = | j| = 2, ai j = 1 if i = j and only one index iτ is non
zero, ai j = 2 if i = j and two indices iμ , iτ are non zero; ai j = 0 if i �= j. As
a result, we obtain the biharmonic operator �2, which is uniformly elliptic since
the following identity is satisfied:

∑
|i|,| j|=2

ai jξ iξ j = |ξ |4.

The same is true for the operator

�2 +
∂

∂x1
(�)−�+

∂
∂x2

+
∂

∂ x3
+ . . .+

∂
∂ xN

−2.

Example 2.4. For N = 2, we take a11 = 1, a12 = a, a21 = −a, a22 = 1, where a is
a constant. The operator
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−
2

∑
i, j=1

∂
∂ xi

(
ai j

∂
∂ x j

)

is formaly equal to −�!

Example 2.5. For N = 2 and σ a constant, we define

A =
∂ 2

∂ x2
1

(
1

∂ 2

∂ x2
1

)
+

∂ 2

∂x1∂x2

(
2(1−σ)

∂ 2

∂x1∂ x2

)

+
∂ 2

∂x2
1

(
σ

∂ 2

∂x2
2

)
+

∂ 2

∂x2
2

(
σ

∂ 2

∂x2
1

)
+

∂ 2

∂x2
2

(
1

∂ 2

∂x2
2

)
,

which is formally equal to �2!

Example 2.6. For l = 1,2,3, . . . we define

�i = (−1)l l! ∑
|i|=l

Di
(

1
i1!i2! . . . iN!

Di
)
.

1.2.2 Decomposition of Operators

Using integration by parts, we get:

Proposition 2.1. Let ai j be |i|-times continuously differentiable functions in Ω , u ∈
W k,2(Ω). Let us assume that u is 2k-times continuously differentiable in Ω , and
Au ∈ L2(Ω). Set f = Au. Then Au = f is satisfied in the weak sense in Ω .

Examples 2.4 and 2.5 show that a particular operator allows several decomposi-
tions. We will say that A1 = A2 in Ω , if for all u ∈C∞(Ω), ϕ ∈C∞

0 (Ω) we have:

∫
Ω

∑
|i|,| j|≤k

ai j,1DiϕDju dx =
∫

Ω
∑

|i|,| j|≤k

ai j,2DiϕD ju dx. (1.33)

Proposition 2.2. Let A1,A2 be two second order operators,

Al =−
N

∑
i, j=1

∂
∂x j

(
ai j,l

∂
∂x j

)
+

N

∑
i=1

bi,l
∂

∂ xi
+ cl l = 1,2.

Assume that ai j,l = a ji,l , l = 1,2, ai j,l are continuously differentiable in Ω , and that
bi,l,cl are continuous in Ω , l = 1,2. If A1 =A2 in Ω , then we have Re ai j,1 =Re ai j,2,
bi,1 = bi,2, c1 = c2.
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Indeed: choosing u = 1 in (1.33) we have:

∫
Ω

c1ϕ dx =
∫

Ω
c2ϕ dx =⇒ c1 = c2.

For y ∈ Ω and i0, j0 two indices set u(x) = (xi0 −yi0)(x j0 −y j0). Integrating by parts
in (1.33) we get for ϕ ∈C∞

0 (Ω):

∫
Ω

A1uϕ dx =
∫

Ω
A2uϕ dx =⇒ A1u = A2u in Ω .

But at the point y we have:

A1u = ai0 j0,1(y)+ a j0i0,1(y) = ai0 j0,2(y)+ a j0i0,2(y) =⇒ Re ai j,1 = Re ai j,2,

and if we choose u(x) = xi0 , we get bi0,1 = bi0,2. �
Remark 2.1. Under the same hypotheses as in Proposition 2.2, with real functions
ai j such that ai j = a ji, we can show that the decomposition of the operator is
uniquely determined. This is not true if k ≥ 2, cf. Example 2.5.

1.2.3 The Boundary Operators

Let Ω be a bounded domain with lipschitzian boundary. We say that the boundary
∂Ω is smooth in a neighborhood of y ∈ ∂Ω if for an atlas of charts (x′,xN) (cf. the
definition in 1.1.3), y belongs to a subset Λ of ∂Ω defined by x′ ∈ Δ , xN = a(x′),
where a ∈C∞(Δ ).

If ∂Ω is smooth in a neighborhood of each point y∈ ∂Ω we say that the boundary
is smooth.

Let k = 1,2,3, . . . be a fixed integer. We divide the set {0,1,2, . . . ,k−1} into two
subsets { j1, j2, . . . , jμ}, {i1, i2, . . . , ik−μ}.

If μ = 0, the j subset is empty, if μ = k, the i subset is empty.
Let Ω be a bounded domain with boundary ∂Ω almost everywhere smooth,

and let Γ be an open set of ∂Ω . We define on Γ the boundary operators Bs,
s = 1,2, . . . ,μ in the following form:

Bs =
∂ js

∂ n js
−Fs, (1.34a)

where ∂ js/∂n js is the js-th derivative in the direction of the exterior normal n; with
respect to the surface measure, the tangent plane exists almost everywhere on ∂Ω .
The operator Fs is defined by:

Fs = ∑
|i|≤k−1

csiD
i, (1.34b)
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where the functions csi are measurable and bounded on ∂Ω . In a neighborhood of
a smooth point y, the boundary is given in a chart by x = (σ ,a(σ)), σ ∈ Δ , and we
assume that Fs is given by:

Fs = ∑
|i|≤k−1

dsi
∂ |i|

∂σ i1
1 ∂σ i2

2 . . .∂σ iN−1
N−1 ∂niN

, (1.34c)

where iN = it and it is one of indices i1, i2, . . . , ik−μ . For simplicity we can define Bs

first on C∞(Ω) and then on W k,2(Ω) using the trace operators.
Now we can define stable boundary conditions in the following setting: we

decompose the almost everywhere smooth boundary ∂Ω into disjoined open sets
Γi, i = 1,2, . . . ,κ , such that

meas

(
∂Ω \

κ⋃
i=1

Γi

)
= 0.

For every i, we introduce a non-negative integer μi, μi ≤ k− 1, and operators Bis,
s= 1,2, . . . ,μi; a function u∈W k,2(Ω) satisfies the boundary conditions Bisu= 0 on
∂Ω , i = 1,2, . . . ,κ and s = 1,2, . . . ,μi, if Bisu = 0 on ∂Ω in the sense of traces. We
denote by V the subspace of functions u from W k,2(Ω) such that Bisu = 0 on ∂Ω .

Let us remark that for some particular cases the definition of V can be generalized
for domains with weaker smoothness.

1.2.4 Green’s Formula

Let us give a particular case of the partition of unity (cf. L. Schwartz [1]):

Proposition 2.3. Let F be a compact set in R
N, and G1,G2, . . . ,GM be open sets

covering F. We can find ϕi ∈C∞
0 (Gi), i = 1,2, . . . ,M, 0 ≤ ϕi ≤ 1, such that

x ∈ F =⇒
M

∑
i=1

ϕi(x) = 1.

Proof. We construct open sets G′
1,G

′
2, . . . ,G

′
M such that G′

i ⊂ Gi, i = 1,2, . . . ,M,
which also form a covering of F . There exists an open set GM+1 such that
∪M+1

i=1 Gi = R
N and that dist(GM+1,F) > h > 0. Let h be small enough with

dist(G′
i,∂Gi) > h, i = 1,2, . . . ,M. Let us consider ω(h,x) = exp(|x|2/(|x2 − h2|))

for |x| < h, and ω(h,x) = 0 for |x| ≥ h. The function ω(h,x) belongs to C∞
0 (R

N).

Each G
′
i, i = 1,2, . . . ,M +1, can be covered by a set of balls with radius equal to h

and center yi j, j = 1,2, . . . . Let us assume that the covering is locally finite, which
is possible. Denote

ψi(x) = ∑
j

ω(h,x− yi j).
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Then we have that

ψi ∈C∞
0 (Gi), x ∈ F =⇒

M

∑
i=1

ψi(x) �= 0, ψM+1(x) = 0.

Let us take

ϕi(x) =
ψi(x)

∑M+1
i=1 ψi(x)

.

The functions ϕi satisfy the hypotheses of Proposition 2.3. �
Let Ω be a domain with continuous boundary, cf. 1.1.3. Hereafter we shall use

the following notations:

Ur = {x ∈ R
N ,x = (x′r,xrN),x

′
r ∈ Δr,ar(x

′
r)< xrN < ar(x

′)+β},
r = 1,2, . . . ,M.

Let UM+1 be a subdomain of Ω such that

UM+1 ⊂ Ω , ∪M+1
i=1 Ur ⊃ Ω .

Let ϕr ∈ C∞
0 (Ur), r = 1,2, . . . ,M + 1, be functions which form a partition of unity

for Ω and such that ϕr, r = 1,2, . . . ,M, form a partition of unity for ∂Ω .
Let us recall the definition from 1.1.3:

Δr = {x′r ∈ R
N−1, |xri|< α, i = 1,2, . . . ,N −1}.

We denote

V+
r = {x ∈ R

N ,x = (x′r,xrN),x
′
r ∈ Δr,ar(x

′
r)< xrN < ar(x

′)+β},
V−

r = {x ∈ R
N ,x = (x′r,xrN),x

′
r ∈ Δr,ar(x

′
r)−β < xrN < ar(x

′)},
Λr = {x ∈ R

N ,x = (x′r,xrN)},x′r ∈ Δr,xrN = ar(x
′
r)}.

We denote by n = (n1,n2, . . . ,nN) the exterior normal at a regular (smooth) point
y of ∂Ω . Let us assume that y ∈ Λ where Λ is described by (σ ,a(σ)), σ ∈ Δ . Let
us denote:

G = {x, x = (x′,xN), xi = σi + tni(σ), i = 1,2, . . . ,N −1,

xN = a(σ)+ tnN(σ), |t|< δ , δ > 0}.

We assume that δ is small enough and such that the transformation defined by

x = (x′,xN), xi = σi + tni(σ), i = 1,2, . . . ,N −1,

xN = a(σ)+ tnN(σ), σ ∈ Δ , |t|< δ
(1.35)
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is one-to-one and infinitely differentiable together with its inverse transformation
from Δ × [−δ ,δ ] to G.

If ∂Ω is smooth, and if it is covered by the open sets G1,G2, . . . ,GM defined
above, let ψi ∈C∞

0 (Gi), i = 1,2, . . . ,M, be a partition of unity on ∂Ω . Let

GM+1 ⊂ GM+1 ⊂ Ω , ∪M+1
r=1 Gr ⊃ Ω

and, moreover, let ψM+1 ∈C∞
0 (GM+1) be such that

x ∈ Ω =⇒
M+1

∑
r=1

ψr(x) = 1.

Now we give Green’s formula, a formula which will be very useful later:

Proposition 2.4. Let Ω be a bounded domain with smooth boundary. Let A be the
differential operator (1.29) with coefficients in C∞(Ω). Let u,v∈C∞(Ω ). There exist
boundary operators:

Ls = ∑
|i|≤2k−1−s

dsiD
i,

with dsi infinitely differentiable on ∂Ω , s = 1,2, . . . ,k−1, such that

∫
Ω

∑
|i|,| j|≤k

ai jD
ivD judx =

∫
Ω

vAudx+
∫

∂Ω

k−1

∑
s=1

∂ sv
∂ns Ls(u)dS. (1.36)

Proof. According to the definition from 1.2.4, we put vr = vψr, and compute (1.36)
for vr. For r =M+1 we obtain (1.36) immediately since vM+1 ∈C∞

0 (Ω). For r ≤M,
we use Green’s formula: for w,ω ∈C∞

0 (Ω ) it is

∫
Ω

w
∂ω
∂xi

dx =−
∫

Ω

∂w
∂xi

ω dx+
∫

∂Ω
wωni dS. (1.37)

We denote by ni the component of the exterior normal in a local chart.
Starting with

∫
Ω vAudx we obtain the left hand side of (1.36), and using the local

charts (σ , t), the sum of integrals can be written

∫
Δ

b
∂ |i|vr

∂σ i1
1 . . .∂σ iN−1

N−1 ∂niN

∂ | j|u
∂σ j1

1 . . .∂σ jN−1
N−1 ∂n jN

dS,

where b ∈ C∞
0 (Ω), |i| ≤ k− 1, | j| ≤ 2k− 1− |i|. Integration by parts with respect

to σ gives (1.36) for vr, r = 1,2, . . . ,M; the summation of formulae (1.36) for vr,
r = 1,2, . . . ,M+1 gives the result. �
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1.2.5 Sesquilinear Forms

We define for the operator (1.29) a corresponding sesquilinear form:

A(v,u) =
∫

Ω
∑

|i|,| j|≤k

ai jD
ivDjudx, (1.38)

i.e. a form linear in v, antilinear in u and continuous on W k,2(Ω)×W k,2(Ω).
Besides (1.38) we introduce the boundary forms a(v,u):

Proposition 2.5. Let ∂Ω be almost everywhere smooth, and

a(v,u) =
∫

∂Ω

k−1

∑
r=1

∑
|i|≤k−1

bri
∂ rv
∂nr DiudS, (1.39)

where bri are measurable and bounded on ∂Ω , the derivatives being considered in
the trace sense. Then a(v,u) is a sesquilinear form on W k,2(Ω)×W k,2(Ω) which
vanishes if at least one of the elements v,u is in W k,2

0 (Ω).

Indeed, it is sufficient to observe that

∂ rv
∂ nr = ∑

|i|=r

r!
i1!i2! . . . iN!

Divni,

where ni = ni1
1 ni2

2 . . .niN
N .

If now ∂Ω is smooth, under some conditions, it is possible to take |i| ≤ 2k−1−r
in (1.39). Details can be found in J.L. Lions [3].

Let us consider the boundary operator

∑
|i|≤2k−1−r

briD
i, r = 0,1,2, . . . ,k−1,

where the coefficients bri are (|i|− k+1)-times continuously differentiable on ∂Ω
for |i| ≥ k, and measurable and bounded otherwise. We say that the operator is at
the most (k−1)-transversal if, in local charts, it can be written as

∑
|i|≤2k−1−r

b∗ri
∂ |i|

∂σ i1
1 . . .∂σ iN−1

N−1 ∂ t iN
, iN ≤ k−1.

Theorem 2.1. Let ∂Ω be smooth.2 Let v,u be in C∞
0 (Ω) and bri measurable and

bounded for |i| < k and (|i| − k + 1)-times continuously differentiable on ∂Ω for

2It is possible to weaken the hypotheses on ∂ Ω ; it suffices that ∂ Ω is smooth enough.
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|i| ≥ k. Define

a(v,u) =
∫

∂Ω

k−1

∑
r=1

∑
|i|≤2k−1−r

bri
∂ rv
∂nr DiudS, (1.40)

and assume that the operators

∑
|i|≤2k−1−r

briD
i

are at most (k−1)-transversal. Then the form a(v,u) can be extended by continuity
to a sesquilinear form on W k,2(Ω)×Wk,2(Ω).

Proof. Using the partition of unity from 1.2.4, we consider only the case v = wψ ,
w ∈C∞

0 (Ω ). a(v,u) is a sum of integrals of the following type (we omit the index r):

∫
Δ

b
∂ sv

∂ ts

∂ |i|u
∂σ i1

1 . . .∂σ iN−1
N−1 ∂ t iN

dS,

where b are as smooth as bsi. If |i| < k, we are in the setting of the assumptions
of Proposition 2.5. Let us consider |i| ≥ k; we have |i| − k ≤ |i| − iN − 1, and by
integration by parts in (1.40) we obtain integrals of the following type:

∫
Δ

c
∂ |i|+s−kv

∂σ i1
1 . . .∂σ iN−1

N−1 ∂ ts

∂ ku

∂σ l1
1 . . .∂σ lN−1

N−1 ∂ t iN
dS,

where c is continuously differentiable on ∂Ω . We have s+ |i|−k ≤ k−1, k− iN ≥ 1;
without loss of generality we can assume l1 ≥ 1, and denote

∂ |i|+s−kv

∂σ i1
1 . . .∂σ iN−1

N−1 ∂ ts
= w,

∂ k−1u

∂σ l1
1 . . .∂σ lN−1

N−1 ∂ t iN
= ω .

We investigate the following integral:

∫
Δ

cw
∂ω
∂σ1

dS.

Then we have:

∫
Δ

cw
∂ω
∂σ1

dS =−
∫ δ

0
dt

∫
Δ

∂
∂ t

(
cw

∂ω
∂σ1

)
dS =

−
∫ δ

0
dt

∫
Δ

(
∂c
∂ t

w
∂ω
∂σ1

+ c
∂w
∂ t

∂ ω
∂σ1

+ cw
∂ 2ω

∂σ1∂ t

)
dS.

(1.41)

Setting c(σ , t) = c(σ ,0) yields
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∫ δ

0
dt

∫
Δ

cw
∂ 2ω

∂σ1∂ t
dS =−

∫ δ

0
dt

∫
Δ

∂
∂σ1

(cw)
∂ω
∂ t

dS. (1.42)

Taking into account the regularity of the transformation (1.35), we get from (1.41)
and (1.42)

|a(v,u)| ≤ const|v|W k,2(Ω)|u|W k,2(Ω).

�
Remark 2.2. If ∂Ω is smooth in the neighborhood of y ∈ ∂Ω , we can define (1.40)
for bri with support in Λ (cf. definition in 1.2.4). We obtain again a sesquilinear
form on W k,2(Ω)×W k,2(Ω).

1.2.6 Boundary Value Problems

The aim of this section is the definition of a boundary value problem for an elliptic
operator with general data:

Let Ω be a domain with almost everywhere smooth and
lipschitzian boundary.

(1.43a)

Let Γ1, . . . ,Γκ be a partition of the boundary ∂Ω into disjoint open
sets.

(1.43b)

Let A be the differential operator (1.29) with the corresponding
sesquilinear form (1.38).

(1.43c)

Let a(v,u) be the sesquilinear boundary form (1.39) or (1.40), the
choice depending on the smoothness of the boundary ∂Ω .

(1.43d)

Let Bis, i = 1,2, . . . ,κ , s = 1,2, . . . ,μi, be boundary operators. (1.43e)

Let f ∈ L2(Ω), u0 ∈ W k,2
0 (Ω), git ∈ L2(Γi), i = 1,2, . . . ,κ , t =

1,2, . . . ,k− μi.
(1.43 f )

A function u ∈W k,2(Ω) is called a weak solution of the boundary value problem
if the following conditions are satisfied:

u−u0 ∈V (1.44a)

and for every v ∈V (cf. 1.2.3)

A(v,u)+ a(v,u) =
∫

Ω
v f dx+

κ

∑
i=1

k−μi

∑
t=1

∫
Γi

∂ it v
∂nit

git dS. (1.44b)
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We shall give a formal interpretation of the properties of the solution; a precise
interpretation will be given in Chap. 4.

The sense of (1.44a) is well defined: on Γi, Bisu = Bisu0 in the trace sense. For
convenience we shall denote Bisu0 by his and we shall write Bisu = his on ∂Ω .

Let us consider (1.44b): first we have C∞
0 (Ω) ⊂ V , hence Au = f in the weak

sense (cf. Proposition 2.1). To give a sense of functions git let us for simplicity
assume κ = 1, ∂Ω regular (smooth), ai j from (1.29), bri from (1.39) or (1.40),
csi from (1.34) infinitely continuously differentiable. Let us assume u ∈ C∞(Ω) (in
this case f ∈C∞(Ω)), and v ∈V . By Proposition 2.4 we have:

A(v,u)+ a(v,u) =
∫

Ω
vAudx+

∫
∂Ω

k−1

∑
i=1

∂ iv
∂ni LiudS+

∫
∂Ω

k−1

∑
i=1

∂ iv
∂ni MiudS,

with
Miu = ∑

| j|≤2k−1−i

bi jD
iu.

Now applying (1.34), ∂ js/∂n js = Fs we get:

A(v,u)+ a(v,u) =
∫

Ω
vAudx+

∫
∂Ω

k−μ

∑
t=1

∂ it v

∂nit

(
Lit u+Mit u

)
dS

+

∫
∂Ω

μ

∑
s=1

Fsv
(
Ljsu+Mi jsu

)
dS.

Using the partition of unity ψr, r = 1,2, . . . ,M from 2.4, we integrate by parts
and taking into account (1.34c) we finally obtain

A(v,u)+ a(v,u) =
∫

Ω
vAudx+

∫
∂Ω

k−μ

∑
t=1

∂ it v
∂ nit

CtudS =

∫
Ω

v f dx+
∫

∂Ω

k−μ

∑
t=1

∂ it v
∂nit

gt dS,

where Ct is the operator generated by Lit +Mit and by the corresponding derivatives
of Fs, s = 1,2, . . . ,μ . Here Ct u = gt on ∂Ω . If κ > 1, we “obtain” Cit u = git on Γi,
i = 1,2, . . . ,κ , t = 1,2, . . . ,k− μi. For simplicity we shall write Cit u = git on ∂Ω .

The conditions on Cit u depend on Bis, on the decomposition of A, and on the
form a(v,u).

We shall give a justification of these considerations in Chap. 4.

1.2.7 Examples

For a given operator A with the associated sesquilinear form A(v,u), and for the
given boundary sesquilinear form a(v,u) and the space V , we define on W k,2(Ω)×
W k,2(Ω):

((v,u)) = A(v,u)+ a(v,u). (1.45)
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We can define also the adjoint operator:

A∗ = ∑
|i|,| j|≤k

(−1)|i|Di(ajiD
j),

and the sesquilinear form A∗(v,u) = A(u,v). If we put a∗(v,u) = a(u,v), we define
by (1.43a)–(1.43f) the adjoint boundary value problem.

Example 2.7. Let us consider A =−� with the associated sesquilinear form

A(v,u) =
∫

Ω

N

∑
i=1

∂v
∂xi

∂u
∂xi

dx.

Let us take Γ1 = ∂Ω , a(v,u)≡ 0, Bu = u, V = {v ∈W 1,2(Ω),v = 0 on ∂Ω}. For the
solution of −�u = f in Ω , we get u = u0 = g on ∂Ω . This problem is called the
Dirichlet problem.

Example 2.8. Let A = −�, with the same decomposition as in previous example,
a(v,u)≡ 0. We don’t put any conditions on B on ∂Ω , so k−μ = 1 (it is not necessary
to prescribe u0), V =W 1,2(Ω). We have:

v ∈V :
∫

Ω

N

∑
i=1

∂v
∂xi

∂u
∂ xi

dx =
∫

Ω
v f dx+

∫
∂Ω

vgdS.

Then −�u = f weakly in Ω and formally

∫
Ω

N

∑
i=1

∂v
∂xi

∂ u
∂xi

dx =
∫

∂Ω
v

N

∑
i=1

∂u
∂xi

ni dS−
∫

Ω
v�udx

and the solution u takes on ∂Ω the value

g =
N

∑
i=1

∂u
∂xi

ni =
∂u
∂n

,

where ∂u/∂n is the exterior normal derivative. This problem is called the Neumann
problem.

Example 2.9. Let N = 2, A = −�, with the decomposition given in Example 2.4,
a a real number, a(v,u) ≡ 0. We choose again V = W1,2(Ω), f ∈ L2(Ω), g ∈
L2(∂Ω). We have for v ∈W 1,2(Ω)

∫
Ω

(
∂v
∂x1

∂u
∂x1

+a
∂v
∂ x1

∂u
∂x2

−a
∂v
∂ x2

∂u
∂x1

+
∂v
∂x2

∂ u
∂ x2

)
dx =

∫
Ω

v f +
∫

∂Ω
vgdS,

then −�u = f weakly in Ω and by formal integration by parts
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A(v,u) =−
∫

Ω
v�udx+

∫
∂Ω

v

(
∂u
∂x1

n1 +a
∂u
∂x2

n1 −a
∂ u
∂x1

n2 +
∂u
∂x2

n2

)
dS

and

g =
∂u
∂x1

(n1 −an2)+
∂u
∂x2

(an1 +n2).

The vector (n1−an2, an1+n2) is directed into the exterior of Ω and is never tangent
to the boundary. This problem is called the oblique derivative problem.

Example 2.10. We can obtain the same problem in a different way: Let us put
A = −�, with the usual decomposition. We assume ∂Ω is smooth enough and for
simplicity let Ω be simply connected; let s be the length of the arc of the curve ∂Ω
positively oriented. Set

a(v,u) =
∫

∂Ω
av

∂u
∂ s

ds.

Choosing V =W 1,2(Ω), f ∈ L2(Ω), g ∈ L2(∂Ω), we get −�u = f in Ω , ∂u/∂n+
a∂u/∂ s = g on ∂Ω . This is the previous boundary condition.

Example 2.11. Let ∂Ω = Γ1 +Γ2 +Λ , measΛ = 0, A = −� with the classical
decomposition, a(v,u) = 0. We take B1u = u on Γ1, no condition prescribed on Γ2,
f ∈ L2(Ω), g∈ L2(Γ2), V = {v∈W 1,2(Ω), v= 0 on Γ1}; let u0 ∈W 1,2(Ω). Then the
solution of the problem is as follows: −�u = f in Ω ,u = u0 = g0 on Γ1, ∂u/∂n = g
on Γ2. We call this the mixed problem.

Example 2.12. Denote A = −� with the classical decomposition. Let h be a mea-
surable and bounded function on ∂Ω , a(v,u) =

∫
∂Ω hvudS. Let V = W 1,2(Ω),

f ∈ L2(Ω), g ∈ L2(∂Ω). For the solution of the problem we have:

v ∈W 1,2(Ω) =⇒
∫

Ω

N

∑
i=1

∂v
∂ xi

∂u
∂ xi

dx+
∫

∂Ω
hvudS =

∫
Ω

v f dx+
∫

∂Ω
vgdS.

Then formally −�u = f in Ω , ∂u/∂n+hu = g on ∂Ω . This problem is called the
Newton problem.

Example 2.13. Let us decompose the domain Ω into two subdomains Ω1 +Ω2 and
a set of measure zero (cf. Fig. 1.3). On Ω1 we put A = −a�, on Ω2 A = −b�,
where a,b are positive constants, a �= b. Set

A(v,u) =
∫

Ω1

a
N

∑
i=1

∂ v
∂ xi

∂u
∂xi

dx+
∫

Ω2

b
N

∑
i=1

∂v
∂xi

∂u
∂xi

dx, a(v,u)≡ 0

and let Bu = u on ∂Ω . Let u0 be in W 1,2(Ω), f ∈ L2(Ω). We denote ui = u in Ωi.
Formally the problem corresponds to −a�u1 = f in Ω1, −b�u2 = f in Ω2, u1 = u0

on Λ1, u2 = u0 on Λ2, where Λ1 = ∂Ω ∩ ∂Ω1, Λ2 = ∂Ω ∩ ∂Ω2, and let us denote
Λ = ∂Ω1 ∩∂Ω2. On Λ we have u1 = u2 (in the trace sense) and formally, denoting
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Ω1

Ω2

Fig. 1.3

by n the exterior normal to ∂Ω1, a∂u1/∂ n = b∂u2/∂n; this relation is an interface
condition on Λ . This problem is called the transmission problem.

Example 2.14. We take N = 2, k = 2, A =�2 with the sesquilinear form

A(v,u) =
∫

Ω

(
∂ 2v

∂x2
1

∂ 2u

∂x2
1

+2
∂ 2v

∂x1∂x2

∂ 2u
∂ x1∂x2

+
∂ 2v

∂x2
2

∂ 2u

∂x2
2

)
dx, a(v,u)≡ 0;

we consider Γ1 = ∂Ω ; B1u = u, B2u = ∂u/∂n; V = {v ∈ W 2,2(Ω), v = ∂v/∂n =
0 on ∂Ω}, f ∈ L2(Ω), u0 ∈ W 2,2(Ω). The solution corresponds to the problem
�2u = f in Ω , u = u0 = g1 on ∂Ω , ∂ u/∂ n = ∂u0/∂n = g2 on ∂Ω . This is the
Dirichlet problem for the biharmonic operator �2.

Example 2.15. We take N = 2, k = 2, A = �2, the decomposition of the operator
as in Example 2.5, σ real, a(v,u) ≡ 0, V = W 2,2(Ω), f ∈ L2(Ω), g1 ∈ L2(∂Ω),
g2 ∈ L2(∂Ω). For the solution of the problem we consider:

v ∈W 2,2(Ω) =⇒
∫

Ω

(
∂ 2v

∂x2
1

∂ 2u

∂x2
1

+2(1−σ)
∂ 2v

∂x1∂ x2

∂ 2u
∂x1∂x2

+σ
∂ 2v

∂x2
1

∂ 2u

∂x2
2

+σ
∂ 2v

∂x2
2

∂ 2u

∂x2
1

+
∂ 2v

∂x2
2

∂ 2u

∂x2
2

)
dx

=

∫
Ω

v f dx+
∫

∂Ω
vg1 dS+

∫
∂Ω

∂v
∂ n

g2 dS.

If the curve ∂Ω has a positive orientation, formally we obtain:

A(v,u) =
∫

Ω
vAudx+

∫
∂Ω

vTuds+
∫

∂Ω

∂ v
∂n

Muds

where

Mu = σ�u+(1−σ)

(
∂ 2u

∂ x2
1

n2
1 +2

∂ 2u
∂x1∂ x2

n1n2 +
∂ 2u

∂ x2
2

n2
2

)
,
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Tu =− ∂
∂n

�u+(1−σ)
∂
∂ s

(
∂ 2u

∂ x2
1

n1n2 − ∂ 2u
∂ x1∂x2

(n2
1 −n2

2)−
∂ 2u

∂x2
2

n1n2

)
.

Then the solution u satisfies �2u = f in Ω ,Tu = g1 on ∂Ω and Mu = g2 on ∂Ω .
This is called the Neumann problem for the biharmonic operator.

Example 2.16. Take the same hypotheses as in the previous example, but with
Bu = u on ∂Ω , V = {v ∈ W 2,2(Ω), v = 0 on ∂Ω}. Let u0 ∈ W 2,2(Ω), f ∈ L2(Ω),
g2 ∈ L2(∂Ω). The solution u satisfies �2u = f in Ω , u = u0 = g1 on ∂Ω , Mu = g2

on ∂Ω . This problem is the intermediary problem for the biharmonic operator.

Example 2.17. Under the same hypotheses as in Examples 2.15 and 2.16, we define
for a a real constant :

a(v,u) = a
∫

∂Ω

∂v
∂ n

∂u
∂n

ds.

The solution satisfies �2u = f in Ω , u = u0 = g1, Mu+a ∂u/∂n = g2 on ∂Ω .

Example 2.18. Let us solve the problem given formally by �2u = f in Ω , u = g1

on ∂Ω , �u = g2 on ∂Ω . We cannot set simply σ = 1 in Example 2.16 for reasons
to be explained later. But we can proceed as follows: we find ω ∈ W 1,2(Ω) such
that �ω = f in Ω , ω = g2 on ∂Ω . Then we solve the problem to find u such that
�u = ω in Ω , u = g1 on ∂Ω . The initially posed problem leads to a system of
simple equations that we can solve successively as a unique equation.

Example 2.19. Let A = �2 + 1. We want to solve (formally) the following
problems:

�2u+u = f in Ω , �u = g1, (∂/∂n)�u = g2 on ∂Ω ; (a)

�2u+u = f in Ω , u = g1, �u = g2 on ∂Ω ; (b)

�2u+u = f in Ω , ∂u/∂n = g1, (∂/∂n)�u = g2 on ∂Ω . (c)

For (a) we put �u = ω and for ω we have �2ω + ω = � f in Ω , ω = g1,
∂ω/∂n = g2 on ∂Ω ; this is the Dirichlet problem for the operator �2 + 1:
i.e. a problem of our type is considered. For ω known, we find u by �2u = �ω ,
and then u = f −�2u.

Concerning (b), we put �2 + 1 = (�+ i)(�− i), and (�− i)u = ω ; we have
(�+ i)ω = f , ω = g2− ig1 on ∂Ω ; this is again a problem of the considered type. If
ω is found, we want to find u such that (�− i)u= ω in Ω , u= g1 on ∂Ω and we are
in the setting of the definition from 1.2.6. For (c) we can proceed as in the case (b).

There exist problems which don’t enter in the setting of the definition of 1.2.6, or
which cannot be transformed into problems of that type. For instance if we want to
solve the problem (�2 +1)u = f in Ω , (a) u = g1 on ∂Ω , (∂/∂n)Δu = g2 on ∂Ω ,
or (b) (∂u/∂n) = g1, �u = g2 on ∂Ω .

If we put �u = ω , the problem is to solve the system �u−ω = 0, Δω +u = f
in Ω and (a) u = g1, ∂ω/∂n = g2 on ∂Ω ; (b) ∂u/∂n = g1, ω = g2 on ∂Ω .
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Such systems will be solved in Chap. 3.
Generally to find a weak solution is more natural than try to find a classical

solution; this is connected with physical considerations. Nevertheless the problem
of regularity of weak solutions which will be discussed in Chap. 4 is very important,
in particular in applications.

Other possible formulations of boundary value problems, even in the classical
sense or in a more general form than in the definition of 1.2.6, will be discussed
in Chaps. 4 through 7. For references see M. Schechter [4, 5], F. E. Browder [3–5],
S. Agmon, A. Douglis, L. Nirenberg [1, 2], J. Nečas [1, 2, 8], etc.

The terminology concerning the boundary value problems as in the definition of
1.2.6 is not unified: if B1u = u, B2u = ∂ u/∂ n, . . . ,Bku = ∂ k−1u/∂nk−1, we call it
a Dirichlet problem; on the contrary, if no condition is given, we call it a Neumann
problem. For other problems with a(v,u) ≡ 0, Γ1 = ∂Ω we call it an intermediary
problems. If a(v,u) �= 0 with condition (1.40), and V = W k,2(Ω), we call it an
oblique derivative problem. If ∂Ω is decomposed into more pieces Γ1,Γ2, . . . ,Γκ
we call it a mixed problem. Cf. also E. Magenes, G. Stampacchia [1].

Exercise 2.1. Let us take for η ∈C∞
0 (Ω ),

−�=− ∂
∂x1

(
1

∂
∂x1

)
− ∂

∂x1

(
η

∂
∂x2

)
+

∂
∂x2

(
η

∂
∂ x1

)
+

∂
∂x2

(
1

∂
∂x2

)

+
∂η
∂ x1

∂
∂x2

− ∂η
∂x2

∂
∂x1

.

Formulate the Neumann problem for this operator.

Exercise 2.2. Later in Chap. 2, we shall see that if the boundary of Ω is almost
everywhere smooth, then V = {v ∈ W k,2(Ω), v = ∂v/∂n = . . . = ∂ k−1v/∂nk−1 =

0 on ∂Ω}=W k,2
0 (Ω). Prove that the formulation of the Dirichlet problem does not

depend on the decomposition of the operator A.

Exercise 2.3. Let be N = 2, ∂Ω smooth. Prove that Example 2.16 is formally
equivalent, for g1 = g2 = 0, to the problem �2u = f in Ω , u = 0,
�u− [(1−σ)/ρ ](∂u/∂n)= 0 on ∂Ω , where ρ is the curvature radius on ∂Ω .

1.3 The V-ellipticity, Existence and Uniqueness of the Solution

1.3.1 The Lax-Milgram Lemma

The proof of the existence of a solution to a boundary value problem is based on
a simple generalization of the F. Riesz theorem due to P.D. Lax and A. Milgram:

Lemma 3.1. Let H be a Hilbert space, and ((v,u)) a sesquilinear form in H ×H
satisfying:
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|((v,u))| ≤ c|v||u|, c ≥ 0, (1.46)

|((v,v))| ≥ α|v|2, α > 0. (1.47)

Then every functional F on H can be uniquely represented in the form ((v,u)) = Fv
with u ∈ H. Moreover, |u| ≤ (c/α)|F |.
Proof. Let (v,u) be the scalar product on H. The sesquilinear form ((v,u)) defines
for u ∈ H a functional on H which can be uniquely represented, according to
the F. Riesz theorem, by (v,ω),ω ∈ H. This defines a one-to-one bounded linear
mapping Z : H → H: if Zu = 0, ((v,u)) ≡ 0, then ((u,u)) = 0 and (1.47) implies
u ≡ 0. The mapping Z is open; indeed, α|u|2 ≤ |((u,u))| = |(u,Zu)| ≤ c|u||Zu|,
then α|u| ≤ c|Zu|; Z(H) is a closed subset of H. Let us assume Z(H) �= H;
in this case there would exist a w �= 0 such that (w,Zu) = 0, then for u ∈ H,
α|w|2 ≤ |(w,Zw)| = 0 =⇒ w = 0; hence we have a contradiction. �

1.3.2 Solving the Boundary Value Problem

Let us assume that the space V and the sesquilinear form (1.45) are given. The form
(1.45) is called V-elliptic if there exists a constant α > 0 such that

v ∈V =⇒ |((v,v))|> α|v|2. (1.48)

We have

Theorem 3.1. A boundary value problem with a V-elliptic sesquilinear form
((v,u)) has a unique solution u, satisfying

|u|W k,2(Ω) ≤ const(| f |L2(Ω) + |u0|W k,2(Ω) +
κ

∑
i=1

k−μi

∑
t=1

|git |L2(∂Ω)). (1.49)

Proof. Let us put

Fv =
∫

Ω
v f dx+

κ

∑
i=1

k−μi

∑
t=1

∫
∂Ω

∂ t v
∂nt git dS− ((v,u0)).

According to Theorem 1.2, the expression

∫
∂Ω

∂ t v
∂nt git dS

is a functional on V , which is a Hilbert space with scalar product (1.2). From
Lemma 3.1, we deduce the existence of a unique ω ∈ V such that for all v ∈ V ,
((v,ω)) = Fv, and
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|ω |Wk,2(Ω) ≤ const(| f |L2(Ω) + |u0|W k,2(Ω) +
κ

∑
i=1

k−μi

∑
t=1

|git |L2(∂Ω)). (1.50)

If we put u = ω +u0, we obtain a solution such that (1.49) is true due to (1.50). Let
u1, u2 be two solutions of the problem. Then u1 −u2 ∈ V , ((u1 −u2,u1 −u2)) = 0,
and consequently u1 = u2. �
Example 3.1. Let us consider

((v,u)) =
∫

Ω

(
N

∑
i=1

∂v
∂xi

∂u
∂ xi

+ vu

)
dx.

Clearly ((v,u)) is W 1,2(Ω)-elliptic, hence V -elliptic if V ⊂ W 1,2(Ω). The
considered sesquilinear form corresponds to the operator −�+1.

Example 3.2. Let us consider

((v,u)) =
∫

Ω

(
N

∑
i=1

∂v
∂xi

∂u
∂xi

)
dx.

Let V = {v = W 1,2(Ω),v = 0 on ∂Ω}. The form ((v,u)) is V -elliptic according to
(1.27) where we choose Γ = ∂Ω .

Example 3.3. The sesquilinear form,

((v,u)) =
∫

Ω

(
N

∑
i=1

∂v
∂ xi

∂u
∂xi

)
dx

is not W 1,2(Ω)-elliptic. Indeed: for u = const, ((u,u)) = 0.

Remark 3.1. If ∂Ω is almost everywhere smooth, then

V = {v ∈W k,2(Ω), v = ∂v/∂n = . . .= ∂ k−1v/∂ nk−1 = 0 on ∂Ω}=W k,2
0 (Ω).

The Dirichlet problem can be defined for any bounded domain if V = W k,2
0 (Ω)

(and under some restrictions also for Ω unbounded, RN −Ω �= /0.)

1.3.3 The Case of Quotient Spaces

To overcome the difficulties which appeared in Example 3.3 we proceed as follows:
Let P ⊂ P(k−1) (cf. 1.1.7) and for a given V , let P ⊂ V . We assume that ((ṽ, ũ))
is a bounded sesquilinear form on Wk,2(Ω)/P×W k,2(Ω)/P defined by ((ṽ, ũ)) =
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((v,u)), v ∈ ṽ, u ∈ ũ, |((ṽ, ũ))| ≤ const|ṽ|W k,2(Ω)/P|ũ|W k,2(Ω)/P; we say that the
sesquilinear form ((ṽ, ũ)) is V/P-elliptic if:

ṽ ∈V/P =⇒ |((ṽ, ṽ))| ≥ α|ṽ|2W k,2(Ω)/P , α > 0. (1.51)

After a simple adaptation of the proof of Theorem 1.7, and if we put V = P+̇K,
we get:

Proposition 3.1. The space V/P is an Hilbert space with the norm:

|ṽ|V/P = inf
v∈ṽ

|v|W k,2(Ω). (1.52)

Theorem 3.2. Let a boundary value problem be given for the sesquilinear form
((ṽ, ũ)) which is V/P-elliptic. A necessary and sufficient condition for the existence
of a solution of the problem is the so-called compatibility condition, i.e.

p ∈ P =⇒
∫

Ω
p f dx+

κ

∑
i=1

k−μi

∑
t=1

∫
∂Ω

∂ t p
∂nt git dS = 0. (1.53)

In this case the solution is determined uniquely modulo a polynomial p ∈ P; we
have for a appropriately chosen function u

|u|W k,2(Ω) ≤ const(| f |L2(Ω) + |u0|W k,2(Ω) +
κ

∑
i=1

k−μi

∑
t=1

|git |L2(∂Ω)). (1.54)

A possible and uniquely determined choice for p ∈ P is :

∫
Ω

pudx = 0. (1.55)

Proof. Let us set

Fṽ =
∫

Ω
v f dx+

κ

∑
i=1

k−μi

∑
t=1

∫
∂Ω

∂ t v
∂nt git dS− ((v,u0)).

According to (1.53), and since ((ṽ, ũ0)) = ((v,u0)), Fṽ is a functional on V/P. We
apply again Lemma 3.1, taking into account Proposition 3.1. Then there exists
a uniquely determined ω ∈ V/P such that ṽ ∈ V/P =⇒ ((ṽ, ω̃)) = Fṽ, and the
following inequality holds

sup
|ṽ|V/P≤1

|Fṽ| ≤ const(| f |L2(Ω) + |u0|Wk,2(Ω) +
κ

∑
i=1

k−μi

∑
t=1

|git |L2(∂Ω)). (1.56)
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Let us put u = ω + u0, ω ∈ ω̃. Clearly, u is a solution of the problem. If u1, u2

are two solutions, we have ((ũ1− ũ2, ũ1− ũ2)) = 0, so u1−u2 ∈ P. If we decompose
W k,2(Ω) = P+̇K using the scalar product

∫
Ω
(vu+ ∑

|i|=k

DivDiu)dx,

we get a solution u ∈ ũ, u ∈ W k,2(Ω), u = uP + uK , uP ∈ P, uK ∈ K; |uK|W k,2(Ω) =

|ũ|W k,2(Ω)/P ≤ |ω̃ |Wk,2(Ω)/P+ |u0|W k,2(Ω). Then by (1.56) and Lemma 3.1, we get for
uK the estimate (1.54); clearly (1.55) is true for uK . �

Let us observe that V -ellipticity is a particular case of V/P-ellipticity for P= {0}.

Exercise 3.1. Let Ω be a domain with continuous boundary, P ⊂ P(k−1). In L2(Ω),
let P(k−1) = P+̇Q and p1, p2, . . . , pl be an orthonormal basis of Q. Then W k,2(Ω)/P
is a Hilbert space with the scalar product

∫
Ω

∑
|i|=k

DivDiudx+
l

∑
i=1

∫
Ω

vupi dx.

1.3.4 Conditions of V-ellipticity

The aim of this chapter is not to consider very general conditions, usually of
algebraic type, implying V -ellipticity and V/P-ellipticity. We restrict the problem
to a simple theorem with hypotheses often satisfied in practical cases.

Theorem 3.3. Let Ω be a bounded domain with continuous boundary. Let for i =
(i1, i2, . . . , iN), |i|= k, ζi be arbitrary complex numbers. Let us assume:

∑
|i|,| j|=k

ai j +a ji

2
ζiζ j ≥ c ∑

|i|=k

|ζi|2, c > 0. (1.57)

Suppose that the sesquilinear form ((v,u)) = A(v,u)+ a(v,u) satisfies

Re

(
((v,v))− ∑

|i|,| j|=k

∫
Ω

ai jD
ivD jvdx

)
≥ 0. (1.58)

Let V be a subspace of W k,2(Ω), P ⊂ V ∩P(k−1), ((ṽ, ũ)) = ((v,u)) a sesquilinear
form on W k,2(Ω)/P×W k,2(Ω)/P; moreover we assume:

p ∈V ∩P(k−1) =⇒{Re ((p, p)) = 0 ⇔ p ∈ P}. (1.59)

Then the sesquilinear form ((ṽ, ũ)) is V/P-elliptic.
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Proof. It is easy to see that the sesquilinear form

∫
Ω

∑
i=k

DivDiudx (1.60)

is a scalar product on V/Q,Q = V ∩ P(k−1). Indeed, according to Theorem 1.7,
W k,2(Ω)/Q is a Hilbert space which can be decomposed into a direct sum:
W k,2(Ω)/Q = V/Q+̇H/Q; let ũn ∈ V/Q be a Cauchy sequence for the norm
generated by (1.60). Theorem 1.6 implies the existence of pn ∈ P(k−1) such that
un+ pn is a Cauchy sequence in W k,2(Ω) and a fortiori ũn+ p̃n is a Cauchy sequence
in W k,2(Ω)/Q; but ũn + p̃n = ũn + q̃n, q̃n ∈ H/Q, so ũn is a Cauchy sequence in
W k,2(Ω)/Q. Now we prove that

((ṽ, ũ))+ ((ũ, ṽ)) (1.61)

is a scalar product on V/P. Let ṽs be a Cauchy sequence with respect to the norm
(Re ((ṽ, ṽ)))1/2. Using (1.57), (1.58) there exists ps ∈ Q such that lims→∞(vs+ ps) =
v in W k,2(Ω).

Obviously (1.59) implies that (1.61) defines a scalar product on Q/P. Since
ṽs + p̃s is a Cauchy sequence in W k,2(Ω)/P, it is also Cauchy with respect to the
scalar product (1.61). Hence p̃s is a Cauchy sequence in W k,2(Ω)/P, and also ṽs is
a Cauchy sequence, and the result follows from the Banach isomorphism theorem.

�
Remark 3.2. The condition (1.57) implies the uniform ellipticity, i.e. (1.31); the
converse is in general not true.

Let us observe that very often, if (1.57) is true, there exists a constant λ > 0, such
that ((v,u))+λ (v,u) is W k,2(Ω)-elliptic. The case λ = 0 is treated by the Fredholm
alternative (cf. Sect. 1.5 and Chap. 3).

Example 3.4. We consider Example 2.7; the form ((v,u)) is V -elliptic; cf.
Example 3.2.

Example 3.5. Let us consider Example 2.8; according to Theorem 1.6 or Theo-
rem 3.3 we get the W 1,2(Ω)/P(0)-ellipticity. The necessary and sufficient condition
for the existence of a solution (the compatibility condition) reads

∫
Ω

f dx+
∫

∂Ω
gdS = 0.

The solution is unique modulo a constant.

Example 3.6. Let us consider Example 2.9. Obviously, (1.57) is satisfied. We have
the W 1,2(Ω)/P(0)-ellipticity, and we have to add

∫
Ω

f dx+
∫

∂Ω
gdS = 0.



1.3 The V -ellipticity, Existence and Uniqueness of the Solution 35

Example 3.7. Let us consider Example 2.9 with a = i. If v(x) = x1 − ix2, we have
((v,v)) = 0, hence the W 1,2(Ω)/P(0)-ellipticity does not hold.

Example 3.8. Let us consider Example 2.10, a real. We have

Re a
∫

∂Ω
u

∂u
∂ s

ds = 0,

which implies that (1.58) is satisfied. (1.57) is obvious and we have the
W 1,2(Ω)/P(0)-ellipticity. We have to add the compatibility condition

∫
Ω

f dx+
∫

∂Ω
gdS = 0.

Example 3.9. Considering Example 2.12 with h ≥ 0,h �= 0, from (1.27) or Theo-
rem 3.3 we get the W 1,2(Ω)-ellipticity.

Example 3.10. We consider Example 2.11. Then the W1,2(Ω)-ellipticity follows as
in Example 3.9.

Example 3.11. We consider Example 2.13. The V -ellipticity is a consequence of
Theorem 1.6 or Theorem 3.3.

Example 3.12. We consider Example 2.14. The hypotheses (1.57) and (1.58) are
satisfied. Concerning (1.59), let p ∈ V ∩P(1). We have p = ∂ p/∂n = 0 on ∂Ω , but
since p = a+ bx1 + cx2, we have bn1 + cn2 = 0 on ∂Ω ; as Ω is a bounded set,
b = c = 0, then a = 0 because p = 0 on ∂Ω . Then Theorem 3.3 can be applied. We
can also prove the V -ellipticity directly from (1.28).

Example 3.13. Let us consider Example 2.15. We have

|ζ11|2 +2(1−σ)|ζ12|2 +σζ11ζ 22 +σζ22ζ 11 + |ζ22|2

= (1−σ)(|ζ11|2 + |ζ22|2)+σ(|ζ11|2 + |ζ22|2)+ 2(1−σ)|ζ12|2 +σ(ζ11ζ 22

+ζ22ζ 11)≥ (1−σ)(|ζ11|2 + |ζ22|2 +2|ζ12|2).

Then if 0 ≤ σ < 1, (1.57) is satisfied and according to Theorem 3.3 we get the
W k,2(Ω)/P(1)-ellipticity. A necessary and sufficient condition for the existence of
a solution can be written as

∫
Ω

f dx+
∫

∂Ω
g1 dS = 0,

∫
Ω

x1 f dx+
∫

∂Ω
x1g1 dS+

∫
∂Ω

x1g2 dS = 0,

∫
Ω

x2 f dx+
∫

∂Ω
x1g1 dS+

∫
∂Ω

x1g2 dS = 0.
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Example 3.14. We consider Example 2.19 (b). For the sesquilinear form

∫
Ω

(
N

∑
i=1

∂v
∂xi

∂u
∂ xi

)
dx± i

∫
∂Ω

vudx

the hypotheses of Theorem 3.3 are satisfied. If V = {v ∈ W 1,2(Ω),v = 0 on ∂Ω},
we get the V -ellipticity.

Inequalities (1.49), (1.54) imply that the solution depends continuously on the
data.

In Chap. 4 it will be proved that under conditions of regularity of f and of
the coefficients ai j, the regularity of the solution in the interior of Ω is given by
Theorems 3.1, 3.2. If f and ai j are smooth enough, then the solution u is a classical
solution of the equation Au = f in Ω .

Moreover, if Λ is a smooth open subset of ∂Ω and if u0,git are smooth enough,
we obtain a justification of the formal interpretation for the boundary conditions
Citu = git in the trace sense or in the classical sense; we have also the same
interpretation for the conditions Bisu = his.

Example 3.15. Let us define the operator

A =−
N

∑
i, j=1

∂
∂ xi

(
ai j

∂
∂ x j

)
+

N

∑
i=1

bi
∂

∂xi
+ c,

where bi are continuously differentiable in Ω , ai j, bi, c are real functions. We assume
(the so-called Picard condition):

N

∑
i, j=1

ai jξiξ j ≥ α|ξ |2, α > 0, c(x)− 1
2

N

∑
i=1

∂b
∂xi

≥ 0.

If V =W 1,2
0 (Ω), then the form

∫
Ω

N

∑
i, j=1

ai j
∂v
∂xi

∂u
∂x j

dx+
∫

Ω

N

∑
i=1

bi
∂ v
∂ xi

udx+
∫

Ω
cvudx

is V - elliptic. Indeed, we have:

∫
Ω

N

∑
i=1

bi
∂v
∂xi

vdx =−1
2

∫
Ω

N

∑
i=1

∂bi

∂ xi
|v|2 dx,

and on the other hand, for complex numbers ζi,
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N

∑
i, j=1

ai j +a ji

2
ζiζ j ≥ α|ζ |2;

we are in the hypotheses of Theorem 3.3 or we simply use Theorem 1.1.

Exercise 3.2. Consider Example 3.13 and prove that if σ = 1, then the
W 2,2(Ω)/P(1)-ellipticity does not hold.

1.3.5 Nonstable Boundary Conditions

The conditions Bisu = 0 in the definition of 2.3 are called stable; clearly if vn ∈ V ,
and limn→∞ vn = v, then v ∈V ⇔ Bisv = 0 on ∂Ω . In contrast to this, the conditions
Cisu= 0 on ∂Ω are called nonstable (cf. 1.2.6), this can be justified by the following:

Theorem 3.4. Let the sesquilinear form ((v,u)) be V-elliptic, let N ⊂ V be the
subspace of all solutions of the problem Au = f in Ω as f ∈ L2(Ω) changes,
with boundary conditions Bisu = Cit u = 0 on ∂Ω . Then N = V (with respect to
the norm (1.2)).

Proof. Let Z be the mapping defined in Lemma 3.1. Let us assume N �= V , then
Z(N) �= V , hence there exists v ∈ V,v �= 0, such that for all u ∈ N, 0 = (v,Zu)k =
((v,u)) = (v, f ). Then v ≡ 0, and this is a contradiction. �

1.3.6 Orthogonal Projections

The solution of the Dirichlet problem can be obtained by the method of orthogonal
projections (cf. S. Zaremba [1], H. Weyl [1], J. Deny, J.L. Lions [1], etc.):

Theorem 3.5. Let A = A∗ be a selfadjoint operator and the sesquilinear form
A(v,u) be W k,2(Ω)/P-elliptic; moreover we assume A(v,v) ≥ 0.3 Let V = {v ∈
W k,2(Ω),v = ∂v/∂n= . . .= ∂ k−1v/∂nk−1 = 0 on ∂Ω}. We denote by Q =V +̇P the
direct sum; Q is a closed subspace of W k,2(Ω), H/P is the orthogonal complement
of Q/P in W k,2(Ω)/P obtained using A(ṽ, ũ). Let u0 be in W k,2(Ω), ũ0 be the class
generated by u0, ũ0 = ũ+ ṽ, ũ∈H/P, ṽ∈Q/P. Then there exists precisely one u∈ ũ,
v ∈ ṽ, v ∈ V such that u0 = u+ v; u is the solution of the Dirichlet problem Au = 0

in Ω , u = u0, ∂ u
∂ n = ∂ u0

∂n , . . . ,
∂ k−1u
∂nk−1 = ∂ k−1u0

∂nk−1 on ∂Ω .

Proof. The sesquilinear form A(ṽ, ũ) is a scalar product on W k,2(Ω)/P. But V ∩
P(k−1) = /0, and so there exists exactly one v∈ ṽ such that v∈V . Let us set u= u0−v.
We have u ∈ ũ, and we also have ((v,u)) = 0 for v ∈V which implies Au = 0 in Ω .

�

3The expression A(v,v) does not change sign; if necessary, we take −A(v,u) instead of A(v,u).
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1.4 The Ritz, Galerkin, and Least Squares Methods

1.4.1 The Variational Method

For simplicity, in this section we consider only the case P = {0} and homogeneous
boundary conditions (Bisu =Citu = 0 on ∂Ω – see 1.2.6). These considerations can
be easily extended to the general case, and this extension is left to the reader.

Proposition 4.1. Let ((v,u)) = ((u,v)) for u,v ∈ V,((v,u)) V-elliptic, ((v,v)) ≥ 0
(cf. footnote in Theorem 3.5); ((v,u)) is a scalar product on V . Let vs, s = 1,2, . . . ,
be an orthonormal basis in V with respect to ((v,u)), u the solution of the problem
Au = f in Ω , Bisu =Cit u = 0 on ∂Ω . Then

u =
∞

∑
s=1

csvs,

where cs are the Fourier coefficients of u:

cs =
∫

Ω
f vs dx. (1.62)

Indeed, ((u,v)) =
∫

Ω f vdx for v ∈V. �
Now let us assume that the functions vs are elements of a basis in V , that they are

linearly independent, but in general not orthogonal. Then we have:

Proposition 4.2. We preserve the hypotheses given in Proposition 4.1 without
the assumption that vs are orthonormal, assuming only that they are linearly
independent. For every n we compute the Fourier coefficients cni, i = 1,2, . . . ,n as
a solution of the linear system:

n

∑
i=1

((vi,v j))cni =
∫

Ω
f v j dx, j = 1,2, . . . ,n; (1.63)

the determinant of (1.63) is not equal zero.
We have limn→∞ ∑n

i=1 cnivi = u in W k,2(Ω), where u is the solution of the problem.

Proof. The determinant of (1.63) is a Gram determinant, and in our case, it is �= 0.
The condition (1.63) corresponds to the minimal value of

((u−
n

∑
i=1

cnivi,u−
n

∑
i=1

cnivi)). (1.64)

However, since vs form a basis, we have that
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lim
n→∞

((u−
n

∑
i=1

cnivi,u−
n

∑
i=1

cnivi)) = 0. �

We now introduce the original formulation of the variational method; for details
cf. S.G. Mikhlin [2, 3]:

Proposition 4.3. With the previous hypotheses, u ∈ V is a solution of the problem
mentioned if and only if it realizes the minimal value of the quadratic functional

((v,v))−2Re
∫

Ω
v f dx, v ∈V. (1.65)

Proof. Let u be the solution of the problem; then we have for all h ∈V :

((u+h,u+h))−2Re (u+h, f ) = ((u,u))+ ((u,h))+ ((h,u))+ ((h,h))

− (u+h, f )− ( f ,u+h)=−((u,u))+ ((h,h)).
(1.66)

If u is a solution, it follows from (1.66) that (1.65) is minimal for u. If for v = u+h
the functional (1.65) attains its minimum, then (1.66) implies that v = u. �

In problems from physics, (1.65) expresses the energy.

Remark 4.1. It follows from (1.66) that (1.64) attains its minimum for v=∑n
i=1 cnivi

if and only if it is the case for (1.65): this is the method of Ritz.
The choice of vs is crucial for the numerical stability of Ritz’ method as n → ∞;

cf. S.G. Mikhlin [1], I. Babuška, M. Práger, E. Vitásek [1].

Remark 4.2. The system (1.63) can be obtained by the method of Galerkin: we look
for the solution in the form ∑n

i=1 cnivi and we impose ((∑n
i=1 cnivi,v j)) = ( f ,v j),

j = 1,2, . . . ,n.

1.4.2 The Galerkin Method

We now describe a generalization of Galerkin’s method giving also a theoretical
tool for the proof of the convergence of the finite differences method. Cf. later
Example 4.1.

Let Vh be a finite-dimensional subspace of V defined for all h ∈ (0,1). We say
that limh→0Vh =V if for all v ∈V : limh→0(dist (v,Vh)) = 0.

Theorem 4.1. Let a boundary value problem, with homogeneous boundary condi-
tions and the corresponding V-elliptic sesquilinear form (not necessarily hermitian)
((v,u)) be given. Let u be the solution of the problem. Then there exists a uniquely
determined uh ∈Vh such that for all v ∈Vh:

((v,uh)) = (v, f ), (1.67)

and limh→0 uh = u in W k,2(Ω).



40 1 Elementary Description of Principal Results

Proof. Let vi, i = 1,2, . . . ,nh be a basis of linearly independent functions in Vh.
We set uh = ∑nh

i=1 civi. Using (1.67) we obtain a system of linear equations with
nonzero determinant, hence uh is uniquely defined. We have α|uh|2k ≤ |((uh,uh))|=
|(uh, f )| ≤ |uh|k| f |0, and so,

α|uh|k ≤ | f |0. (1.68)

We claim that limh→0 uh = u weakly in W k,2(Ω).
Indeed: if this is not the case, then due to (1.68) the |uh|k are bounded by

a constant, and we can extract a subsequence uhi , limi→∞ uhi = u∗ weakly, u∗ �= u.
Let us consider v ∈ V . We can find vhi ∈ Vhi , limi→∞ vhi = v strongly. We have
((vhi ,uhi)) = (vhi , f ), hence limi→∞((vhi ,uhi)) = ((v,u∗)) = (v, f ) for v ∈V and then
u∗ = u. This is a contradiction to our assumption.

Let us chose vh ∈Vh such that limh→0 vh = u; we have:

lim
h→0

([((vh −uh,vh −uh))]

= lim
h→0

[((vh,vh))− ((uh,vh))− ((vh,uh))+ ((uh,uh))]

= lim
h→0

[((vh,vh))− ((uh,vh))− ((vh,uh))+ (uh, f )] = 0.

�

h

Fig. 1.4

Example 4.1. We consider in the plane R2 the square Ω = (0,1)× (0,1), A =−�.
We solve the mixed problem −�u = f in Ω , f ∈ L2(Ω), u = 0 for x1 = 0, x1 = 1,
0 < x2 < 1; x2 = 0, 0 < x1 < 1; ∂u/∂n = 0 for x2 = 1, 0 < x1 < 1. Let xi j = (ih, jh),
i, j = 1,2, . . . ,(n+1), (n+1)h = 1 be the points of the network mesh h. The space
Vh is a space of functions of height 1, cf. Fig. 1.4; for j = n+1 we take the restriction
of a pyramidal function on Ω . We denote by vi j the pyramid with center xi j; V =
{v ∈ W 1,2(Ω),v = 0 for x1 = 0,1, 0 < x2 < 1;x2 = 0, 0 < x1 < 1}. It is easy to
see that the restrictions of functions in C∞

0 (R
2) on Ω are equal to zero on the part

of boundary introduced in the definition of V , which are dense in V ; it follows
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that limh→0Vh = V . If we are looking for a solution of the form uh = ∑i, j ci jvi j,
an approximating solution, we obtain (1.67) by setting ci j = 0, i = 1,n+ 1, j = 0,
di j = (vi j, f ), and we have the classical linear system in finite differences method:

i, j ≤ n, 4ci j − ci+1, j − ci−1, j − ci, j+1 − ci, j−1 = di j,

j = n+1, 2ci j − 1
2

ci+1, j − 1
2

ci−1, j − ci, j+1 − ci, j−1 = di j.

More details on this example can be found in J.L. Lions [6], J. Céa [1–3], I. Babuška,
M. Práger, E. Vitásek [1], S.G. Mikhlin [2].

1.4.3 The Least Squares Method

For the least squares method, starting from inequality (1.49), we obtain:

Proposition 4.4. Let a boundary value problem be given with homogeneous con-
ditions and with a V-elliptic form ((v,u)). Let vi be a sequence of approximating
solutions of our problem such that Avi = fi is a basis in L2(Ω). Let un = ∑n

i=1 cnivi

be defined by the minimum of

∫
Ω

∣∣∣∣∣
n

∑
i=1

cniAvi − f

∣∣∣∣∣
2

dx. (1.69)

Then limn→∞ un = u in W k,2(Ω).

If f ∈W l,2(Ω), then the solution of the boundary value problem can be found as
the minimum of the functional (for ((v,u)) hermitian, ((v,v))≥ 0):

((v,v))−2Re(v, f )+ ∑
| j|≤l

(DjAv−Dj f ,D jAv−Dj f );

this is the Courant method.
The sequence un in Proposition 4.4 can converge to the solution in stronger

norms, for instance in W 2k,2(Ω ′) for every Ω ′ ⊂ Ω . These questions will be
considered in Chap. 4.

We can again generalize Proposition 4.4: instead of taking the minimum of
∑n

i=1 cniAvi − f in L2(Ω) we can study this minimization problem in W l,2(Ω) if
f ∈ W l,2(Ω). The convergence of the sequence un to the solution can be stronger,
for instance in W 2k+l,2(Ω ′) for every Ω ′ ⊂ Ω ; for l sufficiently high, limn→∞ un = u
in the classical sense. Cf. Chap. 4 for these questions.

For other numerical processes, like the gradient method, the Treftz method,
the Schwarz method, see S.G. Mikhlin [2, 3], I. Babuška [1], M. Práger, [1],
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F. E. Browder [2], I. Babuška, M. Prager, E. Vitásek [1], Z. Ch. Rafalson [1], M.
Sh. Birman [1], etc.

Exercise 4.1. Prove that u is the solution of the Dirichlet problem −�u = 0 in Ω ,
u = u0 on ∂Ω if and only if the functional

∫
Ω

(
N

∑
i=1

∣∣∣∣ ∂v
∂ xi

∣∣∣∣
2
)

dx

attains at u its minimum among functions from W 1,2(Ω) for which u = u0 on ∂Ω .

1.5 Basic Notions from the Spectral Theory

1.5.1 Eigenvalues and Eigenfunctions, the Fredholm Alternative

In this section we introduce the basic material and properties of spectral theory and
related questions. We restrict ourselves to the case of a hermitian V -elliptic form
((v,u)), ((v,v))≥ 0 and endowe V with the scalar product ((v,u)). The general case
will be considered in Chap. 3.

Let a boundary value problem be given, and let us consider the homogeneous
case, i.e. the data on ∂Ω are equal to zero. If f ∈ L2(Ω), there exists a uniquely
determined solution u of this problem. We define the Green operator, a continuous
linear operator G : L2(Ω)→W k,2(Ω), by G f = u.

Hereafter the following proposition will be fundamental:

Proposition 5.1. The Green operator is compact from V to V .

Proof. Let fn be a bounded sequence in V . According to Theorem 1.4 it is possible
to extract a subsequence fni which converges in L2(Ω), and then by Theorem 3.1
the sequence G fni converges in V . �

A complex number λ is called the eigenvalue of the operator A and of the
considered boundary value problem if there exists a function u ∈ V,u �≡ 0, such
that ((v,u))− λ (v,u) = 0 for v ∈ V . This function u is called the eigenfunction
corresponding to λ .

Let us observe that we can consider the so called generalized spectral problem:
to find the eigenvalues associated to the form ((v,u))− λ (v,Bu) = 0 where B is
a continuous linear operator B : V → L2(Ω); cf. S.G. Mikhlin [2].

From the definition of G, we can obtain the following:

Proposition 5.2. The number λ is an eigenvalue and the corresponding function u
is an eigenfunction if and only if

u−λGu= 0. (1.70)
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If f ∈ L2(Ω), then the function u is a weak solution of the problem Au− λu = f
in Ω with homogeneous boundary conditions Bisu = 0,Citu = 0 on ∂Ω if and only
if

u−λGu = G f . (1.71)

We immediately get

Proposition 5.3. The Green operator is selfadjoint (on V with the scalar product
((v,u))) and positive.

Proof. We have ((Gv,u)) = (v,u) = (u,v) = ((Gu,v)) = ((v,Gu)). �
According to the Riesz-Fredholm and Hibert-Schmidt theory, cf. F. Riesz, B.Sz.

Nagy [1], using Propositions 5.1–5.3 we have

Proposition 5.4. The set of eigenvalues of the operator G is a countable set λn,n =
1,2, . . . The eigenvalues are real and positive, the sequence λn is non-decreasing
and tends to infinity. There exists a basis of orthonormal eigenfunctions in V , say vn,
where vn corresponds to the eigenvalue λn. We have:

1
λn

= max((G f , f )) = ((Gvn,vn)) (1.72)

the maximum being taken over f ∈ V such that (( f , f )) = 1 and (( f ,vi)) = 0 for
i = 1,2, . . . ,n−1.

If λ �= λi, then the equation

u−λGu = F (1.73)

has a unique solution for every F ∈ V ; if λ = λi then the previous equation has
a solution if and only if

((vi,F)) = 0 (1.74)

for all eigenfunctions vi corresponding to the eigenvalue λ = λi. If the condition
(1.74) is satisfied, the equation (1.73) has a unique solution modulo a linear
combination of eigenfunctions corresponding to λi.

1.5.2 Eigenvalues and Eigenfunctions, the Fredholm
Alternative (Continuation)

We now give another interpretation of Proposition 5.4.

Theorem 5.1. For the boundary value problem considered above the set of eigen-
values is countable, the eigenvalues are real, positive, non-decreasing and tend
to infinity. There exists an orthogonal basis of eigenfunctions, say vn, with vn

corresponding to λn.
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We have

λn = min
((v,v))
(v,v)

, (1.75)

for v ∈V, (v,vi) = 0, i = 1,2, . . . ,n−1,

λn =
((vn,vn))

(vn,vn)
. (1.76)

If λ �= λi, i = 1,2, . . . , then for every f ∈ L2(Ω), there exists exactly one solution of
the problem Au−λu = f in Ω , Bisu =Citu = 0 on ∂Ω ; we get

|u|W k,2(Ω) ≤ const| f |L2(Ω). (1.77)

If λ = λi, the problem considered has a solution if and only if

(vi, f ) = 0 (1.78)

for all eigenfunctions vi corresponding to λi. If condition (1.78) is satisfied, the
solution is unique modulo a linear combination of eigenfunctions corresponding to
λi. In this case we can find a unique u satisfying

(vi,u) = 0, (1.79)

where the vi are the eigenfunctions mentioned, and we get:

|u|W k,2(Ω) ≤ const| f |L2(Ω). (1.80)

Proof. Using the fact that ((Gv,u)) = ((v,Gu)) = (v,u) and vi−λiGvi = 0, the result
follows from Proposition 5.4. �

Proposition 5.5. The set of functions λ 1/2
i vi is an orthonormal basis in L2(Ω).

Indeed

√
λiλ j(ϕi,ϕ j) =

√
λiλ j((ϕi,Gϕ j)) =

√
λiλ j

λ j
((ϕi,ϕ j)) = δi j;

on the other hand, V is dense in L2(Ω), hence vn, which is a basis of V , is also
a basis in L2(Ω).

Proposition 5.6. For f ∈ L2(Ω), let

f =
∞

∑
i=1

( f ,
√

λnvn)
√

λnvn
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be its Fourier series. The solution u of the boundary value problem with homoge-
neous boundary conditions can be written as

u =
∞

∑
i=1

( f ,vn)vn.

Indeed, we have

G f =
∞

∑
n=1

((G f ,vn))vn =
∞

∑
n=1

( f ,vn)vn. (1.81)

Remark 5.1. The eigenfunctions are useful if we want to develop the solutions of
boundary value problem into a series. From (1.81) we get in L2(Ω):

lim
n→∞

A
N

∑
i=1

( f ,vn)vn = lim
n→∞

N

∑
i=1

λn( f ,vn)vn = lim
n→∞

[
N

∑
i=1

( f ,
√

λnvn)
√

λnvn] = f ;

this is not the general case. The details can be found in S.G. Mikhlin [1].

In the numerical computation of eigenvalues we can use (1.75) and try to solve
the problem of minimization in subspaces generated by functions h1,h2, . . . ,hN ,
where hn, n = 1,2, . . . form a basis in V . This is the Ritz method, cf. S.G. Mikhlin
[2] . There are plenty of references about the computation of eigenvalues and
eigenfunctions: the Courant principle (cf. R. Courant, D. Hilbert [1]) or the
comparison method (cf. L. Collatz [1]). Cf. also G. Polya, G. Szegö [1], L.E. Payne,
H.F. Weinberger [3], A. Weinstein [1], Y. Dejean [1], etc.

1.5.3 The Gårding Inequality

The spectral theory provides us with a general tool to solve boundary value
problems. We replace the V -ellipticity by the Gårding inequality (cf. Chap. 3 and
E. Magenes, G. Stampacchia [1], L. Gårding [1]). Now we assume ((v,u)) to be
hermitian in V .

We say that the sesquilinear form satisfies the Gårding inequality if there exists
a λ0 > 0 such that ((v,u))+λ0(v,u) is V -elliptic.

From Theorem 5.1 we deduce immediately:

Corollary 5.1. Let a boundary value problem be given with homogeneous bound-
ary conditions. Assume that the Gårding inequality is satisfied for ((v,u)), i.e., for
v ∈V we have

((v,v))+λ0(v,v)≥ const|v|2k . (1.81bis)

If 0 is not an eigenvalue, then there exists a unique solution of the problem Au = f
in Ω , f ∈ L2(Ω), Bisu = 0, Citu = 0 on ∂Ω , and the following inequality holds:

|u|W k,2(Ω) ≤ const| f |L2(Ω). (1.82)
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If 0 is an eigenvalue, the solution exists if and only (vi, f ) = 0 for all eigenfunctions
corresponding to 0. In this case the solution is unique modulo a linear combination
of these eigenfunctions.

Remark 5.2. Corollary 5.1 gives us again, under the above hypotheses, Theorem
3.2: if ((v,u)) is a V/P-elliptic form (and hermitian with ((v,v)) ≥ 0) (1.81bis)′
holds for all λ0 > 0. The space of eigenfunctions corresponding to 0 is exactly P.

Here we give a lemma which is a particular case of a lemma by J.L. Lions:

Lemma 5.1. Let Ω be a bounded domain with continuous boundary, k ≥ 2. Then
for every ε > 0, there exists λ (ε) such that for u ∈W k,2(Ω)

|u|W k−1,2(Ω) ≤ ε|u|W k,2(Ω) +λ (ε)|u|L2(Ω). (1.83)

Proof. We proceed by contradiction. There exists ε > 0 and a sequence un such that

un ∈W k,2(Ω), |un|W k−1,2(Ω) > ε|un|W k,2(Ω) +n|un|L2(Ω). (1.84)

Without loss of generality we can assume |un|W k,2(Ω) = 1. It follows from Theo-

rem 1.4 that we can extract a subsequence uni converging to some u in W k−1,2(Ω).
Then (1.84) implies that limi→∞ uni = 0 in L2(Ω) and hence u ≡ 0. But this is not
possible because by (1.84), |u|W k−1,2(Ω) ≥ ε . �

We can prove a theorem giving conditions sufficient for the validity of the
Gårding inequality:

Theorem 5.2. Let the following conditions be satisfied: A = A∗, ((v,u)) = A(v,u),
a(v,u)≡ 0, ∂Ω continuous. We assume (1.57). Then if λ0 is big enough, (1.81 bis)
holds with V =W k,2(Ω).

Proof. We have

((v,v))+λ0(v,v) =
∫

Ω
∑

|i|,| j|=k

ai jD
ivDjvdx+

∫
Ω

∑
|i|,| j|≤k

|i|+| j|≤2k−1

ai jD
ivD jvdx+λ0

∫
Ω
|v|2 dx.

For δ > 0, and two numbers a,b, we have:

|ab| ≤ δ
2

a2 +
b2

2δ
. (1.85)

From (1.57), (1.85), and Lemma 5.1 it follows the existence of c1 such that

v ∈W k,2(Ω), ((v,v))≥ c1

∫
Ω

∑
|i|=k

|Div|2 dx−κ
∫

Ω
|v|2 dx. (1.86)

Then (1.81bis) follows with λ0 = 2κ .
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Exercise 5.1. Prove Theorem 5.1 for the general boundary value problem. Hint:
Given u0, git , f , let u1 be the solution for the operator A. Finally consider the
problem with homogeneous boundary conditions: Au2−λu2 = λu1 in Ω , Bisu2 = 0,
Citu2 = 0 on ∂Ω .





Chapter 2
The Spaces W k,p

The theory of the spaces W k,p for p = 2, outlined in Chap. 1, has been sub-
stantially developed; now there exist plenty of spaces of analogous type. The
fundamental sources are: S.L. Sobolev [1], S.M. Nikolskii [2], J. Deny, J.L. Lions
[1], E. Gagliardo [1, 2]; see also N. Aronszajn [3], N. Aronszajn, K.T. Smith
[1–3], N. Aronszajn, F. Mulla, P. Szeptycki [1], V.M. Babich [1], O.V. Besov
[1, 2], S. Campanato [3–7], E. Gagliardo [3], V.P. Ilyin [1, 2], G.N. Jakovlev [1],
W. Kondrashov [1], L.D. Kudriavcev [2], J.L. Lions [5], E. Magenes [4], K. Maurin
[1], N.G. Meyers, J. Serrin [1], J. Nečas [11], S.M. Nikolskii [3–8], G. Prodi [1],
L.N. Slobodetskii [1, 2], V.I. Smirnov [1], S.V. Uspenskii [1–4], L. De Vito [1].

2.1 Definitions and Auxiliary Theorems

2.1.1 Classification of Domains, Pseudotopology in C∞
0 (Ω)

In Sect. 1.1.3, we introduced domains with continuous or lipschitzian boundaries; it
was a particular case of a more general definition:

A bounded domain Ω is of type Nk,μ , where k is a non-negative integer or
infinity, 0 ≤ μ ≤ 1, if there exist functions ar as in 1.1.3 defined in the closures
of cubes Δ r = {x′ ∈ R

N−1, |xri| ≤ α , i = 1,2, . . . ,N − 1}, μ-hölderian together
with their derivatives of order ≤ k, which means that for x′r,y′r ∈ Δ r, there is
|Diar(x′r)−Diar(y′r)| ≤ c|x′r − y′r|μ , |i| ≤ k.1 If μ = 0, the functions ar and their
derivatives of order ≤ k are only continuous in Δr, and for simplicity we shall write
Nk,0 =Nk.

Let Ω be a domain in R
N , k a non-negative integer or k = ∞, 0 ≤ μ ≤ 1. We

denote by Ck,μ(Ω ) the space of complex-valued functions whose derivatives of

1Hereafter various constants will be mostly denoted by the same letter c. If necessary, we shall use
indices or another appropriate notation.

J. Nec̆as et al., Direct Methods in the Theory of Elliptic Equations,
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8 2,
© Springer-Verlag Berlin Heidelberg 201
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order ≤ k are μ-hölderian on the closure of Ω . If μ = 0, the functions and their
derivatives of order ≤ k are only continuous on Ω ; we then write simply Ck(Ω)
instead of Ck,0(Ω). If k < ∞, we endow Ck(Ω) with the following norm:

|u|Ck(Ω) = ∑
|α |≤k

max
x∈Ω

|Dα u(x)|, (2.1)

and Ck,μ(Ω) with the norm defined by:

|u|Ck,μ (Ω) = |u|Ck(Ω) + ∑
|α|=k

sup
x,y∈Ω ,x�=y

|Dα u(x)−Dαu(y)|
|x− y|μ . (2.2)

The spaces Ck(Ω) and Ck,μ(Ω ) are Banach spaces. We denote also by Ck(Ω)
(resp. Ck,μ(Ω)) the spaces of functions continuous (resp. μ−hölderian) together
with derivatives of order ≤ k in Ω .

For C∞
0 (Ω), see 1.1.1.

On C∞
0 (Ω) we introduce a pseudotopology (cf. L. Schwartz [1]): Let ϕn be

a sequence in C∞
0 (Ω). Then limn→∞ ϕn = ϕ in C∞

0 (Ω), if there exists Ω ′ ⊂ Ω ′ ⊂ Ω ,
Ω ′ bounded, such that the support of ϕn (denoted by supp ϕn) and the support of ϕ
are included in Ω ′, and for all k ≥ 0, limn→∞ ϕn = ϕ in Ck(Ω ′).

Following L. Schwartz [1], we will for some time denote the space C∞
0 (Ω) by

D(Ω). The space of distributions on Ω – the dual of D(Ω) – will be denoted by
D ′(Ω). For f ∈ D ′(Ω), we denote the value of f at the point ϕ ∈ D(Ω) by 〈ϕ , f 〉.

The derivative Di f of the distribution f is again a distribution, defined by the
formula

〈ϕ,Di f 〉= (−1)|i|〈Diϕ, f 〉, ϕ ∈ D(Ω). (2.3)

If fn is a sequence in D ′(Ω), we say that limn→∞ fn = f in D ′(Ω) if for all ϕ ∈
D(Ω) we have:

lim
n→∞

〈ϕ, fn〉= 〈ϕ , f 〉.
Let L1

loc(Ω) be the space of locally integrable functions on Ω . We define the
imbedding L1

loc(Ω)⊂ D ′(Ω) by:

〈ϕ, f 〉 =
∫

Ω
ϕ f dx, ϕ ∈ D(Ω), f ∈ L1

loc.

Obviously we have:

Proposition 1.1. If f1, f2 ∈ L1
loc(Ω) and if for every ϕ ∈ D(Ω)

〈ϕ, f1〉= 〈ϕ , f2〉, (2.4)

then f1 = f2 almost everywhere in Ω .

Indeed: It follows from (2.4) that for every interval I ⊂ Ω , we have:
∫

I
f1 dx =

∫
I

f2 dx.

�
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Let B be a Banach space such that D(Ω) ⊂ B; B is called normal if D(Ω) is
dense in B.

If D(Ω)⊂ B algebraically and topologically, then B′ ⊂D ′(Ω), algebraically and
topologically. B′ is a subspace of distributions.

Exercise 1.1. If f ∈Ck(Ω), then, for |i| ≤ k, Di f in the classical sense and Di f in
the sense of distributions coincide.

Hereafter if f ∈ D ′(Ω), Di f will denote the derivative in the distribution sense.

2.1.2 The Space Lp(Ω), Mean Continuity

Let 1 ≤ p < ∞. We denote by Lp(Ω) the space of p−integrable functions on Ω
with the norm:

| f |Lp(Ω) =

(∫
Ω
| f (x)|p dx

)1/p

; (2.5)

this space is a Banach space, it has a countable basis, it is reflexive for p > 1. The
following mean continuity property holds:

Theorem 1.1. Let Ω be an open set in R
N, f ∈ Lp(Ω), f (x) = 0 for x �/∈ Ω . Then

for each ε > 0, there exists δ > 0 such that

|z|< δ =⇒
(∫

Ω
| f (x+ z)− f (x)|p dx

)1/p

< ε.

Proof. Let us assume Ω bounded and ε > 0. There exists ν < meas (Ω) such that

M ⊂ Ω , meas (M)< ν =⇒
(∫

M
| f (x)|p dx

)1/p

< ε/3.

According to Lusin’s theorem, there exists a closed set F ⊂ Ω , meas (F) >
meas (Ω)−(1/2)ν such that f is continuous on F . Then there exists δ > 0 such that

|z|< δ =⇒ x ∈ F, x+ z ∈ F, | f (x+ z)− f (x)|< ε
3(meas (Ω))1/p

.

For z fixed, |z|< δ , we denote

Hz = {y ∈ R
N , y = x+ z, x ∈ F}, Fz = F ∩Hz = F − (F −Hz).

We can choose δ sufficiently small such that Hz ⊂ Ω . Then we have:

meas (Fz)> meas (Ω)− ν
2
−
[

meas (Ω)−
(

meas (Ω)− ν
2

)]

= meas (Ω)−ν,
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i.e.
meas (Ω −Fz)< ν.

We get:

(∫
Ω
| f (x+ z)− f (x)|p dx

)1/p

≤
(∫

Fz

| f (x+ z)− f (x)|p dx

)1/p

+

(∫
Ω−Fz

| f (x+ z)− f (x)|p dx

)1/p

< meas (Fz)
1/p ε

3(meas (Ω))1/p

+

(∫
Ω−Fz

| f (x+ z)|p dx

)1/p

+

(∫
Ω−Fz

| f (x)|p dx

)1/p

< ε;

if Ω is unbounded, for any ε > 0, we can find a ball K(r) with radius r > 1 such that

(∫
Ω −K(r−1)

| f (x)|p dx

)1/p

< ε/3.

Then we can repeat the proof given previously for the bounded set Ω ∩K(r − 1)
with ε/3 and δ ≤ 1. �

2.1.3 The Regularizing Operator

Let h > 0. We define the regularizing kernel by:

ω(x,h) =

{
exp(|x|2/(|x|2 −h2)) for |x|< h,

0 for |x| ≥ h.

The kernel is a function in C∞(RN). The regularizing operator is the operator
mapping Lp(Ω) into itself and defined by

fh(x) =
1

κhN

∫
Ω

ω(x− y,h) f (y)dy, (2.6)

where
κ =

∫
|x|<1

ω(x,1)dx =
1

hN

∫
|x|<h

ω(x,h)dx.

Of course, we can use also other regularizing kernels; Sect. 2.5.5.
By an immediate computation we get:

fh(x) =
1
κ

∫
|z|<1

ω(z,1) f (x+hz)dz

where f (x) = 0 for x �/∈ Ω .
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In what follows, we will use the following notation: let B1,B2 be two Banach
spaces, and T a bounded linear mapping defined on B1 with values in B2; we shall
write T ∈ [B1 → B2].

Theorem 1.2. The operator which defines fh(x) by (2.6), has the following prop-
erties: it belongs to [Lp(Ω) → Lp(Ω)], fh ∈ C∞(Ω ) (and also ∈ C∞(RN)), and
limh→0 fh = f in Lp(Ω).

Proof. We have to prove:

| fh|Lp(Ω) ≤C| f |Lp(Ω), lim
h→0

fh = f in Lp(Ω); (2.7)

the other properties are clear. We always set f (x) = 0 for x �/∈ Ω ; then we have:

∫
Ω
| fh(x)− f (x)|p dx

=
∫

Ω

∣∣∣∣ 1
κ

∫
|z|<1

ω(z,1) f (x+hz)dz− 1
κ

∫
|z|<1

ω(z,1) f (x)dz

∣∣∣∣
p

dx

≤
∫

Ω

(
1
κ

∫
|x|<1

ω(z,1)| f (x+hz)− f (x)|dz

)p

dx ≡ I(h).

If p = 1 then the Fubini theorem implies:

I(h)≤ c
∫
|z|<1

dz
∫

Ω
| f (x+hz)− f (x)|dx. (2.8)

If p > 1 then using the Hölder inequality and the Fubini theorem we get:

I(h)≤ c
∫

Ω
dx

∫
|z|<1

| f (x+hz)− f (x)|p dz = c
∫
|z|<1

dz
∫

Ω
| f (x+hz)− f (x)|p dx;

(2.9)
the result follows according to (2.8), (2.9) and Theorem 1.1. The inequality in (2.7)
can be obtained by a trivial modification of the proof. �

2.1.4 Compactness Condition

The following theorem is due to Kolmogorov.

Theorem 1.3. Let Ω be a bounded domain, M ⊂ Lp(Ω). M is precompact if and
only if:

M is a bounded set, (2.10)

the functions f ∈ M are mean-equicontinuous. (2.11)
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Proof. First, let us prove that the conditions are sufficient; as previously we set
f (x) = 0 for x �/∈ Ω . According to (2.8), (2.9) we have:

| fh − f |Lp(Ω) ≤ c sup
|z|<h

(∫
Ω
| f (x+ z)− f (x)|p dx

)1/p

. (2.12)

Let ε > 0; we can find δ > 0 such that h < δ =⇒ | fh − f |Lp(Ω) < ε/2. Let Mh =
{ fh, f ∈ M, h fixed}. The functions fh are bounded by the same constant and they
are equicontinuous, hence Mh is a relatively compact set in C0(Ω), and there exists
an ε/2(meas (Ω))1/p-net, say Sε , in C0(Ω ). It follows from (2.12) that Sε is an
ε-net in Lp(Ω).

Now we prove the necessity: If M is relatively compact then (2.9) holds. Let
f1, f2, . . . , fk be an (ε/3)-net in M. According to Theorem 1.1, each fi, i = 1,2, . . . ,k
is mean continuous, and there exists δ > 0 such that

|z|< δ =⇒ (
∫

Ω
| f (x+ z)− f (x)|p dx < (ε/3)p, i = 1,2, . . . ,k.

Hence, if f ∈ M, there exists an index i such that | f − fi|Lp(Ω) < ε/3, and

|z|< δ =⇒
(∫

Ω
| f (x+ z)− f (x)|p dx

)1/p

< ε.

�
Exercise 1.2. Prove Theorem 1.1 using the fact that for Ω bounded we have

Lp(Ω) =C(Ω).

Exercise 1.3. Prove Theorem 1.3 for Ω unbounded with the following additional
condition: for each ε > 0 there exists r > 0 such that

f ∈ M =⇒
∫

Ω−K(r)
| f (x)|p dx < ε,

where K(r) is a ball with center at the origin and with radius r.

2.2 The Spaces W k,p(Ω)

2.2.1 A Property of the Regularizing Operator

Let us recall that Lp
loc(Ω), p ≥ 1 is the space of complex-valued functions defined

on Ω which are locally p−integrable on Ω (i.e. on every compact set in Ω ). The
following proposition is obvious:
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Proposition 2.1. Let fi ∈ D ′(Ω), i = 1,2. Then

Dα( f1 + f2) = Dα f1 +Dα f2, Dα(λ fi) = λDα fi, Dα(Dβ fi) = Dα+β fi.

Theorem 2.1. Let u∈D ′(Ω), Ω ∗ ⊂Ω , Ω ∗ bounded. Suppose that Dα u∈ Lp
loc(Ω),

p ≥ 1. Then there exists h0 > 0 such that for h ≤ h0, x ∈ Ω∗ we have:

Dα uh(x) = (Dα u)h(x), (2.13)

lim
h→0

Dα uh = Dα u in Lp(Ω ∗). (2.14)

Proof. Indeed: if ϕh(y) = (1/κhN)ω(x − y,h), then uh(x) = 〈ϕh,u〉 for h ≤ h0,
x ∈ Ω ∗, with h0 ≤ dist (Ω∗,∂Ω). Using the definition from 2.1.1, it follows that

Dα uh(x) = (−1)|α |〈Dα ϕh,u〉= 〈ϕh,D
α u〉

=
1

κhN

∫
Ω

ω(x− y,h)Dαu(y)dy = (Dαu)h(x);

(2.14) is a direct consequence of Theorem 1.2. �

2.2.2 The Absolute Continuity

Let Ω be a domain in R
N , P a line verifying P∩Ω �= /0. A function defined almost

everywhere in Ω is said absolutely continuous on the line P if it is continuous on
each closed interval of P∩Ω .

Theorem 2.2. Suppose u ∈ L1
loc(Ω) and ∂u/∂xi ∈ Lp(Ω), p ≥ 1. This function

changed on a set of measure zero is absolutely continuous on almost all lines
parallel to the axis xi.2 Let us denote by [∂ u/∂ xi] the usual derivative and by ∂u/∂xi

the distribution derivative. Then we have almost everywhere [∂u/∂xi] = ∂u/∂xi.
Conversely, if u ∈ L1

loc(Ω) is absolutely continuous on almost all lines parallel
to the axis xi with [∂ u/∂ xi] ∈ Lp(Ω), then we have ∂u/∂xi = [∂u/∂xi].

Proof. Let us prove the second part: If ϕ ∈ D(Ω), by integration by parts we get
〈ϕ , [∂u/∂xi]〉= 〈ϕ ,∂u/∂xi〉. For the first part, let Ω =∪∞

j=1Cj , where Cj are cubes;
this cover is locally finite, which is always possible. Let C be one of these cubes, and
ψ ∈ D(Ω) such that ψ(x) = 1 for x ∈ C. Let us put v = uψ ;v ∈ L1(Ω). Obviously
∂v/∂xi = (∂u/∂xi)ψ +u(∂ψ/∂xi). Put v = ∂v/∂xi = 0 for x �/∈ Ω . Let K be a cube
big enough such that Ω ⊂ K.

2The set of all intersections of parallel hyperplanes where u is not absolutely continuous, with the
hyperplane xi = 0, is a set M such that meas (N−1)M = 0.
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Let us define v∗(x) by:

v∗(x) =
∫ xi

−∞

∂v
∂xi

(x1, . . . ,xi−1,ξ ,xi+1, . . . ,xN)dξ (2.15)

for the points (x1, . . . ,xi−1,xi+1, . . . ,xN), where

∫ ∞

−∞

∣∣∣∣ ∂v
∂xi

(x1, . . . ,xi−1,ξ ,xi+1, . . . ,xN)

∣∣∣∣ dξ < ∞.

Let χ ∈ D(Ω) be a function with χ(x) = 1 on supp v.
For all ϕ ∈ D(Ω), we have:

∫
Ω

ϕv∗ dx =
∫

Ω

(∫ ∞

xi

ϕ(x1, . . . ,xi−1,ξ ,xi+1, . . . ,xN)dξ
) ∂v

∂xi
(x)dx

=
∫

Ω

(∫ ∞

xi

ϕ dξ
)
χ

∂v
∂xi

dx =
∫

Ω
ϕvdx,

then almost everywhere v(x) = v∗(x); it is clear that v∗ is absolutely continuous on
almost all lines parallel to the axis xi, and almost everywhere [∂v∗/∂xi] = ∂v/∂xi.
But since almost everywhere on C v∗(x) = v(x), the result follows. �
Remark 2.1. According to Theorem 2.2, a function f not absolutely continuous on
[0,1] (or continuous) which has almost everywhere a derivative such that [d f/dx] ∈
L1(0,1), satisfies [d f/dx] �= d f/dx. The well known example is a monotone
function continuous on (0,1), f (0) = 0, f (1) = 1, d f/dx = 0 almost everywhere.

2.2.3 The Spaces W k,p(Ω)

For an integer k ≥ 0, and p ≥ 1, we denote by W k,p(Ω)3 the subspace of functions
f ∈ Lp(Ω) such that for |α| ≤ k,Dα u ∈ Lp(Ω). On W k,p(Ω) we define a norm by:

|u|W k,p(Ω) =
(

∑
|α |≤k

∫
Ω
|Dαu|pdx

)1/p
, (2.16)

and, if p = 2,W k,2(Ω) is an Hilbert space for the scalar product defined by (1.1.2).
The membership of u in W k,p(Ω) is a local property, indeed.

3If u∈W k,2(Ω) by the definition from 1.1.1, then in general it is the same as in the definition given
here; the converse is not true. Later we shall see that for Ω ∈N0 the two definitions coincide. In
N.G. Meyers, J. Serrin [1], it is proved that C∞(Ω )∩W k,p(Ω) is dense in W k,p(Ω ).
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Proposition 2.2. Let Ωi, i = 1,2, . . . , l, be domains satisfying ∪l
i=1Ωi ⊃ Ω . If

u ∈W k,p(Ωi), i = 1,2, . . . , l, then u ∈W k,p(Ω), and

|u|Wk,p(Ω) ≤ c
l

∑
i=1

|u|Wk,p(Ωi)
.

Proof. Let |α| ≤ k. We denote by gi the derivatives Dαu in Ωi; it follows
immediately from the definition of Dα u that if Ωi ∩Ω j �= /0, then gi = g j almost
everywhere in Ωi∩Ω j . We define g(x) = gi(x) in Ωi, and let ϕ ∈C∞

0 (Ω). According
to Proposition 1.2.3, there exist functions ψi ∈C∞

0 (Ωi) such that

x ∈ supp ϕ =⇒
l

∑
i=1

ψi(x) = 1.

We have:

〈Dα ϕ ,u〉= 〈Dα (
l

∑
i=1

ψiϕ),u〉= (−1)|α |
l

∑
i=1

〈ψiϕ,gi〉

= (−1)|α |
l

∑
i=1

〈ψiϕ,g〉= (−1)|α |〈ϕ,g〉.

�
Remark 2.2. According to Theorem 2.2, there is a definition equivalent to the
previous: u ∈ W 1,p(Ω), if u ∈ Lp(Ω) and if, after a modification of u on a set
of zero measure, u remains absolutely continuous on almost all lines parallel to
the x1 axis and if [∂u/∂x1] ∈ Lp(Ω) (cf. Theorem 2.2). By another modification
[∂u/∂x2] ∈ Lp(Ω), etc.

There exists another definition for p = 2, k = 1 due to B. Levi related to
Remark 2.2: W 1,p(Ω) is the subspace in Lp(Ω) of functions u which, and after
a modification on a set of zero measure, remain absolutely continuous on almost all
lines parallel to the axes x1,x2, . . . ,xN ; the derivatives [∂u/∂xi] ∈ Lp(Ω).

Here an adaptation of a theorem of J. Deny, J.L. Lions [1]:

Theorem 2.3. For W 1,p(Ω), the definition from 2.2.3 and the definition of B. Levi
are equivalent.

Proof. If u ∈ W 1,p(Ω) by the B. Levi definition, then it is the same as by our
definition according to Theorem 2.2. Let u ∈W 1,p(Ω); we use the steps used in the
proof of Theorem 2.2: uψ = v ∈ W 1,p(K), where K is a cube (−l, l)N sufficiently
large such that supp v ⊂ K. According to Theorem 2.1, limh→0 vh = v in Lp(Ω),
limh→0 ∂vh∂xi = ∂v/∂xi in Lp(K), i = 1,2, . . . ,N. Let us set for i = 1,2, . . . ,N:

gi(x) =
∫ xi

−∞

∂v
∂xi

(x1, . . . ,xi−1ξ ,xi+1, . . . ,xN)dξ . (2.17)
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Then gi(x) is an absolutely continuous function on almost all lines parallel to the
axis xi; we have:

lim
h→0

∫ l

−l
. . .

∫ l

−l︸ ︷︷ ︸
(N−1)-times

(∫ l

−l

∣∣∣∣∂vh

∂x1
− ∂v

∂x1

∣∣∣∣ dx1

)
dx′ = 0,

then we can find a sequence hn, limn→∞ hn = 0, such that for almost all lines parallel
to the axis x1

lim
n→∞

∫ l

−l

∣∣∣∣∂vhn

∂x1
− ∂ v

∂x1

∣∣∣∣ dx1 = 0.

We deduce that limn→∞ vhn(x) = g1(x) on almost all lines parallel to x1. The same
property holds for i = 2: we can extract a subsequence hnm of the sequence hn such
that limm→∞ vhnm

(x) = g2(x) on almost all lines parallel to the axis x2, etc. Step by
step we construct a sequence vhs , such that lims→∞ vhs(x) = gi(x) on almost all lines
parallel to x1,x2, . . . ,xN ; it is clear that lims→∞ vhs = v∗(x) = v(x) almost everywhere
in Ω . We conclude as in the proof of Theorem 2.2. �
Exercise 2.1. If u ∈ W 1,p(Ω), prove that |u| ∈ W 1,p(Ω) and ||u||W 1,p(Ω) ≤
|u|W1,p(Ω).

Hint: use Theorem 2.3.

2.2.4 The Spaces W k,p(Ω) (Continuation)

Proposition 2.3. The space W k,p(Ω) is a Banach space with a countable basis,
reflexive for p > 1.

Proof. The space W k,p(Ω) is complete, this is a consequence of the definition from
2.2.3; W k,p(Ω) is a closed subspace of the space [Lp(Ω)]s which has a countable
basis and which is reflexive if p > 1. Here, s is the number of indices |α| ≤ k. �
Proposition 2.4. Let ui be a sequence in D ′(Ω), with |Dαui|Lp(Ω) ≤ c1, p > 1, and
limi→∞ ui = u in the sense of distributions. Then Dαu∈ Lp(Ω), and |Dα u|Lp(Ω)≤ c1.

Proof. For ϕ ∈C∞
0 (Ω), we have:

lim
i→∞

〈ϕ ,Dα ui〉= lim
i→∞

(−1)|α |〈Dα ϕ,ui〉= (−1)|α|〈Dα ϕ,u〉,

〈ϕ ,Dα ui〉=
∫

Ω
ϕDα ui dx.

But D(Ω) = Lq(Ω) for q ≥ 1, hence limi→∞ Dαui = g weakly in Lp(Ω), and
〈ϕ ,g〉= limi→∞〈ϕ,Dαui〉= limi→∞(−1)|α|〈Dα ϕ,ui〉= (−1)|α |〈Dαϕ ,u〉. �
Remark 2.3. If p = 1, Proposition 2.4 is true if the sequence Dαui is weakly
compact.
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2.2.5 The Spaces W k,p
0 (Ω)

We denote W k,p
0 (Ω) = D(Ω), the closure of D(Ω) with respect to the norm of

W k,p(Ω), and W−k,q(Ω) = (W k,p
0 (Ω))′ the dual space of W k,p

0 (Ω).

Proposition 2.5. Suppose p > 1; then every function f ∈W−k,q(Ω) can be written
(not uniquely) in the following form:

f = ∑
|α |≤k

Dα fα , (2.18)

where
fα ∈ Lq(Ω) and

1
p
+

1
q
= 1.

Proof. Let s be as in the proof of Proposition 2.3. We have W k,p
0 (Ω) ⊂ [Lp(Ω)]s.

According to the Hahn-Banach theorem, f can be extended on [Lp(Ω)]s. But
([Lp(Ω)]s)′ = [Lq(Ω)]s, hence

v ∈ [Lp(Ω)]s =⇒ f v =
s

∑
i=1

∫
Ω

vigi dx

with gi ∈ Lq(Ω). If v ∈W k,p
0 (Ω), we get:

f v = ∑
|α |≤k

(−1)|α |
∫

Ω
Dα v fα dx

with fα ∈ Lq(Ω); then

v ∈ D(Ω) =⇒ f v = 〈v, ∑
|α |≤k

Dα fα〉.

�
Exercise 2.2. If p > 1, prove that the closed unit ball in W k,p(Ω) is weakly
compact.

Remark 2.4. If Ω is a domain such that its complement �Ω has a positive measure,
then for k ≥ 1 we cannot have W k,p

0 (Ω) = W k,p(Ω); details can be found in J.L.
Lions [5]. But if Ω = R

N we have:

Proposition 2.6. W k,p
0 (RN) =W k,p(RN).

Proof. Let ϕ ∈ D(RN) satisfy ϕ(x) = 1 for |x| ≤ 1, ϕ(x) = 0 for |x| ≥ 2. If u ∈
W k,p(RN), let us put ur(x) = u(x)ϕ(x/r). Clearly limr→∞ ur = u in W k,p(RN). Using
Theorem 2.1, we get limh→0 urh = ur in W k,p(RN) (we use (2.6)); but urh ∈ D(RN).

�
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2.3 Imbedding Theorems

2.3.1 The Lipschitz Transform

Lemma 3.1. Let Ω ,O be two bounded open sets, T a one-to-one continuous
mapping, T : O → Ω , with a Lipschitz inverse, i.e.

|T−1(x)−T−1(y)| ≤ c|x− y|. (2.19)

Let u ∈ Lp(Ω), p ≥ 1. Then v(y) = u(T (y)) ∈ Lp(O), and we have:

|v|Lp(O) ≤ c|u|Lp(Ω). (2.20)

Proof. Using the regularizing operator (we put u(x) = 0 for x �/∈ Ω), we get
limh→0 uh = u in Lp(Ω). Let Sd be a rectangular lattice in R

N formed by cubes with
sidelength d; let us consider cubes C1,C2, . . . ,Cmd whose closures are contained
in O; we have:

∫
O
|uh(T (y))|p dy = lim

d→0

md

∑
i=1

dn inf
y∈Ci

|uh(T (y))|p. (2.21)

According to (2.19) we have:

meas (Ci)≤ ci meas (T (Ci)). (2.22)

Indeed: if yi is the center of Ci, and if ∂T (Ci) is the boundary of T (Ci), we get
T−1(∂T (Ci)) ⊂ ∂Ci. Using (2.19) if x ∈ ∂T (Ci), and denoting xi = T (yi), we have
|x−xi| ≥ c2|T−1(x)−yi| ≥ (1/2)dc2, hence T (Ci) contains a ball with center xi and
radius (1/2)dc2 and we have (2.22). Furthermore,

dn
md

∑
i=1

inf
y∈Ci

|uh(T (y))|p ≤ c1

md

∑
i=1

meas (T (Ci)) inf
y∈Ci

|uh(T (y))|p ≤ c1

∫
Ω
|uh(x)|p dx,

(2.23)
and then ∫

O
|uh(T (y))|p dy ≤ c1

∫
Ω
|uh(x)|p dx. (2.24)

Now limh→0 uh = u in Lp(Ω), and we can extract a subsequence, say uhi ,
such that limi→∞ uhi = u almost everywhere in Ω . It follows from (2.19) that
limi→∞ uhi(T (y)) = u(T (y)) almost everywhere in O. The Fatou lemma gives
(2.24). �
Lemma 3.2. Let Ω ,O be two bounded open sets, and T and T−1 one-to-one
Lipschitz mappings, T : O → Ω . Let u ∈ W 1,p(Ω), p ≥ 1. We have u(T (y)) ∈
W 1,p(O), and if we set v(y) = u(T (y)) we get:
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|v|W 1,p(O) ≤ c|u|W 1,p(Ω). (2.25)

Proof. Let us put u ≡ 0 outside of Ω , and let uh be the regularized function. The
function v(h)(y) = uh(T (y)) is a Lipschitz function in O, hence a posteriori it is
Lipschitz on all lines parallel to y1,y2, . . . ,yN . Then we have in the usual sense:

∂ v(h)

∂ yi
=

N

∑
j=1

∂uh

∂x j

∂ x j

∂ yi
; (2.26)

according to Theorem 2.2 it holds in the sense of distributions. We have
limh→0 ∂uh/∂x j = ∂u/∂x j in Lp(Ω∗) for Ω∗ ⊂ Ω , limh→0 uh = u in Lp(Ω). Let us
denote O∗ = T−1(Ω ∗). According to the previous lemma, ∂v(h)/∂yi is a Cauchy
sequence in Lp(O∗). We get:

∂ v
∂yi

=
N

∑
j=1

∂u
∂ x j

∂ x j

∂ yi
, (2.27)

and then, using again the previous lemma, we have v ∈ W 1,p(O), and hence the
inequality (2.25). �

2.3.2 Density of C∞(Ω) in W k,p(Ω)

In Chap. 1, we introduced another definition of W k,2(Ω) (cf. the definition in 1.1.1);
we can generalize it for p ≥ 1.

Problem 3.1. Characterize the domains such that C∞(Ω) is dense in W k,p(Ω).

We know that these two definitions are equivalent under certain conditions (cf.
E. Gagliardo [2]), V.P. Iljin [1]); let us denote by C∞

Ω (RN) the space of restrictions

to Ω of functions in C∞(RN) (clearly we have C∞
Ω (RN)⊂C∞(Ω)). We have:

Theorem 3.1. Let Ω ∈N0. There is C∞
Ω (RN) =W k,p(Ω).

Proof. Using the notations introduced in 1.2.4, we set ur = uϕr. We get immediately
ur ∈ W k,p(Ω); using the local charts (x′r,xrN), let us define urλ , r ≤ m by
urλ (x

′
r,xrN) = ur(x′r,xrN +λ ). If λ is sufficient small, we have urλ ∈W k,p(Ω), and

according to Theorem 1.1 limλ→0 urλ = ur in W k,p(Ω). We have urλ ∈ W k,p(Ωλ ),
with Ωλ ⊃ Ω . It follows from Theorem 2.1 that limh→0 urλ h = urλ in W k,p(Ω). If
r = m+1, we have limh→0 um+1,h = um+1 in W k,p(Ω), so uλ h = ∑m+1

r=1 urλ h, and we
get limh→0,λ→0 uλ h = u in W k,p(Ω). �

Example 3.1. Let Ω be the disc in R
2 with center at origin and radius 1, without

the segment 0 ≤ x1 ≤ 1, x2 = 0. Then C∞(Ω) �=W k,p(Ω), if k ≥ 1, p ≥ 2 (the result
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is true if p ≤ 2, but at the moment, we are not able to prove it). Indeed, according to
Theorem 1.1.2 we can define traces “from top” and “from bottom” on the segment

mentioned. If we have C∞(Ω ) =W k,p(Ω), these traces will coincide, but this is not
possible in polar coordinates (r,Θ ) if we consider the function rkΘ ∈W k,p(Ω).

A bounded domain is called starshaped with respect to the origin if there exists
a positive continuous function on the unit sphere, say h(x/|x|), such that Ω = {x ∈
R

N , |x|< h(x/|x|)}. We have (cf. V.I. Smirnov [1]):

Theorem 3.2. Let Ω be a starshaped domain with respect to the origin. Then
W k,p(Ω) =C∞

Ω (RN).

Proof. Indeed: let u ∈ W k,p(Ω) and put uλ (x) = u(λx), 0 < λ < 1. According to
Theorem 1.1, limλ→1 uλ =u in W k,p(Ω). Denoting Ωλ ={x∈R

N , x=y/λ ,y∈Ω},
we have uλ ∈ W k,p(Ωλ ), but Ω ⊂ Ωλ . Obviously, for every ε > 0, there exist λ ,
h > 0 such that |uλ h −u|Wk,p(Ω) < ε. �

In the statements of Theorems 3.1, 3.2, the properties of Ω are used; but it is
possible to generalize these theorems in the following form:

Theorem 3.3. Let Ω be a bounded domain such that there exists a sequence
of domains Ωn, n = 1,2, . . . such that Ω ⊂ Ωn, Ωn ⊃ Ωn+1; ∩∞

n=1Ωn = Ω , and
let us assume that for every u ∈ W k,p(Ω), there exists un ∈ W k,p(Ωn) such that
limn→∞ |un − u|Wk,p(Ω) = 0. Then C∞

Ω (RN) =W k,p(Ω).

Proof. Let un = 0 outside of Ωn; according to Theorem 2.1 we can find a sequence
hn such that limn→∞ |unhn −un|W k,p(Ω) = 0. �

2.3.3 The Gagliardo Lemma

Let us prove a lemma due to E. Gagliardo [2]:

Lemma 3.3. Let C be the cube (−1,1)N, let Ci denote its faces (−1,1)N−1 for
xi = 0. Let fi ∈ LN−1(Ci), i = 1,2, . . . ,N, and define fi in C by
fi(x) = fi(x1, . . . ,xi−1,xi+1, . . . ,xN). Then

∫
C

∣∣ N

∏
i=1

fi
∣∣dC ≤

N

∏
i=1

(∫
Ci

| fi|N−1dCi
)1/(N−1)

. (2.28)

Proof. We use a recurrence process over N. For N = 2 inequality (2.28) is a simple
consequence of Fubini’s theorem:

∫
C
| f1|| f2|dC =

∫ 1

−1
| f1(x2)|dx2

∫ 1

−1
| f2(x1)|dx1.

Let be N > 2, and let us assume that (2.28) holds for N −1; we have:
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I =
∫

C
| f1 f2 . . . fN |dC =

∫
C1

| f1|dC1

∫ 1

−1
| f2 f3 . . . fN |dx1.

Using the Hölder inequality for pi = N −1, i = 1,2, . . . ,N −1, we get:

I ≤
∫

C1

| fi|dC1

N

∏
i=2

(∫ 1

−1
| fi|N−1 dx1

)1/(N−1)
. (2.29)

Now using again the Hölder inequality for p=N−1, q= (N−1)/(N−2) in (2.29),
we get:

I ≤ (∫
C1

| f1|dC1
)1/(N−1)(∫

C1

N

∏
i=2

(∫ 1

−1
| fi|N−1 dx1

)1/(N−2)
dC1

)(N−2)/(N−1)
. (2.30)

Using now the recurrence hypothesis, denoting C1i, i = 2, . . . ,N, the projections of
C1 on the hyperplane xi = 0, we finally get:

∫
C1

N

∏
i=2

(∫ 1

−1
| fi|N−1 dx1

)1/(N−2)
dC1

≤
N

∏
i=2

(∫
C1i

dC1i

∫ 1

−1
| fi|N−1 dx1

)1/(N−2)
=

N

∏
i=2

(∫
Ci

| fi|N−1dCi
)1/(N−2)

.

Then taking into account (2.30), we get (2.28). �

2.3.4 The Sobolev Imbedding Theorems

Now, let us start with the first of the imbedding theorems; basically these theorems
are due to Sobolev (cf. S.L. Sobolev [1].) Here we use an adaptation of the method
of Gagliardo (cf. E. Gagliardo [2]). Let us recall that if for two Banach spaces
B1,B2,B1 ⊂ B2 is an imbedding algebraically and topologically, then this means
that each element in B1 is an element of B2, and for every x ∈ B1, |x|B2 ≤ c|x|B1 . We
use the notation introduced in 1.2.4.

Theorem 3.4. Let Ω ∈ N0,1, 1 ≤ p < N. If 1/q = 1/p− 1/N, then W 1,p(Ω) ⊂
Lq(Ω) algebraically and topologically.

Proof. It is sufficient to prove that ur = uϕr ∈ Lq(Vr). We define a mapping T on
the cube C = {|yi|< 1, i = 1,2, . . . ,N}, T : C →Vr using x = (x′r,xrN), y = (y′r,yrN);
for simplicity we omit the index r, and we set:

x′ = αy′, xN = (β/2)yN +a(αy′)+β/2. (2.31)
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The mapping T and its inverse are lipschitzian between C and V . According to
Lemma 3.2 it is sufficient to prove that v ∈ Lq(C) where v(y) = u(T (y)), and the
corresponding inequality. Let v ∈W 1,p(C), and equal zero in a neighborhood of the
sides of the cube, except the side yN = 1, |yi|< 1, i = 1,2, . . . ,N −1, cf. Fig. 2.1

yN

y0

supp v

Fig. 2.1

Theorem 2.1 implies the existence of a sequence vl , liml→∞ vl = v in
W 1,p(C),vl ∈ C∞(C) with the support mentioned. We prove first the following
inequality:

|vl |Lq(C) ≤ c|vl |W 1,p(C), (2.32)

then we can pass to the limit as l → ∞ and we obtain:

|v|Lq(C) ≤ c|v|W 1,p(C). (2.33)

Let v ∈C∞(Ω ) with the support mentioned and let us consider the function:

yi → |v(y)|(N p−p)/(N−p)

as a function of the variable yi (all other local charts are fixed). On the interval
(−1,1) we have almost everywhere:

∂
∂yi

|v(y)|(N p−p)/(N−p) ≤ N p− p
N − p

|v|(N p−N)/(N−p)

∣∣∣∣ ∂v
∂yi

∣∣∣∣ ; (2.34)

in fact, it is sufficient to use the inequality

∣∣∣∣d| f |
dt

∣∣∣∣≤
∣∣∣∣d f

dt

∣∣∣∣ (2.35)

which holds for an absolutely continuous function almost everywhere on (−1,1).
Using (2.34) we get:
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sup
|yi|≤1

|v(y)|(N p−p)/(N−p) ≤ N p− p
N − p

∫ 1

−1
|v|(N p−N)/(N−p)

∣∣∣∣ ∂v
∂yi

∣∣∣∣ dyi. (2.36)

Let Ci be the projection of C on the hyperplane yi = 0, p > 1. Using Hölder’s
inequality we get from (2.36),

∫
Ci

sup
|yi|≤1

|v(y)|(N p−N)/(N−p)dCi

≤ N p− p
N − p

(∫
C
|v|N p/(N−p)dC

)(p−1)/p(∫
C

∣∣∣∣∂vp

∂yi

∣∣∣∣dC

)1/p

≤ N p− p
N − p

(∫
C
|v|N p/(N−p)dC

)(p−1)/p

|v|W 1,p(C).

(2.37)

Taking into account Lemma 3.3 and (2.37), it follows that

∫
C
|v|N p/(N−p)dC ≤

∫
C

N

∏
i=1

sup
|yi|<1

|v|p/(N−p)dC

≤
N

∏
i=1

(∫
Ci

sup
|yi |<1

|v|(N p−p)/(N−p)dCi

)1/(N−1)

≤
(

N p− p
N − p

)N/(N−1)(∫
C
|v|N p/(N−p)dC

)(N p−N)/(N p−p)

|v|N/(N−1)
W1,p(C)

,

(2.38)

and hence (∫
C
|v|N p/(N−p)dC

)(N−p)/N p

≤ N p− p
N − p

|v|W 1,p(C). (2.39)

Going back to the index r, for r = m+1 we cover Um+1 by a finite number of cubes
and using a partition of unity we again arrive at the inequality (2.39), and we have
the result for p > 1. If p = 1 then (2.36) becomes:

sup
|yi|<1

|v(y)| ≤
∫ 1

−1

∣∣∣∣ ∂ v
∂yi

∣∣∣∣ dy,

and by Lemma 3.3, we obtain

∫
C
|v|N/(N−1)dC ≤

∫
C

N

∏
i=1

sup
|yi|<1

|v|1/(N−1)dC

≤
N

∏
i=1

(∫
Ci

sup
|yi|<1

|v|dCi

)1/(N−1)

≤
N

∏
i=1

(∫
C

∣∣∣∣ ∂v
∂yi

∣∣∣∣dC

)1/(N−1)

≤ |v|N/(N−1)
W1,1(C)

,

which completes the proof. �
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Remark 3.1. Theorem 3.4 is obviously true for a finite union of domains of the
type N0,1.

A domain has the interior cone property if there exists a fixed cone such that
each point of Ω is the vertex of this cone appropriately placed into Ω . We can
easily prove that such a domain can be decomposed into a finite union of domains
of the type N0,1, cf. E. Gagliardo [2].

Remark 3.2. In J.L. Lions [5], Theorem 3.4 is proved for Ω = R
N . The proof

follows the same ideas.

Example 3.2. The number q = N p/(N− p) in Theorem 3.4 is the best possible: the
function u(x) = |x|−(N/2)+1 ln−1 |x| defined on the ball Ω = {x ∈ R

N , |x| < 1/2},
N ≥ 3, is in W 1,2(Ω); on the other hand,

∫
Ω
|u|(2N/(N−2))+ε dx = ∞ for ε > 0.

Theorem 3.5. Let Ω ∈ N0,1, p = N. Obviously W 1,p(Ω) ⊂ Lq(Ω) algebraically
and topologically for any q,1 ≤ q < ∞.

Theorem 3.6. Let Ω ∈ N0,1, p ≥ 1, kp < N. Put 1/q = 1/p − k/N. Then
W k,p(Ω)⊂ Lq(Ω) algebraically and topologically.

Proof. We proceed by recurrence with respect to k: the theorem is true if k = 1; we
assume that it is true for k− 1. Then Dα u ∈ W 1,p(Ω), |α| ≤ k − 1, hence Dαu ∈
Lq∗(Ω) with 1/q∗ = 1/p−1/N =⇒ u ∈W k−1,q∗(Ω) =⇒ u ∈ Lq(Ω). �

Obviously, we have also

Theorem 3.7. Let Ω ∈N0,1, p ≥ 1, kp = N. Then W k,p(Ω)⊂ Lq(Ω) algebraically
and topologically for any q, 1 ≤ q < ∞.

2.3.5 The Sobolev Imbedding Theorems (Continuation)

Theorem 1.1.11 is a particular case of an imbedding theorem if kp > N. Now we
follow the ideas of C.B. Morrey [3]. Hereafter we shall say that for a Banach space
B, B ⊂ C0(Ω) algebraically and topologically if every function f ∈ B (where B is
a subspace of measurable functions on Ω) can be modified on a set of measure zero
in such a way that this modified function is absolutely continuous on Ω ; moreover
we have:

max
x∈Ω

| f (x)| ≤ c| f |B.

Theorem 3.8. Let Ω ∈N0,1, p ≥ 1,kp > N, and denote
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μ

⎧⎪⎪⎨
⎪⎪⎩
= k− (N/p) if k− (N/p)< 1,

< 1 if k− (N/p) = 1,

= 1 if k− (N/p)> 1.

Then W k,p(Ω)⊂C0,μ(Ω) algebraically and topologically.

Proof. We proceed as in the proof of Theorem 3.4: we consider ur, r ≤m; obviously
ur ∈W k,p(Vr), and

|ur|W k,p(Vr)
≤ c1|u|W k,p(Ω). (2.40)

Let us consider the case k − (N/p) < 1; we have (k − 1)p < N, and thus, by
Theorem 3.6,

|ur|W1,q(Vr)
≤ c2|u|W k,p(Vr)

(2.41)

where 1/q = 1/p− (k − 1)/N. For simplicity we omit the index r. If we use the
mapping (2.31) we have to consider u ∈ W 1,q(C), and due to Theorem 3.1, it is
sufficient to assume that u ∈C∞(C), and to prove the inequality

|u|C0,μ (C) ≤ c3|u|W 1,q(C). (2.42)

To do this, let y[1],y[2] ∈C; it is always possible to find a cube Cρ with faces parallel
to the faces of C such that y[1],y[2] ∈ Cρ ⊂ C and with sides of length equal to ρ ,

ρ ≤ |y[1]− y[2]| ≤
√

Nρ , cf. Fig. 2.2 (N = 2).

y2

y10

y[1]

y[2]

C

C

Fig. 2.2
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Let y ∈Cρ . We have:

|u(y)−u(y[ j])|=
∣∣∣∣∣
∫ 1

0

N

∑
i=1

∂u
∂yi

(y[ j] + t(y− y[ j]))(yi − y[ j]i)dt

∣∣∣∣∣

≤ c4ρ
∫ 1

0

N

∑
i=1

∣∣∣∣ ∂ u

∂yi
(y[ j] + t(y− y[ j]))

∣∣∣∣ dt,

and then using the change of variables z = y[ j] + t(y− y[ j]), we get:

∣∣∣∣ 1
ρN

∫
Cρ

u(y)dy−u(y[ j])

∣∣∣∣≤ 1
ρN

∫
Cρ

|u(y)−u(y[ j])|dy

≤ c4ρ−N+1
∫ 1

0
t−Ndt

∫
Cρt

N

∑
i=1

∣∣∣∣ ∂u
∂yi

(z)

∣∣∣∣dz,

(2.43)

where
Cρt = {z ∈Cρ ,z = y[ j] + t(y− y[ j]),y ∈Cρ}.

Now from the Hölder inequality and from (2.43),

∣∣∣∣ 1
ρN

∫
Cρ

u(y)dy−u(y[ j])

∣∣∣∣≤ c5|u|W1,q(C)ρ
k−(N/p),

hence

|u(y[1])−u(y[2])| ≤ 2c5|u|W 1,q(C)ρ
k−(N/p) ≤ 2c5|u|W 1,q(C)|y[1]−y[2]|k−(N/p). (2.44)

Let y[0],y ∈C; we have:

|u(y[0])| ≤ |u(y)|+
∫ 1

0

N

∑
i=1

∣∣∣∣ ∂u
∂yi

(y[0] + t(y− y[0]))(yi − y[0]i)

∣∣∣∣ dt,

then by integration with respect to y over C we obtain as above:

|u(y[0])| ≤ c6|u|W1,q(C), (2.45)

and with (2.44) we have (2.42).
Concerning um+1 it is sufficient to cover Um+1 by a finite number of cubes

contained in Ω , and using a partition of unity, we obtain again (2.42). Hence, the
case k− (N/p)< 1 is proved.

If k− (N/p) = 1, we use p′ < p, and the result follows.
If k− (N/p)> 1, there exists a positive integer m such that k− (N/p)−1 ≤ m <

k− (N/p) =⇒ 0 < k−m− (N/p)≤ 1, then Dα u ∈ W k−m,p(Ω), |α| ≤ m;Dαu = v
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is continuous, the case 0 < k− (N/p) < 1 having been proved, thus u ∈ C0,1(Ω);
the theorem is proved completely. �
Remark 3.3. As an immediate consequence of the previous theorems, we obtain
imbedding theorems for the derivatives. For instance, if u ∈ W k,p(Ω), Ω ∈ N0,1,
(k−m)p < N =⇒ Dαu ∈ Lq(Ω) with 1/q = 1/p− (k−m)/N and |α| ≤ m.

Example 3.3. Theorem 3.4 does not hold if for instance Ω is a domain in R
2 and

its boundary contains a sharp cuspidal point: Assume

Ω = {x ∈R
2,0 < x1 < 1, |x2|< x2p

1 exp(−p/x1)}, 1 ≤ p < 2,

and u(x) = exp(1/x1). We have:

∫
Ω
|u|p dx = 2

∫ 1

0
exp(p/x1)exp(−p/x1)x

2p
1 dx1 < ∞,

∫
Ω

∣∣∣∣ ∂u
∂x1

∣∣∣∣
p

dx = 2
∫ 1

0

1

x2p
1

exp(p/x1)exp(−p/x1)x
2p
1 dx1 < ∞,

on the other hand, if q > p,

∫
Ω
|u|q dx = 2

∫ 1

0
exp(q/x1)exp(−p/x1)x

2p
1 dx1 = ∞,

Concerning the imbedding theorems if Ω = R
N cf. J.L. Lions [5]; if Ω is

unbounded, cf. J. Deny, J.L. Lions [1]; for Ω unbounded and the estimate of type
(1.1.4); cf. also the previous paper.

2.3.6 Extension, the Nikolskii Method

Let u ∈ W k,p
0 (Ω). We define the extension of u on R

N : let u = limn→∞ ϕn, ϕn ∈
C∞

0 (Ω). ϕn is a Cauchy sequence in W k,p(Ω), thus in W k,p(RN), the sequence
converges to v ∈ Wk,p(RN). Obviously, the restriction operator (denote it by R)
which maps a function from W k,p(RN) onto its restriction on Ω satisfies Rv= u. We
write v = Pu where P is the extension operator P ∈ [W k,p

0 (Ω) → W k,p(RN)]; P is
linear and continuous.

Corollary 3.1. Let Ω be a bounded domain. Then Theorems 3.4-3.7 hold if we
replace W k,p(Ω) by W k,p

0 (Ω).

Proof. Indeed, take a cube C ⊃ Ω ; for the extension P, we have P ∈ [W k,p
0 (Ω) →

W k,p(C)]. �
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If Ω ⊂ Ω1 and u ∈ W k,p(Ω1), we have u ∈ W k,p(Ω) and we can formulate
a question:

Problem 3.2. For what domains Ω does R(W k,p(RN)) =W k,p(Ω)?

A.P. Calderon [2] proved that this equality holds for Ω ∈N0,1, p > 1; we shall
prove it in the case Ω ∈Nk−1,1, p ≥ 1 and for Ω ∈N0,1, p = 2.

Lemma 3.4. Let Ω ,O be two bounded open sets and T a one-to-one continuous
mapping, T : O → Ω . We assume that T is (k−1)-times continuously differentiable
in O, the derivatives of order k − 1 are lipschitzian in O; we assume also T−1

lipschitzian in Ω . Let u ∈W k,p(Ω),v(y) = u(T (y)). Then we have:

|v|Wk,p(O) ≤ c|u|W k,p(Ω). (2.46)

Proof. Let u ∈ W k,p(Ω), we put u = 0 outside of Ω , and let uh be the regularized
function. Let v[h](y) = uh(T (y)). We can compute the derivatives of order ≤ (k−1)
of v[h] in the usual sense; for |α|= k−1, Dαv[h] is an absolutely continuous function
on all lines parallel to the axes yi. For |α| ≤ k, the derivatives Dα v[h], taken in the
distribution sense, are bounded on Ω . If |α| ≤ k, Dα v[h] is a Cauchy sequence in
Lp(Ω ∗) due to Lemma 3.1. We deduce v ∈ W k,p(Ω∗); according to formulae as
(2.26) for Dαv, |α| ≤ k, and according to Lemma 3.1 the result follows. �

The following theorem is based on an idea of S.M. Nikolskii, cf. V.M. Babich [1].

Theorem 3.9. Let Ω ∈ Nk−1,1, 1 ≤ p < ∞. The extension operator P exists and
maps W k,p(Ω) linearly and continuously into W k,p(RN).

Proof. Let ur = uϕr, the function um+1 belongs to W k,p
0 (Ω), hence we extend it by

zero outside of Ω . Let us consider ur,r ≤ m, and omit the index r. Let T be the
mapping of the prism

K = {y ∈R
N ,y = (y′,yN), |yi|< α, i = 1,2, . . . ,N −1,0 < yN < β}

to V (cf. 1.2.4, Chap. 1), defined by

x′ = y′, xN = yN +a(y′). (2.47)

All hypotheses in Lemma 3.4 are satisfied, u ∈ W k,p(K) and the inequality (2.46)
holds. We denote:

K′ = {y ∈ R
N , |yi|< α, i = 1,2, . . . ,N −1, |yN|< β},

K+ = {y ∈ R
N , |yi|< α, i = 1,2, . . . ,N −1,0 < yN < kβ},

K− = {y ∈ R
N , |yi|< α, i = 1,2, . . . ,N −1,−β < yN < 0}.
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Let us extend u by zero outside of K on K+, and put for yN < 0

u(y′,yN) =
k

∑
i=1

λiu(y
′,−iyN), (2.48)

where the coefficients λi are defined by

1 =
k

∑
i=1

(−i)α λi, α = 0,1, . . . ,k−1. (2.49)

The determinant of this linear system is not equal to zero, thus the λ ′
i s are

uniquely determined. Clearly u ∈W k,p(K−), but we have also u ∈W k,p(K ′). To see
this let us consider Dα u, |α| ≤ k. Assume that u∈C∞(K); according to Theorem 3.1,
if we pass to the limit we get u ∈W k,p(K). Let ϕ ∈C∞

0 (K
′), and let us consider:

∫
K′

Dα ϕ(y)u(y)dy =
∫

K
Dαϕ(y)u(y)dy+

k

∑
i=1

λi

∫
K−

Dαϕ(y)u(y′,−iyN)dy. (2.50)

Let α = (α1,α2, . . . ,αN) and let us set α = α ′+α ′′, α ′′ = (0, . . . ,0,αN). Now using
integration by parts in (2.50) we get:

∫
K′

Dα ϕ(y)u(y)dy = (−1)|α
′|
∫

K

∂ αN

∂yαN
N

Dα ′
u(y)dy

+(−1)|α
′|

k

∑
i=1

λi

∫
K−

∂ αNϕ(y)
∂yαN

N

Dα ′
u(y′,−iyN)dy

= (−1)|α|
∫

K
ϕ(y)Dα u(y)dy+(−1)|α |

∫
K−

ϕ(y)
k

∑
i=1

λi(−i)α ′
Dα u(y′,−iyN)dy

+
αN

∑
j=1

(−1) j(
k

∑
i=1

λi(−i) j−1 −1)
∫

Δ

∂ αN− jϕ(y′,0)
∂ yαN− j

N

∂ j−1

∂ y j−1
N

Dα ′
u(y′,0)dy.

(2.51)
According to (2.49), the last term of (2.51) is equal to zero, then

|u|W k,p(K′) ≤ c|u|W k,p(K). (2.52)

The mapping (2.47) and its inverse satisfy the hypotheses of Lemma 3.4 for Ω =U ,
O = K ′.

We obtain the extension of u on U such that u ∈ W k,p(U) and u is equal to
zero in a neighborhood of ∂U . If we put u = 0 outside of U we have constructed
an extension operator. Now we go back to the index r, and denote this extension
operator by Pr; we have the result if we put Pu = ∑m+1

r=1 Prur. �
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2.3.7 Extension, the Calderon Method

We describe the method of A.P. Calderon only for p = 2 : we shall introduce
some simplifications as in the work of J. Nečas [9]. We shall finish with remarks
concerning the case p �= 2.

Let a(x′) be a lipschitzian function in the cube Δ = {|xi|< α , i = 1,2, . . . ,N−1}.
Let us denote by C(y) the cone xN > yN , |x′ − y′| < κ(xN − yN). We can find κ
sufficiently small such that the set Λ = {x ∈ R

N ,x′ ∈ Δ ,xN = a(x′)} has an empty
intersection with C((x′,a(x′))), x′ ∈ Δ . Let us denote K∞ = ∪x′∈ΔC((x′,a(x′))); we
choose γ > 0 such that x′ ∈ Δ =⇒ a(x′)< γ , and define K = {x ∈ K∞, xN < γ}; cf.
Fig. 2.3.

a (x )

supp u

K

Δ

Fig. 2.3

Let u ∈ C∞(K) be a function with support in K ∪Λ , cf. Fig. 2.3. We denote by S
the unit sphere with center at the origin O and let σ ∈ S∩C(0). Now for x ∈ K, we
have: ∫ ∞

0
tk−1 dk

dtk (exp(−t)u(x+ tσ))dt = (−1)k(k−1)!u(x). (2.53)

Let us denote α! = α1!α2! . . .αN!, σ α = σ α1
1 σ α2

2 . . .σαN
N ; we get:

dk

dtk (exp(−t)u(x+ tσ)) = exp(−t)(−1)k ∑
|α |≤k

Dαu(x+ tσ)σα |α|!
α!

(
k
|α|

)
(−1)|α |.

(2.54)
Now let ν(σ) be a real infinitely differentiable function on S with support in
S∩C(0), ν(σ)≥ 0,

∫
S ν(σ)dS = 1. From (2.53) and (2.54) we get:

u(x) =
1

(k−1)!

∫
S

ν(σ)dS
∫ ∞

0
tk−1 exp(−t)(−1)k

× ∑
|α |≤k

(−1)|α| |α|!
α!

(
k
|α|

)
σ α Dαu(x+ tσ)dt,
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and the substitution y = x+ tσ leads to

u(x) =
1

(k−1)!

∫
RN

[
∑

|α |≤k

|α|!
α!

(

(
k
|α|

)
)

(x− y)α

|x− y||α|+N−k
Dα u(y)

]

× exp(−|x− y|)μ
(

x− y
|x− y|

)
dy,

(2.55)

where μ(x) = ν(−x); formula (2.55) is an adaptation of the Sobolev identity, cf.
S.L. Sobolev [1].

If f ∈ L1(RN), we denote by f̂ (ξ ) the Fourier transform of f defined as

f̂ (ξ ) =
∫
RN

exp(−i(x,ξ )) f (x)dx;

if f ∈ L2(RN), f̂ is defined by the Plancherel method (cf. S. Bochner, K. Chan-
drasekharan [1]). We have

Lemma 3.5.

u ∈W k,2(RN)⇐⇒
∫
RN

|û(ξ )|2(1+ |ξ |2)k dξ < ∞,

and

c1|u|Wk,2(RN) ≤
(∫

RN
|û(ξ )|2(1+ |ξ |2)k dξ

)1/2

≤ c2|u|W k,2(RN).

Indeed, it is sufficient to use the Parseval identity (cf. the book of S. Bochner,
K. Chandrasekharan [1]); for f ,g ∈ L2(RN), we have:

∫
RN

f g dx =
1

(2π)N

∫
RN

f̂ ĝdξ ,

by the definition of W k,2(RN) in 2.2.3 and by the well known properties of the
Fourier transform such as

ϕ ∈C∞
0 (R

N) =⇒
(̂

∂ϕ
∂xi

)
(ξ ) = iξiϕ̂(ξ ), etc.

Remark 3.4. If Ω = R
N , then from Lemma 3.5 follows easily a particular case

of Theorem 3.8, i.e.: if 2k > N, then W k,2(RN) ⊂ C0(RN) algebraically and
topologically. This follows from

∫
RN

| f̂ (ξ )|dξ ≤
(∫

RN
| f̂ (ξ )|2(1+ |ξ |2)k dξ

)1/2(∫
RN

1
(1+ |ξ |2)k

)1/2

,
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and from the inverse transform:

f (x) =
1

(2π)N

∫
RN

f̂ (ξ )exp(i(x,ξ ))dξ .

With the notations of this section, K, . . . , we have:

Lemma 3.6. Let M ⊂ K ∪Λ be a closed set, and u ∈W k,2(K), supp u ⊂ M. Let us
denote by W ⊂ W k,2(Ω) the set of functions with support in M. Then there exists
a mapping P ∈ [W →W k,2(RN)] such that RPu = u.

Proof. Let u ∈W ∩C∞(K). Let us put for |α| ≤ k:

fα (x) =

{
Dαu(x) for x ∈ K,

0 for x /∈ K.

For x ∈ R
N , we define:

v(x) =
1

(k−1)!

∫
RN

[
∑

|α |≤k

|α|!
α!

(
k
|α|

)
(x− y)α

|x− y||α |+N−k
fα(y)

]
×

× exp(−|x− y|)μ
(

x− y
|x− y|

)
dy = ∑

|α|≤k

∫
RN

Iα(x− y) fα(y)dy.

(2.56)

It is clear that
∫
RN |Iα(x)|dx < ∞, |α| ≤ k, thus according the to theorem about the

Fourier transform of a convolution, we get:

v̂(ξ ) = ∑
|α |≤k

Îα(ξ ) f̂α(ξ ). (2.57)

For |α| ≤ k, we have
|Îα(ξ )| ≤C1(1+ |ξ |2)−k/2. (2.58)

Indeed, it is sufficient to consider:

Ĵα(ξ ) =
1

(k−1)!

∫
RN

xα

|x||α |+N−k
exp(−|x|)μ

(
x
|x|

)
exp(−i(x,ξ )dx

=
∫

S

σ α μ(σ)

(1+ i(σ ,ξ ))k dS

Clearly we have:
max
|ξ |≤1

|Ĵα(ξ )| ≤ c2; (2.59)

let |ξ | ≥ 1. Let us consider the vector η = ξ/|ξ |. Without loss of generality we can
assume the support of μ sufficiently small such that if μ(σ) �= 0, then (σ ,σ0)> 1/2,
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where σ0 = (0,0, . . . ,−1); then we can find ε > 0 such that if |ηN | ≤ ε, η �/∈ supp μ ,
and if |ηN | > ε, σ ∈ supp μ , |(σ ,η)| ≥ c3. In the case |ηN | ≤ ε let us introduce
a new system of charts generated by vectors σ1,σ2, . . . ,σN , such that −(σ N , σ0) =
(1−η2

N)
1/2, σ 1 = η , where the coordinates are τ1,τ2, . . . ,τN . We put τ = (τ ′,τN)

and obtain:

Ĵα(ξ ) =
∫
|τ ′ |≤1

λ (τ ′)dτ ′

(1+ iτ1|ξ |)k
,

with λ indefinitely differentiable if |τ ′|< 1, and with supp λ in |τ ′|< 1.
Using integration by parts, we get:

∫
|τ ′|≤1

λ (τ ′)dτ ′

(1+ iτ1|ξ |)k =
1

(k−1)!
1

(i|ξ |)k−1

∫
|τ ′ |<1

(∂ k−1λ/∂τk−1
1 )dτ ′

1+ iτ1|ξ |

=
1

(k−1)!
1

(i|ξ |)k−1

∫
|τ ′ |<1

(∂ k−1λ/∂τk−1
1 )(1− iτ1|ξ |)dτ ′

1+ τ2
1 |ξ |2

.

(2.60)

We have:

∣∣∣∣
∫
|τ ′ |<1

(∂ k−1λ/∂τk−1)dτ ′

1+ τ2
1 |ξ |2

∣∣∣∣≤ c4

∫ 1

−1

dτ1

1+ τ2
1 |ξ |2

≤ c5

|ξ | . (2.61)

To simplify the notation, let us set δ = ∂ k−1λ/∂τk−1
1 ; we get:

∫
|τ ′|<1

δ (τ ′)|ξ |τ1 dτ ′

1+ τ2
1 |ξ |2

=

∫
|τ ′|<1

δ (0,τ2, . . . ,τN−1)|ξ |τ1 dτ ′

1+ τ2
1 |ξ |2

dτ ′

+

∫
|τ ′ |<1

δ (τ ′)− δ (0,τ2, . . . ,τN−1)

1+ τ2
1 |ξ |2

|ξ |τ1 dτ ′.
(2.62)

The first integral in the right hand side is equal zero, and using in the second integral
the inequality |δ (τ ′)− δ (0,τ2, . . . ,τN−1)| ≤ c6|τ1| we get

∣∣∣∣
∫
|τ ′ |<1

δ (τ ′)− δ (0,τ2, . . . ,τN−1)

1+ τ2
1 |ξ |2

|ξ |τ1dτ ′
∣∣∣∣≤ c7

|ξ | . (2.63)

Inequality (2.58) follows from (2.60) to (2.63).
If |ηN |> ε , then |(σ ,η)| ≥ c3 for σ ∈ supp μ , and in this case (2.58) again holds.
Finally, according to (2.57), (2.58) and Lemma 3.5, we get:

|v|W k,2(RN ) ≤ c9|u|Wk,2(K), (2.64)

and (2.56) defines the extension operator P. �
Now we can prove
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Theorem 3.10. Let Ω ∈N0,1. Then there exists P ∈ [W k,2(Ω)→ W k,2(RN)], such
that RPu = u.

Proof. We use always ϕr, Vr, etc. as in 1.2.4; for uϕr, r ≤ m, we use Lemma 3.6,
with Kr ⊂Vr, such that supp ϕr ⊂ Kr ∪Λr. Let Pr be as in Lemma 3.6, for r = m+1
let us define Pm+1 by 2.3.6; and if we put: Pu = ∑m+1

r=1 Pru, the result holds. �
Remark 3.5. Theorem 3.9 is true also in the general case p> 1, p �= 2. For the proof
we can use again (2.56), and in addition the theory of singular operators due to A.P.
Calderon, A. Zygmund [1], cf. J.L. Lions [5], or (2.57) and in addition the multiplier
theorems, cf. S.G. Mikhlin [4], B. Malgrange [2].

The Nikolskii and Calderon extensions are different at one point: the Nikolskii
extension operator can be the same for W k,p(Ω), k = 1,2, . . . ,κ , the Calderon
extension depends on k which can be in some situations inconvenient, for instance
if we use interpolation, cf. J.L. Lions [5].

Let us formulate an unsolved problem:

Problem 3.3. Is Theorem 3.10 true for p = 1?

The questions concerning the existence of extension operators P are closely
related with the whole theory of Sobolev spaces W k,p(Ω); if P exists for one
W k,p(Ω) we can restrict our consideration solely to the case of W k,p(RN) as
far as concerns density theorems (cf. Theorem 3.1), imbeddings, compactness of
imbedding operators, and their consequences such as trace theorems etc. We can
also formulate converse problems, such as, e.g.,

Problem 3.4. If Ω is bounded and if Theorem 3.4 holds, does P exist?
In some particular cases the answer is negative, for instance: if Ω ∈ N0,

Theorem 3.1 is true, but in general, P does not exist, according to Example 3.3.
If P exists, we can see that Ω must be almost in N0,1, etc.

2.3.8 The Spaces W k,p(Ω), k Non-integer

It is natural, in particular in problems of traces, cf. Chap. 1, Theorem 1.2 and the two
following sections, to introduce the spaces W k,p(Ω), p≥ 1, where k is a real number
≥ 0, in general not integer. The definition of these spaces is due to S. Aronszajn [3],
L.N. Slobodetskii [1], see also N. Aronszajn, K.T. Smith [1]:

Let Ω be a domain in R
N , k ≥ 0, p ≥ 1. If k is not integer, the space W k,p(Ω) is

a subspace of W [k],p(Ω), where [k] is the integer part of k, of functions such that for
|α|= [k] ∫

Ω

∫
Ω

|Dα u(x)−Dαu(y)|p
|x− y|N+p(k−[k])

dxdy < ∞; (2.65)

the norm in W k,p(Ω) is defined as
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|u|Wk,p(Ω) =
(|u|p

W [k],p(Ω)
+ ∑

|α |=[k]

∫
Ω

∫
Ω

|Dα u(x)−Dαu(y)|p
|x− y|N+p(k−[k])

dxdy
)1/p

. (2.66)

For k ≥ 0 we define also W k,p
0 (Ω) =C∞

0 (Ω).

If k < 0, we put W k,p(Ω) = (W−k,q
0 (Ω))′, the dual space of W−k,q

0 (Ω),
1/p+1/q= 1.

Clearly we have:

Proposition 3.1. The space W k,p(Ω),k ≥ 0, integer, is a Banach space, separable,
and reflexive for p > 1.

Proof. W k,p(Ω) is obviously complete. We can consider this space as a closed
subspace of the product [Lp(Ω)]s × [Lp(Ω ×Ω)]t {where s is as in Proposition 2.2
and t is the number of indices α, |α| = k} of elements of the following form:

⎛
⎜⎝u,

∂ u
∂ x1

, . . . ,
∂ [k]u

∂x[k]N

,

∂ [k]u(x)

∂x
[k]
1

− ∂ [k]u(y)

∂x
[k]
1

|x− y|N/p+(k−[k])
, . . . ,

∂ [k]u(x)

∂ x
[k]
N

− ∂ [k]u(y)

∂ x
[k]
N

|x− y|N/p+(k−[k])

⎞
⎟⎠ .

This space is separable, and reflexive if p > 1, thus the same is true for W k,p(Ω). �
Actually, the theory of the spaces W k,p(Ω) can be extended to other spaces whose

definition is closely related to W k,p(Ω); we have the Nikolskii spaces Hk,p, the
Besov spaces Bk,p (cf. O.V. Besov [1, 2]), the Lizorkin spaces Lk,p, the weighted
spaces W k,p

α , the Morrey spaces W k,p,λ , etc. For details and a survey cf. S.M.
Nikolskii [2], E. Magenes [4], the following section and Chap. 7; concerning the
spaces W k,p,λ cf. S. Campanato [6, 7].

2.4 The Problem of Traces

2.4.1 Lemmas

We have solved this problem partly in Theorem 1.1.2. Here in this section,we
consider the problem in more detail. In fact, most of these theorems are due to
S.L. Sobolev [1]; here we shall follow the ideas of E. Gagliardo [1]. We obtain
slightly stronger results than S.L. Sobolev. It is important to observe that we are
interested in traces on (N − 1)−dimensional manifolds; for smaller dimension cf.
the monograph of S.L. Sobolev [1]; if p = 2, it is possible to consult K. Maurin [1].

Let Ω ∈N0,1 and f a function defined almost everywhere on ∂Ω which means
that f (x′r,ar(x′r)) is defined almost everywhere in Δr, r = 1,2, . . . ,m, cf. 1.2.4. If
f (x′r, ar(x′r)) ∈ Lp(Δr), r = 1,2, . . . ,m, p ≥ 1, we say that f ∈ Lp(∂Ω) with the
following norm:
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| f |Lp(∂Ω ) =

[
m

∑
r=1

∫
Δr

| f (x′r,ar(x
′
r))|p dx′r

]1/p

.4 (2.67)

Theorem 4.1. The space Lp(∂Ω) is a separable Banach space.

Proof. We must prove that Lp(∂Ω) is complete. Indeed, let fi be a Cauchy
sequence. We have limi→∞ fi(x′r,ar(x′r)) = f[r](x

′
r,ar(x′r)); let Ur∩Us∩∂Ω =M �= /0.

Let Pr (resp. Ps) be the projection of M onto the plane xrN = 0 (resp. xsN = 0), and
T the mapping T : Ps → Pr defined for x′s ∈ Ps by T (x′s) = x′r (e.g. x′r and x′s are
projections of the same point on m to Δr and Δs, resp). If it is necessary we can
rotate the coordinate system (x′s,xsN) (resp. (x′r,xrN)) to get:

xri = xsi +λi, i = 1,2, . . . ,N −2,

xrN−1 = xsN−1 cosϕ − xsN sinϕ +λN−1,xrN = xsN−1 sinϕ + xsN cosϕ +λN,
(2.68)

where ϕ is the angle between the axes xsN,xrN . The mapping T : Ps → Pr is
one-to-one and lipschitzian as well as T−1; indeed:

|x′r − y′r|2 =
N−2

∑
i=1

(xri − yri)
2 +(xrN−1 − yrN−1)

2

=
N−2

∑
i=1

(xsi − ysi)
2 +[(xsN−1 − ysN−1)cosϕ − (as(x

′
s)−as(y

′
s))sin ϕ]2

≤ 2|x′s − y′s|2 + |(as(x
′
s)−as(y

′
s)|2 ≤ (2+ c1)|x′s − y′s|2.

We prove by the same approach that T−1 is lipschitzian. Without loss of generality
we can assume that fi(x′s,as(x′s)) (resp. fi(x′r,ar(x′r))) converges almost everywhere
in Δs (resp. in Δr), as i → ∞; we get:

f[s](x
′
s,as(x

′
s)) = f[r](x

′
r,ar(x

′
r))

almost everywhere on Ps (resp. Pr), where x′r = T (x′s). �
We will use also a fundamental lemma:

Lemma 4.1. Let f be a function defined almost everywhere on ∂Ω , different from
zero at most only for x′r ∈ Δr,r fixed. Let

∫
Δr

| f (x′r,ar(x
′
r))|p dx′r < ∞.

Then f ∈ Lp(∂Ω), and

4In Chap. 3 we shall consider surface integrals in more detail. We shall define (
∫

∂Ω | f |pdS)1/p

precisely by a norm equivalent to (2.67): we shall deduce that Lp(∂ Ω) does not depend on the
systems of local coordinates (x′r ,xrN).
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| f |Lp(∂Ω) ≤ c

(∫
Δr

| f (x′r,ar(x
′
r))|p dx′r

)1/p

.

Proof. We proceed as in the proof of Theorem 1.1; we use T : Ps → Pr, and
Lemma 3.1. �

2.4.2 Imbedding Theorems

Theorem 4.2. Let Ω ∈ N0,1, 1 ≤ p < N, 1/q = 1/p − [1/(N − 1)](p − 1)/p.
Then there exists exactly one mapping Z ∈ [W 1,p(Ω → Lq(∂Ω))] such that u ∈
C∞(Ω) =⇒ Zu = u.

Proof. It suffices to consider u ∈ C∞(Ω), use a partition of unity as in 1.2.4, and
investigate the functions ur,r = 1,2, . . . ,m. To simplify the notation we omit the
index r. Let us put

v(x′,a(x′)) = |u(x′,a(x′))|(N p−p)/(N−p).

We have:

v(x′,a(x′)) =−
∫ a(x′)+β

a(x′)

∂v
∂ xN

(x′,η)dη ,

then

|u(x′,a(x′))|(N p−p)/(N−p)≤ N p− p
N − p

∫ a(x′)+β

a(x′)
|u(x′,η)|(N p−p)/(N−p)

∣∣∣∣ ∂ u
∂xN

(x′,η)
∣∣∣∣ dη ,

and for p > 1
∫

Δ
|u(x′,a(x′))|(N p−p)/(N−p)dx′

≤ N p− p
N − p

(∫
V
|u|N p/(N−p)dx

)(p−1)/p(∣∣∣∣
∫

V

∂u
∂xN

∣∣∣∣
)1/p

;

(2.69)

this inequality also holds for p = 1. According to Theorem 3.4, we obtain for u ∈
C∞(Ω)

|u|Lq(∂Ω) ≤ c|u|W 1,p(Ω) (2.70)

and the result follows from Theorem 3.1. �
Using the terminology introduced in Chap. 1, we call Zu the trace of u; to

simplify we shall write u instead of Zu.

Exercise 4.1. Use Theorem 3.8 and prove, with the hypotheses of Theorem 4.2,
that u ∈C(Ω)∩W 1,p(Ω) =⇒ Zu = u.
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Theorem 4.3. Let Ω ∈N0,1, u∈W 1,p(Ω), 1≤ p<N. Then, after a modification on
a set of measure zero, u is absolutely continuous for almost all x′r ∈Δr on the interval
ar(x′r) ≤ xrN ≤ ar(x′r)+ β , and u(x′r,ar(x′r)) = (Zu)(x′r,ar(x′r)) almost everywhere
in Δr.

Proof. Using Theorem 3.9, we extend u from Vr to Ur; then we use Theorem 2.2. As
in the previous proof, after a modification of u on a set of measure zero, we obtain
the inequality (2.69). �
Remark 4.1. If Ω is a smooth domain (cf. 1.2.3) or if ∂Ω is sufficiently smooth, in
Theorem 4.3 we can use Gr instead of Ur (cf. 1.2.4). Then we obtain that for almost
all interior normals, the function u(σr, t) is absolutely continuous for 0 ≤ t ≤ δ , and
modulo a set of measure zero, its limit value coincides with the trace of u.

Theorem 4.4. Let us consider u∈W 1,p(V ), 1≤ p<N,a(x′) a lipschitzian function
in Δ , cf. 1.2.4. Then if 1/q = 1/p− [1/(N− 1)](p− 1)/p, we have in the sense of
traces

lim
ε→0

∫
Δ
|u(x′,a(x′)+ ε)−u(x′,a(x′))|q dx′ = 0, (2.71)

∫
Δ
|u(x′,a(x′)+ ε)−u(x′,a(x′))|p dx′ ≤ cε p−1|u|p

W 1,p(Vε )
, (2.72)

where
Vε = {x ∈ R

N ,x = (x′,xN),x
′ ∈ Δ , a(x′)< xN < a(x′)+ ε},

Proof. Let V ′ = {x ∈ R
N,x = (x′,xN),x′ ∈ Δ ,a(x′) < xN < a(x′) + β/2}, and

u(x′,xN + ε)− u(x′,xN) in V ′, ε < β/2. Using inequality (2.69), we get (2.71)
according to Theorem 1.1.

To obtain (2.72) we restrict ourselves only to the case u ∈C∞(V ); we have:

u(x′,a(x′)+ ε)−u(x′,a(x′)) =
∫ a(x′)+ε

a(x′)

∂u
∂xN

(x′,ξ )dξ ,

then

|u(x′,a(x′)+ ε)−u(x′,a(x′))|p ≤ ε p−1
∫ a(x′)+ε

a(x′)

∣∣∣∣ ∂u
∂xN

(x′,ξ )
∣∣∣∣

p

dξ ,

and (2.72) follows by integration with respect to x′. �
Let Ωn,Ω ∈Nk. We shall say that limn→∞ Ωn = Ω in Nk, if Ωn ⊂ Ω and if ∂Ωn

and ∂Ω are described by the same system of charts; let arn be the corresponding
functions defined on the charts. Let us assume that

lim
n→∞

|arn −ar|Ck,1(Δr)
= 0.

Let Ωn, Ω ∈Nk,1. We shall say that limn→∞ Ωn = Ω in Nk,1 if limn→∞ Ωn = Ω
in Nk, if
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lim
n→∞

|arn −ar|W k+1,2(Δr)
= 0

and if |arn|Ck,1(Δr) ≤ const.

If limn→∞ Ωn = Ω in N0,1, and if gn ∈ Lq(∂Ωn), g ∈ Lq(∂Ω), we shall say that
limn→∞ gn = g in Lq(∂Ω), if

lim
n→∞

m

∑
r=1

∫
Δr

|gn(x
′
r,arn(x

′
r))−g(x′r,ar(x

′
r))|q dx′r = 0.

We have:

Theorem 4.5. Let Ωn, Ω ∈N0,1, limn→∞ Ωn = Ω in N0,1.5 Let u ∈W 1,p(Ω), 1 ≤
p < N. Then if Zu = g on ∂Ω (resp. Zu = gn on ∂Ωn), we have limn→∞ gn = g in
Lq1 , 1/q1 > 1/q = 1/p− [1/(N−1)](p−1)/p.

Proof. We consider again Vr as above, and prove as in (2.72):

lim
n→∞

∫
Δr

|u(x′r,ar(x
′
r))−u(x′,arn(x

′
r))|p dx′r = 0.

If p = 1, everything is proved. Let p > 1; in this case according to (2.69), we get:
∫

Δr

|u(x′,arn(x
′
r))|q dx′r ≤ c1;

then
∫

Δr

|u(x′r,a(x′r))−u(x′,arn(x
′
r))|q1 dx′r

≤
∫

Δr

|u−un|[q/(q1−q)]/(q−1)|u−un|(q−q1)/(q−1)dx′r (2.72bis)

≤
(∫

Δr

|u−un|q dx′r

)(q1−1)/(q−1)(∫
Δr

|u−un|dx′r

)(q−q1)/(q−1)

,

where un = u(x′r,arn(x′r)). �
Obviously we have:

Theorem 4.6. Let Ω ∈ N0,1, p = N. Then Theorems 4.2, 4.4 hold for arbitrary
q ≥ 1.

Theorem 4.7. Let Ω ∈N0,1, p ≥ 1, kp < N. Let 1/q = 1/p− [1/(N−1)]× (kp−
1)/p. Then the mapping Z from Theorem 4.2 satifies Z ∈ [W k,p(Ω)→ Lq(∂Ω)].

5In this theorem it is sufficient that limn→∞ Ωn = Ω in the following sense:

lim
n→∞

|arn −ar|C0(Δr)
= 0, |arn|C0,1(Δr)

≤ const.
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Indeed, if u ∈ W k,p(Ω), then (∂u/∂xi) ∈ W k−1,p(Ω), thus we can apply
Theorem 3.6: u ∈ W 1,q∗(Ω) with 1/q∗ = 1/p − (k − 1)/N. Then we use
Theorem 4.2. �

It is immediately clear that we have:

Theorem 4.8. Let Ω ∈N0,1, kp = N. Then the mapping Z defined in Theorem 4.2
satisfies: Z ∈ [W k,p(Ω)→ Lq(∂Ω)] for every q ≥ 1.

2.4.3 Two Trace Theorems

Let p < N. In Sect. 2.5 we shall see that for Ω ∈N0,1, the space Lq(∂Ω) with

1
q
=

1
p
− 1

N −1
p−1

p

is not a trace space but a larger space: the mapping Z : W 1,p(Ω)→ Lq(∂Ω) is not
surjective.

Nevertheless we have:

Theorem 4.9. Let Ω ∈N0,1, p ≥ 1. Then Z(W 1,p(Ω)) = Lp(∂Ω).

Proof. Let f ∈ Lp(∂Ω) and set, for x ∈ ∂Ω , fr(x) = f (x)ϕr(x). We have that

fr ∈ Lp(∂Ω),
m

∑
r=1

fr = f .

It is sufficient to prove our theorem for fr, r = 1,2, . . . ,m. For simplicity we omit
the index r. Fix ε > 0. The function f (x′,a(x′)) belongs to Lp(Δ), thus there exists
ϕ ∈C∞

0 (Δ) such that | f −ϕ|Lp(Δ )< ε; let us set v(x′,xN)= ϕ(x′), and let ψ ∈C∞
0 (U)

be such that x ∈ ∂Ω =⇒ v(x)ψ(x) = v(x). Then Z(vψ) = ϕ . �
In Chap. 1 we introduced the subspace:

V = {v ∈W k,2(Ω),v =
∂v
∂ n

=
∂ 2v
∂n2 . . .=

∂ k−1v
∂ nk−1 = 0 on ∂Ω}.

Let us recall that W k,p
0 (Ω) =C∞

0 (Ω). We have:

Theorem 4.10. Let Ω ∈ N0,1, p ≥ 1. Then W 1,p
0 (Ω) = W ≡ {v ∈ W 1,p(Ω),

v = 0 on ∂Ω}.

Proof. As u= 0 on ∂Ω , we have ur = uϕr = 0 on ∂Ω ,r = 1,2, . . . ,m. For um+1, it is
clear that um+1 ∈W 1,p

0 (Ω) : limh→0 um+1,h = um+1 in W 1,p(Ω) and um+1,h ∈C∞
0 (Ω).

Let now r ≤ m; for simplicity we omit the index r. We have u ∈ W 1,p(V ), and set
u= 0 in U outside of V . Then u ∈W 1;p(U): Indeed, using the transformation (2.47),
denoting
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K = {y ∈R
N , |y|i < α, i = 1,2, . . . ,N −1, |yN|< β},

K+ = {y ∈R
N , |y|i < α, i = 1,2, . . . ,N −1,0 < yN < β},

K− = {y ∈R
N , |y|i < α, i = 1,2, . . . ,N −1,−β < yN < 0},

and setting v(y) = u(T (y)) we have that v ∈W 1,p(K+) and according to Lemma 3.2,
we get:

v(y′,0) = 0. (2.73)

If ψ ∈C∞
0 (K), we get:

∫
K+

∂ψ
∂yi

vdy =−
∫

K+

ψ
∂v
∂ yi

dy, i = 1,2, . . . ,N −1, (2.74)

∫
K+

∂ψ
∂yN

vdy =−
∫

Δ
ψ(y′,0)v(y′,0)dy′ −

∫
K+

ψ
∂v

∂yN
dy. (2.75)

It follows from (2.73)–(2.75) that v ∈ W 1,p(K) =⇒ u ∈ W 1,p(U) by the transfor-
mation (2.46) extended to K. We denote uλ (x

′,xN) = u(x′,xN − λ ). For λ > 0
sufficiently small, uλ ∈ W 1,p(V ), with supp uλ ⊂ V . Then we have uλ ∈ W 1,p

0 (V ),

and since limλ→0 uλ = u, we get: W ⊂W 1,p
0 (Ω). Obviously W 1,p

0 (Ω)⊂W , and the
result follows. �

Let Ω ∈ Nk−1,1. Denote by W k,p(∂Ω), p ≥ 1, k ≥ 1 integer, the subspace of
Lp(∂Ω) of functions for which f (x′r,ar(x′r)) = fr ∈ W k,p(Δr), r = 1,2, . . . ,m. On
W k,p(∂Ω) we introduce the norm:

| f |W k,p(∂Ω ) =

(
m

∑
r=1

| fr|pW k,p(Δr)

)1/p

,

where fr(x′r) = f (x′r,ar(x′r)). W k,p(∂Ω) is a separable Banach space.

2.4.4 Some Other Properties of Traces

Lemma 4.2. Let Ω ∈N0,1. The exterior (or interior) normal exists almost every-
where on ∂Ω .

Proof. It is sufficient to prove that the function ar, r = 1,2, . . ., has almost
everywhere in Δr a total differential. We again omit the index r. Let M be a countable
set on the unit sphere |x′| = 1 dense on this sphere; we assume that M contains
the points of intersection of all axes of coordinates with the sphere. Let m ∈ M.
The function a(x′) has almost everywhere in Δ a derivative ∂a/∂m; as M is
countable, there exists B ⊂ Δ , meas B = meas Δ , such that the function a(x′) has
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for x′ ∈ B,m∈ M a derivative (∂a/∂m); we denote this derivative am(x′). According
to Theorem 2.2, am(x′) is the distributional derivative and hence, if m ∈ M,x ∈ B,

am(x
′) =

N−1

∑
i=1

∂a
∂xi

(x′)mi. (2.76)

This equality holds for all x ∈ B and all directions. Indeed: Let n be a normed vector
and m[ j] ∈ M with lim j→∞ m[ j] = n in R

N−1. Fix ε > 0. We have:

∣∣∣∣∣
a(x′+ tn)−a(x′)

t
−

N−1

∑
i=1

∂a
∂ xi

(x′)ni

∣∣∣∣∣< ε

for t sufficiently small; indeed, according to a ∈ C0,1(Δ ), there exists a sequence
m[ j], and a number δ > 0 such that for |t|< δ

∣∣∣∣∣
a(x′+ tm[ j])−a(x′+ tn)

t
−

N−1

∑
i=1

∂a
∂xi

(x′)m[ j],i +
N−1

∑
i=1

∂a
∂xi

(x′)ni

∣∣∣∣∣< ε/2.

Let m[ j] be fixed; using (2.76) for m[ j] ∈ M, the result follows. If moreover x ∈ B,
then

lim
t→0

(
sup
|n|=1

∣∣∣∣∣
a(x′+ tn)−a(x′)

t
−

N−1

∑
i=1

∂a
∂xi

(x′)ni

∣∣∣∣∣
)

= 0. (2.77)

If (2.77) does not hold, there would exist an ε > 0, a sequence tk, limk→∞ tk = 0, and
normed vectors n[k] with limk→∞ n[k] = n such that

∣∣∣∣∣
a(x′+ tkn[k])−a(x′)

tk
−

N−1

∑
i=1

∂a

∂xi
(x′)n[k]i

∣∣∣∣∣≥ ε;

this would imply that for k sufficient large
∣∣∣∣∣
a(x′+ tkn)−a(x′)

tk
−

N−1

∑
i=1

∂a
∂ xi

(x′)ni

∣∣∣∣∣≥ ε/2,

and this inequality is a contradiction to (2.76). But (2.77) implies the existence of
the total differential at x. �

Let Ω ∈N0,1. If u ∈ W k,p(Ω) then Dα u ∈ Lp(∂Ω), |α| ≤ k− 1, and we define
the exterior normal derivative of order l ≤ k−1 by:

∂ lu
∂nl = ∑

|α |=l

l!
α!

Dα unα , (2.78)

where n is the exterior normal, n = (n1,n2, . . . ,nN) and nα = nα1
1 nα2

2 . . .nαN
N .
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Theorem 4.11. Let Ω ∈N0,1; if 1≤ p<N, put 1/q= 1/p− [1/(N−1)](p−1)/p;
if p=N, put q≥ 1. There exists a unique mapping Z ∈ [W 2,p(Ω)→W 1,q(∂Ω)] such
that u ∈C∞(Ω ) =⇒ Zu = u.

Proof. Fix u ∈ C∞(Ω). Then we have u(x′,ar(x′r)) ∈ W 1,q(Δr), and according to
Theorem 2.2, if we denote v(x′r) = u(x′,ar(x′r)), we have:

∂ v
∂xri

=
∂u

∂xri
+

∂ u
∂ xrN

∂ar

∂xri
, i = 1,2, . . . ,N −1. (2.79)

We have ∂u/∂xri ∈W 1,p(Vr), i = 1,2, . . . ,N.
Using Theorems 4.2, 4.5 and (2.79) we get:

|u|W 1,q(∂Ω ) ≤ c|u|W 2,p(Ω).

�

Remark 4.2. It is easy to see that for u ∈ W 2,p(Ω), (2.79) holds for the derivatives
∂u

∂xri
, i = 1,2, . . . ,N, considered in the sense of traces.

Remark 4.3. If Ω ∈Nk−2,1, k ≥ 2, we have with the same notations as in Theorem
4.11 that Z ∈ [W k,p(Ω)→W k−1,q(∂Ω)].

Theorem 4.12. If Ω ∈ N0,1, u ∈ W 2,p(Ω), p ≥ 1, u = ∂u/∂n = 0 on ∂Ω , then
u ∈W 2,p

0 (Ω).

Proof. For r = 1,2, . . . ,m, we have according to (2.79)

0 =
N−1

∑
i=1

∂u
∂xri

∂ar

∂xri
− ∂ u

∂ xrN
,6 (2.80)

0 =
∂ u

∂ xrN
+

∂u

∂ xrN

∂ar

∂xri
, 1,2, . . . ,N −1. (2.81)

Starting from (2.80), (2.81) we can compute the derivatives ∂u/∂xri, i = 1,2, . . . ,N,
and we get a homogeneous linear system with nonzero determinant, thus
∂u/∂xri = 0 on ∂Ω . As in Theorem 4.10, the function u, extended by zero outside
of Ω , is in W 2,p(RN); the remaining part of the proof is the same as in Theorem
4.10. �

Theorem 4.13. If Ω ∈Nk,1, u ∈W k,p(Ω) with u = ∂u/∂n = . . .= ∂ k−1u/∂nk−1 =

0 on ∂Ω , then u ∈W k,p
0 (Ω).

Proof. For k ≤ 2 this theorem was proved for Ω ∈ N0,1; hence we can assume
k ≥ 3. It is sufficient to prove that u extended by zero outside of Ω is in W k,p(RN).

6Clearly n =
(
1+∑N−1

i=1 (∂ ar/∂ xri)
2
)−1/2(∂ ar/∂ xr1,∂ ar/∂xr2 . . . ,∂ar/∂ xr(N−1),−1

)
.
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To do this we use the domains G1,G2, . . . ,GM , ψi, i = 1,2, . . . ,M, given in 2.2.4,
and the mapping (1.35) from Chap. 1; this mapping is smooth, one-to-one from Δ ×
(−δ ,δ ) to Gr, the inverse has the same properties, they are generated by functions
in Ck−1,1(Δ). Using Lemma 3.4 and ur = uψr in Gr, after the mapping we get ur ∈
W k,p(C+) with C+ = Δ × (0,δ ). For t = 0 we have:

ur =
∂ur

∂ t
= . . .=

∂ k−1ur

∂ tk−1 = 0,

then Dα ur = 0 for t = 0, |α| ≤ k − 1. The function u extended by zero if σ ∈ Δ ,
t < 0, is in W k,p(C) with C = Δ × (−δ ,δ ). By the mapping inverse to (1.35), we get
ur ∈W k,p(Gr), r = 1,2, . . . ,M. Obviously uM+1 ∈W k,p

0 (Ω), so

u =
M+1

∑
r=1

ur ∈W k,p(RN).

�
The notion of smoothness almost everywhere for ∂Ω was introduced in 1.2.3.

Theorem 4.14. Let u ∈ W k,p(Ω), ∂Ω almost everywhere smooth, u = ∂ u/∂ n =

. . .= ∂ k−1/∂ nk−1 = 0 on ∂Ω in the sense of traces. Then u ∈W k,p
0 (Ω).

Proof. It is sufficient to prove that Dα u = 0 on ∂Ω for |α| ≤ k−1. Let y ∈ ∂Ω be
a regular point. We use the set U from 1.2.4 which corresponds to that point, and
proceed as the proof of the previous theorem. �
Problem 4.1. Is Theorem 4.14 true if Ω ∈N0,1?

Remark 4.4. Let Ω ∈ N0,1, u ∈ W 2,p(Ω). We can prove that the subspace of
W 1,p(∂Ω)×Lp(∂Ω), generated by (u,∂u/∂n),u ∈W 2,p(Ω), is dense in this space.
Cf. Chap. 5.

Exercise 4.2. Let Ω ∈ N1,1, u ∈ W 3,p(Ω), u = ∂u/∂n = ∂ 2u/∂ n2 = 0 on ∂Ω in
the sense of traces. Prove that u ∈W 3,p

0 (Ω).

2.5 The Problem of Traces (Continuation)

2.5.1 Application of the Fourier Transform

In the previous section we pointed out that the spaces Lp(∂Ω) in Theorem 4.2 are
larger than the trace spaces. For instance, if Ω ∈N0,1, the natural topology of the
space of traces of W 1,p(Ω) is the topology of the quotient space W 1,p(Ω)/W 1,p

0 (Ω).
On the other hand, this approach is rather formal and does not give a characterization
of the trace space.



2.5 The Problem of Traces (Continuation) 87

If Ω = R
N
+ = {x ∈ R

N , xN > 0}, p = 2, k ≥ 1, we can easily characterize the
trace space using the Fourier transform, cf. for instance J.L. Lions [4]. To do this we
introduce for Ω = R

N the notion of W k,2(RN) with k an arbitrary real number; later
we shall see that the new definition coincides for k ≥ 0 with the definition given in
2.3.8.

If k ≥ 0, W k,2(RN) is defined as the subset of L2(RN) of functions f (x) such that
their Fourier transforms satisfy:

(∫
RN

| f̂ (ξ )|2(1+ |ξ |2)k dξ
)1/2

< ∞. (2.82)

The left hand side of (2.82) is a norm, moreover W k,2(RN) is an Hilbert space with
the scalar product:

[ f ,g] =
∫
RN

f̂ (ξ )ĝ(ξ )(1+ |ξ |2)k dξ . (2.83)

If k < 0, we define W k,2(RN) = (W−k,2(RN))′. It is possible to define W k,2(RN)
directly for all real k in the setting of tempered distributions and their Fourier
transforms, cf. L. Schwartz [2].

Let us denote as usual x = (x′,xN),ξ = (ξ ′,ξN).

Theorem 5.1. Let k be an integer, k = 1,2. . . . Then

u ∈W k,2(RN
+) =⇒ u(x′,0) ∈W k−1/2,2(RN−1),

and if g(x′) = u(x′,0), we have:

|g|W k−1/2,2(RN−1) ≤ c|u|W k,2(RN
+)

(2.84)

Proof. By immediate application of (1.1.10) we obtain g ∈ L2(RN−1); we extend u
to R

N using (2.48) and get obviously |u|Wk,2(RN) ≤ c1|u|Wk,2(RN
+)

. Then according to
Lemma 3.5 it follows:

(∫
RN

|û(ξ )|2(1+ |ξ |2)k dξ
)1/2

≤ c2|u|W k,2(RN ). (2.85)

Due to Proposition 2.5, it is sufficient to prove (2.84) for u ∈C∞
0 (R

N); we have:

ĝ(ξ ′) =
1

2π

∫ ∞

−∞
û(ξ )dξN ,
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and then
∫
RN−1

|ĝ(ξ )|2(1+ |ξ ′|2)k−1/2 dξ ′

=
1

4π2

∫
RN−1

∣∣∣∣
∫ ∞

−∞
û(ξ )dξN

∣∣∣∣
2

(1+ |ξ ′|2)k−1/2 dξ ′

≤ 1
4π2

∫
RN−1

[
(1+ |ξ ′|2)k−1/2

∫ ∞

−∞
|û(ξ )|2(1+ |ξ |2)k dξN×

×
∫ ∞

−∞
(1+ |ξ ′|2)−k dξN

]
dξ ′.

(2.86)

We have ∫ ∞

−∞
(1+ |ξ ′|2)−k dξN = π(1+ |ξ ′|2)−k+1/2,

and the result follows from (2.86). �
Remark 5.1. Clearly we have: if u ∈ W k,2(RN

+) then we have for l = 1,2, . . . ,k−1
that (∂ lu/∂xl

N)(x
′,0) ∈W k−l−1/2,2x′N(RN−1), with

k−1

∑
l=0

∣∣∣∣ ∂ iu

∂xi
N

∣∣∣∣
W k−l−1/2,2(RN−1)

≤ c|u|Wk,2(RN
+)
.

In what follows, B1,B2, . . . ,Bk will be Banach spaces; we denote B1 ×B2 ×·· ·×Bk

the Cartesian product of Bi, i.e. the set of elements u=(u1,u2, . . . ,uk), where ui ∈Bi;
and we equip ∏k

i=1 Bi with the norm ∑k
i=1 |ui|Bi or some equivalent norm.

We have a “converse” of Remark 5.1:

Theorem 5.2. There exists a mapping:

Z ∈
[ k−1

∏
l=0

W k−l−1/2,2(RN−1)→W k,2(RN
+)
]

such that if

g = (g1,g2, . . . ,gk−1) ∈
k−1

∏
l=0

W k−l−1/2,2(RN−1),

then for u = Zg
∂ lu

∂xl
N

(x′,0) = gl(x
′).

Proof. We define:

Zl ∈ [W k−l−1/2,2(RN−1)→W k,2(RN
+)], l = 1,2, . . . ,k−1,
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taking
Zlgl = ul ,

where
ûl(ξ ′,xN) = xl

N exp(−(1+ |ξ ′|)xN)ĝl(ξ ′). (2.87)

Zl is of the type mentioned; indeed, let |α| ≤ k, let us consider wα =Dαul in R
N
+ and

set wα = 0 for xN < 0. Let us denote α ′ = (α1, . . . ,αN−1,0), α ′′ = (0, . . . ,0,αN).
Hence ŵα(ξ ) is a finite sum of expressions like:

aI(ξ ) = a
∫ ∞

0
exp(−ixNξN)(ξ ′)α ′

(1+ |ξ ′|)xl− j
N ×

× exp(−(1+ |ξ ′|)xN)ĝl(ξ ′)dxN ,

where a is a constant, j = 0,1, . . . ,min(αN , l). We have:

I(ξ ) =
(l − j)!(ξ ′)α ′

(1+ |ξ ′|)αN−1ĝl(ξ ′)
(1+ |ξ ′|+ iξN)l− j+1 ,

and so ∫
RN

|I(ξ )|2 dξ

≤ c1

∫
RN−1

[
|ξ |2|α ′|(1+ |ξ ′|2αN−2 j)|ĝl(ξ ′)|2×

×
∫ ∞

−∞

dξN

((1+ |ξ ′|)2 +ξ 2
N)

l− j+1

]
dξ ′

= c2

∫
RN−1

|ξ |2|α ′|(1+ |ξ ′|)2αN−2l−1|ĝl(ξ ′)|2 dξ ′

≤ c3

∫
RN−1

(1+ |ξ ′|)2α−2l−1|ĝl(ξ ′)|2 dξ ′

≤ c4

∫
RN−1

(1+ |ξ ′|)k−l−1/2|ĝl(ξ ′)|2 dξ ′.

Now we have ∂ jul/∂x j
N(x

′,0) = 0 for j < l. We construct Z as a linear
combination of Zl by setting

Zg = Z0g0 +Z1

(
g1 − ∂

∂ xN
Z0g0

)

+
1
2!

Z2

(
g2 − ∂ 2

∂x2
N

Z0g0 − ∂ 2

∂ x2
N

Z1

(
g1 − ∂

∂xN
Z0g0

))
+ . . .

(2.88)

�
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2.5.2 Lemmas Based on the Hardy Inequality

The method used in 2.5.1 does not work if p �= 2; here we generalize the Gagliardo
approach, E. Gagliardo [1], assuming p > 1. Moreover we assume Ω bounded.

Let k ≥ 0, Ω ∈N[k]′−1,1, where [k]′ is the smallest integer such that k ≤ [k]′. We
define W k,p(∂Ω) as the subset of functions from W [k],p(∂Ω) such that
fr(x′r) = f (x′r, ar(x′r)) ∈W k,p(Δr),r = 1,2, . . . ,m; the norm is defined by:

| f |W k,p(∂Ω ) =

(
m

∑
r=1

| fr|pW k,p(Δr)

)1/p

. (2.89)

Remark 5.2. The space W k,p(∂Ω) is a separable Banach space and reflexive if
p > 1; this is an immediate consequence of Proposition 3.1.

In this section we consider only the case p > 1. If p = 1 we have to use another
approach, cf. E. Gagliardo [1].

Now we shall prove a Hardy inequality, cf. G.H. Hardy, J.L. Littlewood, G.
Pólya [1].

Lemma 5.1. Let be f ∈ Lp(a,b), −∞ < a < b < ∞, p > 1. The following
inequalities hold:

∫ b

a

[
1

x−a

∫ x

a
| f (ξ )|dξ

]p

dx ≤
(

p
p−1

)p ∫ b

a
| f (x)|p dx, (2.90)

∫ b

a

[
1

b− x

∫ b

x
| f (ξ )|dξ

]p

dx ≤
(

p
p−1

)p∫ b

a
| f (x)|p dx. (2.91)

Proof. Let us define:

fε (x) =

{
f (x) for x ≥ a+ ε,
0 for a < x < a+ ε.

We have

∫ b

a

1
(x−a)p

[∫ x

a
| fε (ξ )dξ |

]p

dx

=
1

(b−a)p−1

1
p−1

[∫ b

a
| fε (ξ )|dξ

]p

+
p

p−1

∫ b

a

1
(x−a)p−1

(∫ x

a
| fε (ξ )|dξ

)p−1

| fε (x)|dx
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≤ p
p−1

∫ b

a

1
(x−a)p−1

(∫ x

a
| fε(ξ )|dξ

)p−1

| fε(x)|dx

≤ p
p−1

(∫ b

a

1
(x−a)p

(∫ x

a
| fε(ξ )|dξ

)p

dx

)(p−1)/p(∫ b

a
| fε(x)|p dx

)1/p

.

This implies inequality (2.90) for the function fε , and consequently

∫ b

a

[
1

x−a

∫ x

a
| fε(ξ )|dξ

]p

dx ≤
(

p
p−1

)p ∫ b

a
| fε(x)|p dx

≤
(

p
p−1

)p ∫ b

a
| f (x)|dx.

Now, Fatou’s lemma gives (2.90) for f . Inequality (2.91) can be proved in the
same way. �
Lemma 5.2. Let Δ = {x ∈ R

2,0 < x1 < 1,0 < x2 < x1}, u ∈W 1,p(Δ), p > 1. Then
we have the inequality

∫ 1

0

∫ 1

0

∣∣∣∣u(t, t)−u(τ,τ)
t − τ

∣∣∣∣
p

dt dτ < c|u|p
W1,p(Δ )

. (2.92)

Proof. According to Theorem 3.1, it is sufficient to consider u ∈ C∞(Δ ). Let 0 ≤
τ < t ≤ 1. If we denote f (t) = u(t, t), then

∣∣∣∣ f (t)− f (τ)
t − τ

∣∣∣∣≤ 1
t − τ

∫ t

τ

∣∣∣∣ ∂u
∂x1

(x1,τ)
∣∣∣∣ dx1 +

1
t − τ

∫ t

τ

∣∣∣∣ ∂u
∂ x2

(t,x2)

∣∣∣∣ dx2,

and
∣∣∣∣ f (t)− f (τ)

t − τ

∣∣∣∣
p

≤ 2p−1
[

1
(t − τ)p

(∫ t

τ

∣∣∣∣∂u(x1,τ)
∂x1

(x1,τ)
∣∣∣∣ dx1

)p

+
1

(t − τ)p

(∫ t

τ

∣∣∣∣∂u(t,x2)

∂x2
(t,τ)

∣∣∣∣ dx2

)p]
.

(2.93)

By integration with respect to t, τ < t < 1, and then to τ, 0< τ < 1, we get according
to Lemma 5.1
∫ 1

0
dτ

∫ 1

τ

∣∣∣∣ f (t)− f (τ)
t − τ

∣∣∣∣
p

dt

≤ 2p−1
(

p
p−1

)p
[∫ 1

0
dτ

∫ 1

τ

∣∣∣∣∂u(x1,τ)
∂x1

(x1,τ)
∣∣∣∣

p

dx1

+

∫ 1

0
dt
∫ t

0

∣∣∣∣∂u(t,x2)

∂x2
(t,τ)

∣∣∣∣
p

dx2

]
≤ 2p−1( p

p−1

)p|u|p
W1,p(Δ )

.

(2.94)

�
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Lemma 5.3. Let C be the cube (−1,1)N−1, p > 1,u ∈ Lp(C); moreover let us
assume:

cp
i =

∫ 1

−1
. . .

∫ 1

−1︸ ︷︷ ︸
(N−2)times

dx1 . . . dxi−1 dxi+1 . . . dxN−1×

×
(∫ 1

−1

∫ 1

−1

|Ai(t)−Ai(τ)|p
|t − τ|p dt dτ

)
< ∞,

(2.95)

where Ai(t) = u(x1, . . . ,xi−1, t,xi+1, . . . ,xN−1).
In this case we have the inequality:

|u|W1−1/p,p(C) ≤ c[|u|Lp(C) +
N−1

∑
i=1

cp
i ]

1/p. (2.96)

Proof. For x,y ∈C. Denote x[i] = (y1, . . . ,yi,xi+1, . . . ,xN−1), i = 0,1, . . . ,N −1. We
have:

∫
C

∫
C

|u(x)−u(y)|p
|x− y|N−2+p dxdy ≤ c

N−1

∑
i=1

∫
C

∫
C

|u(x[i])−u(x[i−1])|p
|x− y|N−2+p dxdy.

For instance, let us consider:

∫
C

∫
C

|u(x[1])−u(y)|p
|x− y|N−2+p dx1 . . . dxN−1 dy1 . . . dyN−1

=
∫

C

∫ 1

−1
|u(x[1])−u(x)|p dxdy1

∫ 1

−1
. . .

∫ 1

−1︸ ︷︷ ︸
(N−2)times

dy2 . . . dyN−1

|x− y|N−2+p

≤ c
∫

C

∫ 1

−1

|u(x[1])−u(x)|p
|x[1]− x|p dxdy1 = ccp

1 .

�
Exercise 5.1. For the cube C in the previous lemma, prove the converse of (2.96).

Let

[|u|Lp(C) +
N−1

∑
i=1

cp
i ]

1/p. (2.96bis)

Notice that (2.96 bis) defines an equivalent norm on Wk,p(C) (this is a consequence
of the previous exercise).

Exercise 5.2. Replace C by R
N and prove the equivalence of (2.96 bis) and (2.90).
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2.5.3 Imbedding Theorems, Application
of the Spaces W 1−1/p,p(∂Ω)

Theorem 5.3. Let C be the cube (−1,1)N, p> 1. Let Ci be the faces xi = 1, |x j|< 1,
j �= i, and u ∈W 1,p(C). Then we have the inequality:

|u|W (1−1/p),p(Ci)
≤ c|u|W 1,p(C), i = 1,2, . . . ,N.

Proof. According to Theorem 3.1, it is sufficient to take u ∈ C∞(C). Let i be fixed,
1 ≤ i ≤ N, j �= i (for instance j < i.) By Lemma 5.2, we have:

∫ 1

−1
. . .

∫ 1

−1︸ ︷︷ ︸
(N−2)times

dx1 . . . dx j−1 dx j+1 . . . dxi−1 dxi+1 . . . dxN×

×
(∫ 1

−1

∫ 1

−1

∣∣B ji(t)−B ji(τ)
∣∣p

|t − τ|p dt dτ
)

≤ c
∫ 1

−1
. . .

∫ 1

−1︸ ︷︷ ︸
(N−2)times

dx1 . . . dx j−1 dx j+1 . . . dxi−1 dxi+1 . . . dxN×

×
∫ 1

−1

∫ 1

−1

(∣∣∣∣ ∂u
∂x j

∣∣∣∣
p

+

∣∣∣∣ ∂u
∂ xi

∣∣∣∣
p)

dx j dxi,

where B ji(t) = u(x1, . . .x j−1, t,x j+1, . . . ,xi−1,1,xi+1 . . . ,xN) and the result follows
from Lemma 5.3. �
Theorem 5.4. Let u ∈W k,p(C); under the same hypotheses as that of Theorem 5.3,
we have for l ≤ k−1

∣∣∣∣∂ lu

∂xl
i

∣∣∣∣
W k−l−1/p,p(Ci)

≤ c|u|Wk,p(C) i = 1,2, . . . ,N.

Indeed, Dα u ∈W 1,p(C) for |α| ≤ k−1, and the result follows from the previous
theorem. �

2.5.4 Imbedding Theorems, Application of the Spaces
W 1−1/p,p(∂Ω) (Continuation)

Lemma 5.4. Let Ω ∈ N0,1, p ≥ 1,k ≥ 0, 0 ≤ λ < k. Then W k,p(Ω) ⊂ W λ ,p(Ω)
algebraically and topologically.
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Proof. The only nontrivial case is the case of λ non integer, k integer; the other cases
are either trivial or consequences of the case considered. It is sufficient to investigate
the case 0 < λ < 1,k = 1. We set ur = uϕr, use the transformation (2.31), and then
everything reduces to Ω =C = (−1,1)N . According to Theorem 3.1, we can assume
v ∈C∞(C), and prove the inequality:

∫
C

∫
C

|v(x)− v(y)|p
|x− y|N+pλ dxdy ≤ c1|v|pW1,p(C)

. (2.97)

We use the Hölder inequality and write:

∫
C

∫
C

|u(x)− u(y)|p
|x− y|N+pλ dxdy =

∫
C

∫
C

∣∣∣∫ 1
0 (d/dt)v(y+ t(x− y))dt

∣∣∣p

|x− y|N+pλ dxdy

≤ c2

∫
C

∫
C

∣∣∣∫ 1
0 ∑N

i=1(∂v/∂xi)(y+ t(x− y))dt
∣∣∣p

|x− y|N+pλ−p
dxdy

≤ c3

N

∑
i=1

∫
C

∫
C

∫ 1

0

|(∂v/∂xi)(y+ t(x− y))|p
|x− y|N+pλ−p

dxdydt.

We transform the set of points (x,y, t) ∈C×C× (0,1) to G by:

τ = t, η = y, ξ = y+ t(x− y).

We have for i = 1,2, . . . ,N :

∫
C

∫
C

∫ 1

0

|(∂v/∂xi)(y+ t(x− y))|p
|x− y|N+pλ−p

dxdydt =
∫

G

|(∂v)/∂ xi(ξ )|pτ p(λ−1)

|ξ −η |N+pλ−p
dξ dη dt

=

∫ 1

0
τ p(λ−1)dτ

∫
C

∣∣∣∣ ∂ v
∂xi

(ξ )
∣∣∣∣

p

dξ
∫

Gτ,ξ

dη
|ξ −η |N+pλ−p

.

(2.98)
Since |ξ (1− τ)−1−η | ≤ c4τ(1− τ)−1, we have |ξ − τ| ≤ c5τ(1− τ)−1, and

∫ 1

0
τ p(λ−1)dτ

∫
C

∣∣∣∣ ∂v
∂xi

(ξ )
∣∣∣∣

p

dξ
∫

Gτ,ξ

dη
|ξ −η|N+pλ−p

≤ c6

∫ 1/2

0
τ p(λ−1)dτ

∫
C

∣∣∣∣ ∂v
∂xi

(ξ )
∣∣∣∣

p

dξ
∫

Gτ,ξ

dη
|ξ −η|N+pλ−p

+ c6

∫ 1

1/2
τ p(λ−1)dτ

∫
C

∣∣∣∣ ∂v
∂xi

(ξ )
∣∣∣∣

p ∫
Gτ,ξ

dη
|ξ −η |N+pλ−p

dξ ≤ c7

∫
C

∣∣∣∣ ∂v
∂xi

(ξ )
∣∣∣∣

p

dξ ,

and finally (2.97) follows from (2.98). �
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Lemma 5.5. Let Ω ∈ N0,1, u ∈ W k,p(Ω), p ≥ 1, k ≥ 0; h ∈ C[k]′−1,1(Ω). Then
hu ∈W k,p(Ω), and

|uh|Wk,p(Ω) ≤ c|u|W k,p(Ω)|h|C[k]′−1,1(Ω)
.

Proof. If k is an integer the result is trivial. Let k be a non-integer; we have for
|α|< [k] :

Dα(uh) = ∑
|β |≤|α |

hβ Dβ u, hβ ∈C0,1(Ω).

If |β | ≤ [k], then

∫
Ω

∫
Ω

|hβ (x)D
β u(x)−hβ(y)D

β u(y)|p
|x− y|N+p(k−[k])

dxdy

≤ 2p−1
∫

Ω

∫
Ω

|hβ (x)(D
β u(x)−Dβ u(y))|p

|x− y|N+p(k−[k])
dxdy

+2p−1
∫

Ω

∫
Ω

|Dβ u(y)|p|hβ (x)−hβ (y))|p
|x− y|N+p(k−[k])

dxdy.

The first integral on the right hand side is less than or equal to:

|u|p
Wk,p(Ω)

|h|p
C[k]′−1,1(Ω)

,

and the second integral is less than or equal to:

c1

∫
Ω
|Dβ u(y)|p dy

∫
Ω

dx

|x− y|N−1+p([k−[k]])
≤ c2

∫
Ω
|Dβ u(y)|p dy.

�
Theorem 5.5. Let Ω ∈Nk−1,1, u ∈W k,p(Ω), p > 1, k an integer. If l ≤ k−1, then
the following inequality holds:

∣∣∣∣∂ lu
∂nl

∣∣∣∣
W k−l−1/p,p(∂Ω)

≤ c|u|W k,p(Ω).

Proof. It is sufficient to prove that Dαu ∈ W k−l−1/p,p(∂Ω) and the corresponding
inequality for |α| = l; we have Dα u ∈ W k−l,p(Ω). Let us put v = Dα u,vr(x′r) =
v(x′r,ar(x′r)). Differentiating vr with respect to coordinates x′r |β |-times, |β | ≤ k−
l−1, we obtain that v∈W k−l−1,p(Δr); then, by the previous lemma, everything goes
back to knowing whether Dβ v ∈ W 1−1/p,p(Δr). But Dβ v is a linear combination of
terms aDγu, |γ| ≤ |β |, a ∈ C0,1(Δ r), hence using once more the previous lemma it
is sufficient to see that Dδ u ∈ W 1−1/p,p(∂Ω), |δ | ≤ k− 1, with the corresponding
estimate.
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Setting w = Dδ u, we have w ∈ W 1,p(Ω). Using the transformation (2.31) and
the inverse transformation which are at least lipschitzian, the result follows from
Theorem 5.4. �

2.5.5 A Lemma

We have to prove the “converse” of Theorem 5.5. We do this with more restrictive
conditions concerning the domains.

A function R(z),z ∈ R
N will be called a regularizing kernel if R ∈C∞(RN), with

support contained in the closed unit ball with center at the origin. We shall write
R ∈RN . If

∫
RN R(z)dz = 1, we define the regularizing operator by:

uh(x) =
∫
|z|<1

R(z)u(hz+ x)dz =
1

hN

∫
|y−x|<h

R

(
y− x

h

)
u(y)dy.

Lemma 5.6. Let P be the pyramid defined by: P = {x ∈R
N, 0 < xN < 1, |xi|< 1−

xN, i = 1,2, . . . ,N −1}, ϕ0 ∈W k−1/p,p(C), p > 1, where C = {x′ ∈R
N−1, |xi|< 1}.

There exists a mapping Z ∈ [W k−1/p,p(C) → W k,p(P)] such that if Zϕ0 = u, then
u = ϕ0 on the basis C of P.

Proof. Let R ∈RN−1,
∫
RN−1 R(z′)dz′ = 1, let us set x = (x′,xN), and if x ∈ P :

u(x′,xN) =
1

xN−1
N

∫
|y′−x′ |<xN

R

(
y′ − x′

xN

)
ϕ0(y

′)dy′.

Clearly we have u ∈C∞(P). Let|α| ≤ k−1 and consider Dα u; we have:

Dαu(x) = ∑
|β |=|α |
|λ |=(αN)

cβ λ

∫
|z′|<1

R(z′)z′λ Dβ ϕ0(xNz′+ x)dz′.

Now, if we proceed as in the proof of Theorem 1.2, we get the inequality:

∫
|x′ |<1−xN

|Dα u(x′,xN)|p dx′ ≤ c ∑
|β |=|α |

∫
|x′ |<1

|Dβ ϕ0(x
′)|p dx′,

which implies
|u|W k−1,p(P) ≤ c|ϕ0|W k−1/p,p(C). (2.98bis)

It remains to prove: if R ∈RN−1 and f ∈W k−1/p,p(C), then for

v(x) =
∫
|z′|<1

R(z′) f (xNz′+ x′)dz′
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we have:
|v|W 1,p(P) ≤ c| f |W 1−1/p,p(C).

First we consider ∂v/∂xi,1 ≤ i ≤ N − 1; without loss of generality let us consider
∂v/∂x1; we have:

∂v
∂x1

=− 1

xN
N

∫
|y′−x′|<xN

∂R
∂ z1

(
y′ − x′

xN

)
f (y′)dy′.

We have:
1

xN
N

∫
|y′−x′ |<xN

∂R
∂ z1

(
y′ − x′

xN

)
dy′ = 0,

so
∂v
∂ x1

(x) =
1

xN
N

∫
|y′−x′ |<xN

∂R
∂ z1

(
y′ − x′

xN

)
( f (x′)− f (y′))dy′

=
∫
|z′|<1

∂R
∂ z1

(z′)
f (x′)− f (xNz′+ x′)

xN
dz′.

From this, we get:

∫
P

∣∣∣∣ ∂v
∂x1

(x)

∣∣∣∣
p

dx ≤ c1

∫
P

dx
∫
|z′ |<1

∣∣∣∣ f (x′)− f (xNz′+ x′)
xN

∣∣∣∣
p

dz′

= c1

∫
P

x(−p−N+1)
N dx

∫
|y′−x′ |<xN

| f (x′)− f (y′)|p
|x′ − y′|N−2+p |x′ − y′|N−2+p dy′

= c1

∫
( max
1≤i≤N−1

|xi|)<1
dx′

∫
|y′−x′ |<1−( max

1≤i≤N−1
|xi|)

| f (x′)− f (y′)|p
|x′ − y′|N−2+p dy′×

×
∫ |y′−x′ |<1−( max

1≤i≤N−1
|xi |)

|x′−y′|<1
|x′ − y′|N−2+p|x−p−N+1

N dxN

≤ 2c1

N + p− 2

∫
( max
1≤i≤N−1

|xi|)<1
dx′

∫
|y′−x′|<1−( max

1≤i≤N−1
|xi|)

| f (x′)− f (y′)|p
|x′ − y′|N−2+p dy′,

and then ∣∣∣∣ ∂v
∂x1

∣∣∣∣
Lp(P)

≤ c| f |W 1−1/p,p(C).

Now, let us consider

∂v

∂xN
=−N −1

xN
N

∫
|y′−x′ |<xN

R

(
y′ − x′

xN

)
f (y′)dy′

− 1

xN
N

∫
|y′−x′ |<xN

N−1

∑
i=1

∂R
∂ zi

(
y′ − x′

xN

)
yi − xi

xN
f (y′)dy′.
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We have:

N − 1

xN
N

∫
|y′−x′|<xN

R

(
y′ − x′

xN

)
dy′+

1

xN
N

∫
|y′−x′ |<xN

N−1

∑
i=1

∂R
∂ zi

(
y′ − x′

xN

)
yi − xi

xN
dy′ = 0;

finally as above we get the inequality:

∣∣∣∣ ∂v
∂xN

∣∣∣∣
Lp(P)

≤ c| f |W 1−1/p,p(C).

Using Theorem 1.2, we see that u = ϕ0 on the basis of P. �

2.5.6 The Converse Theorem

Lemma 5.7. Let R ∈RN−1,
∫
RN−1 R(z′)dz′ = 1, l ≥ 0 an integer. We have:

∂ i

∂xl
N

[
xl−N+1

N R
(y′ − x′

xN

)]
=

1

xN−1
N

H
(y′ − x′

xN

)
,

where H ∈RN−1,
∫
RN−1 H(z′)dz′ = l!

Proof. We have to prove that
∫
RN−1 H(z′)dz′ = l!. We have:

∫
|x′−y′|<xN

∂ i

∂xl
N

[
xl−N+1R

(y′ − x′

xN

)]
dy

=
∂ l

∂xl
N

∫
|x′−y′|<xN

xl−N+1
N R(

y′ − x′

xN
)dy′ =

∂ l

∂xl
N

(xl
N) = l!.

�
Lemma 5.8. Let P be the pyramid as in Lemma 5.6, and C its basis,
ϕi ∈ W k−l−1/p,p(C), l,k integers such that 0 ≤ l ≤ k− 1, p > 1. Then there exists
a mapping

Zl ∈ [W k−l−1/p,p(C)→W k,p(P)]

such that Zlϕl = ul satisfies:

ul =
∂ul

∂xN
= . . .

∂ l−1ul

∂xl−1
N

= 0 on C, (2.99a)

∂ lul

∂xl
N

= ϕl on C. (2.99b)
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Proof. Let R ∈ RN−1,
∫
RN−1 R(z′)dz′ = 1/l!, and let us set:

ul(x
′,xN) = xl−N+1

N

∫
|x′−y′|<xN

R(
y′ − x′

xN
)ϕl(y

′)dy′.

Obviously, ul ∈C∞(P). Let |α| ≤ k− l−1; we get:

ul(x
′,xN) = xl

N

∫
|z′ |<1

R(z′)ϕl(xNz′+ x′)dz′,

thus ∣∣Dα ul

∣∣
Lp(P) ≤ c|ϕl |W k−l−1/p,p(C), (2.100)

for the same reasons as that used previously in the proof of Lemma 5.6, starting from
the proof of (2.98bis). Let k− l ≤ |α| ≤ k−1; let us set α =α ′+α ′′, |α ′′|= k− l−1.
We have for M ∈RN−1:

Dα ′
ul(x

′,xn) = x|α |′−1
N

∫
|z′ |<1

M(z′)ϕl(xNz′+ x′)dz′. (2.101)

If we apply the operator Dα ′′
to (2.101), we get (2.100) with |α| ≤ k − 1 for the

same reasons as in the proof of (2.98bis). If |α| = k, we use the ideas of the proof
of Lemma 5.6 and we get:

Zl ∈ [W k−l−1/p,p(C)→W k,p(P)].

It is clear that (2.98) holds; concerning (2.99a, b), we use the previous lemma. �
Theorem 5.6. Let P be the pyramid as in Lemma 5.6 and C its basis, k an integer,
k ≥ 1, p > 1, ϕl ∈W k−l−1/p,p(C), l = 0,1, . . . ,k−1. There exists a mapping:

Z ∈
[

k−1

∏
l=0

W k−l−1/p,p(C)→W k,p(P)

]

such that if Z(ϕ0,ϕ1, . . . ,ϕk−1) = u, then ∂ lu
∂xl

N
= ϕl on C.

Indeed: We use Lemmas 5.6 and 5.8 and proceed as in the construction of (2.88).
�

2.5.7 The Converse Theorem (Continuation)

Let k = 1. We have:

Theorem 5.7. Let Ω ∈N0,1, p > 1. There exists a mapping Z ∈ [W 1−1/p,p(∂Ω)→
W 1,p(Ω)] such that for h ∈W 1−1/p,p(∂Ω),Zh = u, we have u = h on ∂Ω .
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Proof. We use the partition of unity from 1.2.4 and put hr = hϕr, 1 ≤ r ≤ m; to
simplify we omit the index r. By projection onto the hyperplane xN = 0, the function
h ∈W (1−1/p),p(Δ). Without loss of generality we assume α = 1 (in the definition of
Δ in 1.2.4). We use Lemma 5.6 to construct Z ∈ [W 1−1/p,p(Δ)→ W 1,p(P)]. Since
supp h ⊂ Δ , with compact support, there exists ψ ∈ C∞

0 (R
N), supp ψ ⊂ P∪C such

that hψ = h on C. We write Zh = h; we have hψ ∈ W 1,p(K+), K+ = {x ∈ R
N ,

|xi| < 1, i = 1,2, . . . ,N − 1,0 < xN < 1}. We use the transformation (2.31), and
going back to the index r starting from hψ we construct a function vr ∈ W 1,p(Vr),
supp vr ⊂Vr∪Λr. Obviously, the function v=∑m

r=1 vr gives the extension of h on Ω .
�

Problem 5.1. Prove a theorem analogous to Theorem 5.7, but for k ≥ 2, Ω ∈
N0,1 or for a nonsmooth boundary ∂Ω . The problem can be posed in the fol-
lowing way: Let t be the number of indexes α , |α| = k − 1. We consider the
closed subset W ⊂ [

W 1−1/p,p(∂Ω)
]t

as the closure of the set M of elements
(Dα[1]u,Dα[2]u, . . . ,Dα[t]u),u ∈C∞(Ω). Is the mapping Z ∈ [W k,p(Ω)→W ], defined
by Zu = (Dα[1]u,Dα[2]u, . . . ,Dα[t]u), surjective?

For N = 2,∂Ω piecewise smooth, the solution with some modifications is given
by G.N. Jakovlev [1]. Cf. also P. Grisvard [1].

If ∂Ω is sufficiently smooth, the problem is solved (cf. papers by L.N. Slobodet-
skii [1], S.V. Uspenskii [1]):

Theorem 5.8. Let Ω ∈ N0,1, p > 1, hl ∈ W k−l−1/p,p(∂Ω), l = 0, 1,2, . . . ,k − 1.
There exists a mapping,

Z ∈
[ k−1

∏
l=0

W k−l−1/p,p(∂Ω)→W k,p(Ω)
]
,

such that if Z((h0,h1, . . . ,hk−1)) = u, then on ∂Ω we have ∂ lu/∂ nl = hl, l =
0,1,2, . . . ,k− 1.

Proof. Due to the previous theorem it is sufficient to consider the case k ≥ 2.
We use Gr,ψr, . . . as in 1.2.4, and the transformation (1.35) from Chap. 1; this
transformation is one-to-one, with lipschitzian derivatives of order ≤ k− 1 on Gr,
and the inverse transformation has the same properties on Kr. Put hlr = hlψr. By
projection on the hyperplane xrN = 0, we consider hlr as a function of the variable
σ ; we have hlr ∈W k−l−1/p,p(Δr).

Without loss of generality, we can assume in the definition of Gr that α = δ = 1.
According to Theorem 5.6 we construct ur ∈ W k,p(P) such that on C ∂ lur/∂xl

N =
(−1)lhlr. Since supp hlr ⊂ C, there exists ψ ∈ C∞

0 (R
N) with supp ψ ⊂ P∪C such

that ∂ l(urψ)/∂xl
N = (−1)lhlr on C. We have urψ ∈ W k,p(K+), K+ = {y ∈ R

N ,y =
(σ , t), |σi| < 1,0 < t < 1}. Using the transformation 1.2.7, we get vr = urψ ∈
W k,p(Gr ∩Ω); but according to the form of the support of ψ we have vr ∈W k,p(Ω);
on the other hand ∂ lvr/∂ nl = hlr on ∂Ω , thus v = ∑M

r=1 vr gives the transformation
such that Z((h0,h1, . . . ,hk−1)) = v. �
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2.5.8 Remarks

It is possible to investigate the spaces W k,p(Ω), where k is noninteger, in more
detail. Concerning the questions about extension and density, cf. J.L. Lions, E.
Magenes [4], for imbedding theorems cf. S.V. Uspenskii [1, 2, 4]. There is a strong
link between interpolation in the sense of J.L. Lions and traces, cf. J.L. Lions
[7–10]. From our considerations on these questions it is possible to obtain some
consequences, for instance:

Corollary 5.1. Let C be an (N − 1)−dimensional cube, p > 1. If p < N, 1/q =
1/p− [1/(N − 1)][(p− 1)/p], then W 1−1/p,p(C) ⊂ Lq(C) algebraically and topo-
logically; if p =N, q is an arbitrary real number ≥ 1; if p > N, then W 1−1/p,p(C)⊂
C0,μ(C) with μ = 1−N/p, algebraically and topologically.

Remark 5.3. Let us set k = 1 − 1/p. Then in Corollary 5.1 for p < N we have
1/q = 1/p− k/(N − 1), and we have the formula from Theorem 3.4. It holds in
other cases, cf. S.V. Uspenskii [1].

Let C be an (N−1)−dimensional cube, u∈W k−1/p,p(C),k ≥ 1 an integer, p> 1;
according to Lemma 5.5 it is possible to extend u to the corresponding pyramid P so
that u ∈W k,p(P). P ∈N0,1 =⇒W k,p(P) =C∞(P) =⇒W k−1/p,p(C) =C∞(C), hence

Corollary 5.2. Let C be an (N − 1)−dimensional cube, k ≥ 1 an integer, p > 1.

Then W k−1/p,p(C) =C∞(C).

Let CN−1 be an (N−1)-dimensional cube, u ∈W k−1/p,p(CN−1), k ≥ 1 an integer,
p > 1. According to Lemma 5.6 we can extend u to a cube CN with CN−1 as
its face. By the approach used in Theorem 3.8 it is possible to extend u to the
whole R

N so that |u|W k,p(RN ) ≤ c|u|Wk,p(CN ). We get an extension of u to R
N−1,u ∈

W k−1/p,p(RN−1). We have also

Corollary 5.3. Let C be an (N − 1)−dimensional cube, p > 1, k ≥ 1 an integer.
Then there exists P ∈ [W k,p(C) → W k−1/p,p(RN−1)], such that RP = I, where R
is the restriction operator, R ∈ [W k−1/p,p(RN) → W k−1/p,p(C)], and I the identity
operator on W k−1/p,p(C).

Remark 5.4. A well known simple counterexample due to J. Hadamard states the
existence of a continuous function on the unit circle which is not the trace of
a function from W 1,2(K) where K is the unit disc, cf. for instance S.G. Mikhlin
[2]. L. De Vito [1] has constructed an absolutely continuous function with the same
property. It is easy to see that a piecewise smooth function cannot be the trace
of a function u ∈ W 1,2(Ω). For sufficient conditions implying that f belongs to
W k−1/p,p(∂Ω), cf. S.M. Nikolskii [2, 5–8], G. Prodi [1], J. Nečas [11], etc.

Remark 5.5. If p = 1, Ω ∈N0,1, we have obtained by Theorem 4.2 that the traces
belong to L1(∂Ω). We have also the converse, i.e. W 1,1(Ω)/W 1,1

0 (Ω) = L1(∂Ω);
cf. E. Gagliardo [1].
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Exercise 5.3. Prove that on the unit circle we have:

W 1/2,2(∂Ω) = {u ∈ L2(∂Ω),
∞

∑
−∞

n|an|2 < ∞, an =
1

2π

∫ 2π

0
u(ϑ)exp(−inϑ )dϑ}.

Exercise 5.4. Prove directly that for Ω ∈N0,1, u ∈ W 1,p(∂Ω) we can extend u to
Ω so that u ∈W 1,p(Ω), p ≥ 1.

2.6 Compactness

2.6.1 The Kondrashov Theorem

In Chap. 1, we have proved a particular case of the compactness of the imbed-
ding operator, cf. Chap. 1, Theorem 1.1.4. We shall give some generalizations;
concerning the literature on the subject see W. Kondrashov [1], S.L. Sobolev [1],
V.I. Smirnov [2], etc.

Theorem 6.1. Let Ω ∈ N0,1, 1 ≤ p < N, 1 ≥ 1/q > 1/p − 1/N. The identity
mapping I : W 1,p(Ω)→ Lq(Ω) is compact.

Proof. Let un ∈ W 1,p(Ω) be a bounded sequence, |un|W 1,p(Ω) ≤ 1. It is possible

to find elements vn ∈ C∞(Ω) such that |un − vn|W1,p(Ω) < 1/n, |vn|W 1,p(Ω) ≤ 1; it is
sufficient to prove the existence of a subsequence of vn, for simplicity we denote this
subsequence again vn, which converges in Lq(Ω). Let us put 1/q∗ = 1/p−1/N, let
ε > 0, Ω ∗ ⊂ Ω ∗ ⊂ Ω ,Ω ∗ a subdomain such that

meas (Ω −Ω ∗)<
(

ε
3c1

)q∗/(q∗−1)

,

where |vn|Lq∗ (Ω) ≤ c1 (cf. Theorem 3.4). Let δ > 0 be sufficient small such that
x ∈ Ω ∗, |z|< δ =⇒ x+ z ∈ Ω ; we have:

|vn(x+ z)− vn(x)|=
∣∣∣∣∣
∫ |z|

0

N

∑
i=1

∂ vn

∂xi

(
x+

z
|z| t

)
zi

|z| dt

∣∣∣∣∣≤
∫ |z|

0

N

∑
i=1

∣∣∣∣∂vn

∂xi

(
x+

z
|z| t

)∣∣∣∣ dt,

then it follows that

∫
Ω∗

|vn(x+ z)− vn(x)|dx =
∫ |z|

0
dt

∫
Ω

N

∑
i=1

∣∣∣∣∂vn

∂xi
(y)

∣∣∣∣ dy ≤ |z| · |vn|W 1,1(Ω).

Let |vn|W 1,1(Ω) ≤ c2, and let us choose δ < ε/3c2. Let us extend vn by zero outside
of Ω ; then we have:
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∫
Ω
|vn(x+ z)− vn(x)|dx

≤
∫

Ω−Ω∗
|vn(x+ z)|dx+

∫
Ω−Ω∗

|vn(x)|dx+
∫

Ω∗
|vn(x+ z)− vn(x)|dx ≤ ε.

If q = 1 the sequence vn has the same properties as that in Theorem 1.3. and the
result is true in this case. If 1 < q < q∗, we have:

∫
Ω
|vm − vn|q dx =

∫
Ω
|vm − vn|[q∗(q−1)]/(q∗−1)|vm − vn|(q∗−q)/(q∗−1)dx

≤
(∫

Ω
|vm − vn|q∗ dx

)(q−1)/(q∗−1)(∫
Ω
|vm − vn|dx

)(q∗−q)/(q∗−1)

;

this finishes the general case. �
Corollary 6.1. Let Ω ∈N0,1, p ≥ 1, kp < N, k an integer, 1 ≥ 1/q > 1/p− k/N.
The identity mapping I : W k,p(Ω)→ Lq(Ω) is compact.

Corollary 6.2. Let Ω ∈ N0,1, p ≥ 1, kp = N, k an integer, q ≥ 1 arbitrary. The
identity mapping I : W k,p(Ω)→ Lq(Ω) is compact.

Corollary 6.3. Let Ω ∈ N0,1, p ≥ 1, kp > N, k an integer. The identity mapping
I : W k,p(Ω)→C(Ω) is compact.

2.6.2 Traces

As far as concern traces, we have

Theorem 6.2. Let Ω ∈ N0,1, 1 < p < N, 1 ≥ 1/q > 1/p− [1/(N − 1)](p− 1)/p.
The mapping Z ∈ [W 1,p(Ω)→ Lq(∂Ω)], which defines the traces, is compact.

Proof. As in proof of Theorem 6.1 it is sufficient to consider a sequence vn ∈
C∞(Ω), n = 1,2, . . ., bounded in W 1,p(Ω). With a partition of unity as in 1.2.4
we take vr , supp vr ⊂ Vr ∪ Λr. For 1 ≤ p < ∞ the function p → 1/p − [1/
(N − 1)](p− 1)/p is decreasing, thus there exists exactly one value p∗ such that
1/q = 1/p∗ − [1/(N −1)](p∗ −1)/p∗. It is clear that it is sufficient to consider the
case q > 1. According to (2.69) with 1/q∗ = 1/p∗ −1/N (we omit the index r)

|vn − vm|qLq(Λ)
≤ c[|vn − vm|qLq(V )

+ |vn − vm|(N p∗−N)/(N−p∗)
Lq∗ (V )

|vn − vm|qW1,p∗ (V )
].

(2.102)
According to Theorem 6.1 we can extract a subsequence denoted also by vn which
converges in Lq∗(V ); but q ≤ q∗, hence (2.102) implies the convergence of vn in
Lq(V ).

�
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Exercise 6.1. Give a formulation of the previous theorem with the hypotheses
kp < N or kp = N with k ≥ 1 an integer.

Remark 6.1. Let Ω ∈ N0,1, 1 < p < N. Then the mapping Z of W 1,p(Ω) into
Lq(∂Ω) with 1/q= 1/p− [1/(N−1)](p−1)/p is not surjective. Indeed: it is always
possible to find a sequence vn defined on ∂Ω and bounded by the same constant,
with |vn|L1(∂Ω) = 1, which converges weakly to zero in L1(∂Ω). If Z was surjective,

we could extend vn to Ω in such a way that vn is bounded in W 1,p(Ω), and due to
Theorem 6.2 there will exist a subsequence vnk which will converge in L1(∂Ω) to
a limit equal to zero, and this is a contradiction to |vn|L1(∂Ω) = 1.

2.6.3 The Lions Lemma, Another Theorem of Compactness

We can prove Lemma 5.1 from Chap. 1 under more general conditions (cf. J.L.
Lions [4]):

Lemma 6.1. Let Bi, i = 1,2,3, be three Banach spaces, B1 ⊂ B2 ⊂ B3 algebraically
and topologically. Assume that the identity mapping I : B1 → B2 is compact. Then
for every ε > 0 there exists λ (ε) such that u ∈ B1 =⇒

|u|B2 ≤ ε|u|B1 +λ (ε)|u|B3.

The proof is the same as that of Lemma 1.5.1.

Example 6.1. Let B1 =W 1,p(Ω), B2 = Lq(Ω), B3 = L1(Ω), Ω ∈N0,1, 1/q> 1/p−
1/N if p < N, q ≥ 1 if p ≥ N. This satisfies the conditions of Lemma 6.1.

Theorem 6.3. Let Ω ∈N0,1, 1≤ p, 1≤ q≤ p. The identity mapping I : W 1,p(Ω)→
Lq(Ω) is compact.

Proof. It is sufficient to consider a sequence vn ∈ C∞(Ω) bounded in W 1,p(Ω),
and to extract a subsequence which converges in Lp(Ω). Fix ε > 0; we can find
Ω ′ ⊂ Ω ′ ⊂ Ω such that

(∫
Ω−Ω ′

|vn(x)|p dx

)1/p

<
ε
3
. (2.102bis)

To do this we consider the open sets Vr, r = 1,2, . . . ,m. If ar(x′r) < xN < ar(x′r)+
β/2, we have:

vn(x
′
r,xrN) = vn(x

′
r,τ)−

∫ τ

xrN

∂ vn

∂ xrN
(x′r,ξN)dξN, ar(x

′
r)+β/2 < τ < ar(x

′
r)+β .

(2.103)
From this we get (we omit the index r):
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|vn(x
′,xN)|p ≤ 2p−1

[
|vn(x

′,τ)|p +
∣∣∣∣
∫ τ

xN

∂vn

∂xn
(x′,ξN)dξN

∣∣∣∣
p]

≤ 2p−1
[
|vn(x

′,τ)|p +β p−1
∫ a(x′)+β

a(x′)

∣∣∣∣∂vn

∂xn
(x′,ξN)

∣∣∣∣
p

dξN

]
.

(2.104)

Now we integrate (2.104) with respect to τ ∈ (a(x′)+β/2,a(x′)+β ) and obtain

β
2
|vn(x

′,xN)|p ≤ 2p−1
[∫ a(x′)+β

a(x′)+β/2
|vn(x

′,τ)|p dτ +
β p

2

∫ a(x′)+β

a(x′)

∣∣∣∣∂vn

∂xn
(x′,ξN)

∣∣∣∣
p

dξN

]
;

(2.105)
now by integration of (2.105) with respect to x′ ∈ Δ and to xN ∈ (a(x′),a(x′)+ γ), γ
sufficiently small, we get:

β
2

∫
Δ

dx′
∫ a(x′)+γ

a(x′)
|vn(x

′,xN)|p dxN ≤ 2p−1
(

1+
β p

2

)
γ|vn|pW 1,p(Ω)

;

this gives (2.102 bis) if γ is sufficiently small. Now let Ω ′′ be a subdomain satisfying
Ω ′ ⊂ Ω ′′ ⊂ Ω ′′ ⊂ Ω and δ > 0 sufficiently small such that x ∈ Ω ′′, |z| < δ =⇒
x+ z ∈ Ω . We have:

|vn(x+ z)− vn(x)| ≤
∣∣∣∣∣
∫ |z|

0

N

∑
i=1

∂vn

∂xi

(
x+

z
|z| t

)
zi

|z| dt

∣∣∣∣∣

≤ |z|1−1/p
N

∑
i=1

(∫ |z|

0

∣∣∣∣∂vn

∂xi

(
x+

z
|z| t

)∣∣∣∣
p

dt

)1/p

,

hence

|vn(x+ z)− vn(x)|p ≤ c|z|p−1
N

∑
i=1

∫ |z|

0

∣∣∣∣∂vn

∂xi

(
x+

z
|z| t

)∣∣∣∣
p

dt,

and

∫
Ω ′′

|vn(x+ z)− vn(x)|p dx ≤ c|z|p
N

∑
i=1

∫
Ω

∣∣∣∣∂vn

∂xi
(y)

∣∣∣∣
p

dy ≤ c|z|p|vn|pW1,p(Ω)
,

and thus (∫
Ω ′′

|vn(x+ z)− vn(x)|p dx

)1/p

≤ c|z||vn|W 1,p(Ω).

Finally, let δ be sufficiently small such that x ∈ Ω −Ω ′′, |z| < δ =⇒ x+ z ∈
Ω −Ω ′, and (∫

Ω ′′
|vn(x+ z)− vn(x)|p dx

)1/p

<
ε
3
.
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Let us set vn(x) = 0 for x �/∈ Ω . We get:

(∫
Ω
|vn(x+ z)− vn(x)|p dx

)1/p

≤
(∫

Ω ′′
|vn(x+ z)− vn(x)|p dx

)1/p

+

(∫
Ω−Ω ′′

|vn(x+ z)|p dx

)1/p

+

(∫
Ω−Ω ′′

|vn(x)|p dx

)1/p

≤ ε.

Now Theorem 1.3 gives the assertion. �
Exercise 6.2. Prove Theorem 6.3 for a domain Ω starshapped with respect to the
origin.

Remark 6.2. For an arbitrary domain Ω , bounded or unbounded, the restriction
operator R : W 1,p(Ω) → Lq(Ω ′) with Ω ′ bounded, Ω ′ ⊂ Ω , and with q as in
Theorem 6.1, is compact.

Exercise 6.3. Let Ω be a bounded domain such that for any ε > 0, we can find Ω ′ ⊂
Ω ′ ⊂ Ω such that |u|W1,p(Ω) ≤ 1 =⇒ |u|Lp(Ω−Ω ′) < ε . Then the identity mapping

I : W 1,p(Ω)→ Lp(Ω) is compact.

Remark 6.3. If there exists an extension operator P ∈ [W 1,p(Ω)→W 1,p(RN)], then
Theorem 6.3 is true for Ω bounded.

Problem 6.1. Characterize bounded domains for which the imbedding theorem
W 1,2(Ω) ⊂ L2(Ω) is compact. We find only equivalent statements as for instance
the existence of a spectrum having the form given in Theorem 1.5.1.

2.7 Quotient Spaces, Equivalent Norms

2.7.1 Equivalent Norms

The methods used in this paragraph are strongly related to these introduced in
Chap. 1, Sect. 1.1 concerning the same questions, and also with the work of J.
Deny, J.L. Lions [1], J.L. Lions [2]. As in 1.1.7 we denote by P(k−1) the space of
polynomials of degree ≤ k−1. We shall consider only domains such that

v ∈ P(k−1) =⇒ |v|Lp(Ω) < ∞. (2.106)

Lemma 7.1. Let Ω be a domain satisfying (2.106), p ≥ 1, k ≥ 1 an integer. Then
there exist functionals fi, i = 1,2, . . . , l, on W k,p(Ω) such that v ∈ P(k−1) implies the
equivalence:

l

∑
i=1

| fiv|p = 0 ⇐⇒ v ≡ 0. (2.106bis)



2.7 Quotient Spaces, Equivalent Norms 107

Proof. There are many ways to construct fi: for instance we take Ω ∗, a bounded
nonempty subdomain of Ω , and define:

fα v =
∫

Ω∗
xα v(x)dx, |α| ≤ k−1, (2.107a)

or
fαv =

∫
Ω∗

Dαv(x)dx, |α| ≤ k−1. (2.107b)

�
Let us formulate the first theorem on equivalent norms in W k,p(Ω):

Theorem 7.1. Let Ω ∈ N0, fi functionals satisfying (2.106 bis), p ≥ 1, k ≥ 1 an
integer. We have the inequality:

c1|u|W k,p(Ω) ≤
[

∑
|α |=k

|Dα u|pLp(Ω) +
l

∑
i=1

| fiu|p
]1/p

≤ c2|u|W k,p(Ω).

Proof. We have to prove the inequality:

c1|u|W k,p(Ω) ≤
[

∑
|α |=k

|Dα u|pLp(Ω)
+

l

∑
i=1

| fiu|p
]1/p

. (2.108)

We proceed by contradiction: suppose that (2.108) does not hold for any constant c1,
for instance for c1 = 1/n. Then there exists a function un ∈W k,p(Ω), |un|W k,p(Ω) = 1
such that

1
n
>

[
∑

|α |=k

|Dαun|p +
l

∑
i=1

| fiun|p
]1/p

. (2.109)

From this we get, for |α|= k:

lim
n→∞

Dαun = 0 in Lp(Ω). (2.110)

According to Theorem 6.3, the identity mapping I : W k,p(Ω) → W k−1,p(Ω) is
compact, hence there exists a subsequence unm of un which converges in W k−1,p(Ω)
and by (2.110) in W k,p(Ω). Let u = limm→∞ unm . We have Dα u = 0 =⇒ u ∈ P(k−1),
but P(k−1) is of finite dimension and hence closed in W k,p(Ω). Then, due to (2.108),
we have:

l

∑
i=1

| fiu|p = 0 =⇒ u = 0,

which is a contradiction to the fact that

lim
m→∞

|unm |W k,p(Ω) = |u|W k,p(Ω) = 1.

�
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Remark 7.1. Clearly Theorem 7.1 holds if the identity mapping I : W 1,p(Ω) →
Lp(Ω) is compact.

2.7.2 Quotient Spaces

Let P ⊂ P(k−1), and denote by W k,p(Ω)/P the quotient space (cf. 1.1.7) with the
topology associated with the usual norm:

For ũ ∈Wk,p(Ω)/P, |ũ|W k,p(Ω)/P = inf
u∈ũ

|u|W k,p(Ω). (2.111)

Theorem 7.2. Let Ω ∈ N0, and let us assume that the identity mapping
I : W 1,p(Ω)→ Lp(Ω) is compact. Then we have:

c1|ũ|W k,p(Ω)/P(k−1)
≤ [ ∑

|α |=k

[
Dαu|pLp(Ω)

]1/p ≤ c2|ũ|W k,p(Ω)/P(k−1)
. (2.111bis)

If p = 2, W k,2(Ω)/P(k−1) is a Hilbert space with the scalar product

(ṽ, ũ) = ∑
|α |=k

∫
Ω

Dα vDα udx. (2.112)

Proof. First, W k,p(Ω)/P(k−1) is complete with respect to the norm

[
∑

|α |=k

|Dαu|pLp(Ω)

]1/p
. (2.113)

Indeed: let ũn be a Cauchy sequence for (2.113). We can choose un ∈ ũn such
that fiun = 0, i = 1,2, . . . , l, fi satisfying (2.106 bis); this is always possible by
Lemma 7.1. We apply Theorem 7.1, hence un is a Cauchy sequence in Wk,p(Ω);
let limn→∞ un = u, which implies limn→∞ ũn = ũ. Denote by B1 the quotient space
W k,p(Ω)/P(k−1) with the norm (2.111), and by B2 the same space but with the norm
(2.113). The identity mapping I : B1 →B2 is continuous, due to the Banach theorem,
cf. Chap. 1, Sect. 1.1, and the same property is true for inverse transformation. The
result follows. �

Hereafter, when we shall use the mentioned Banach theorem we will not specify
the spaces B1,B2, etc.

Theorem 7.3. Let Ω ∈ N0, and assume that the identity mapping I : W 1,p(Ω) →
Lp(Ω) is compact, P ⊂ P(k−1), fi, i = 1,2, . . . , l, functionals on W k,p(Ω),k ≥ 1 an
integer, p ≥ 1 such that
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for v ∈ P(k−1),
l

∑
i=1

| fiv|p = 0 ⇐⇒ v ∈ P.

Then

c1|ũ|Wk,p(Ω)/P ≤
(
[ ∑
|α |=k

|Dα u|pLp(Ω)
]p +

l

∑
i=1

| fiu|p
)1/p

≤ c2|ũ|W k,p(Ω)/P.

If p = 2, W k,p(Ω)/P is a Hilbert space with the scalar product:

(ṽ, ũ) = ∑
|α|=k

∫
Ω

DαvDαudx+
l

∑
i=1

fiv fiu.

Proof. It is sufficient to prove that W k,p(Ω)/P is complete with the norm

[
∑

|α |=k

|Dα u|pLp(Ω) +
l

∑
i=1

| fiu|p
]1/p

. (2.114)

Let ũn be a Cauchy sequence. According to Theorem 7.2, we can find polynomials
pn ∈ P(k−1) such that limn→∞(un + pn) = u in W k,p(Ω). Since ūn is a Cauchy
sequence with respect to the norm (2.114), the same holds for the sequence p̃n.
Clearly (∑l

i=1 | fiu|p)1/p is a norm in P(k−1)/P, hence limn→∞ p̃n = p̃ in W k,p(Ω)/P,
and limn→∞ ũn = ũ− p̃. �
Remark 7.2. Let Ω∗ ⊂ Ω , Ω ∗ non empty, L the orthogonal complement of P in
P(k−1) for the space L2(Ω∗); p1, p2, . . . , pl a basis of L. Then the functionals fiu =∫

Ω∗ upi dx satisfy the hypotheses of Theorem 7.3.

2.7.3 The Spaces V k,p(Ω)

Let us formulate a theorem on equivalent norms:

Theorem 7.4. Let Ω ∈ N0, Ω∗ a nonempty and open subset of Ω . Then we have
the inequality

|u|W k,p(Ω) ≤ c

[
∑

|α |=k

∫
Ω
|Dα u|p dx+

∫
Ω∗

|u|p dx

]1/p

. (2.115)

Proof. It is sufficient to prove that W k,p(Ω) with the norm (2.115) is complete.
Let un be a Cauchy sequence. According to Theorem 7.2 there exist pn ∈ P(k−1)
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such that limn→∞(un + pn) = u in W k,p(Ω). Since un + pn is a Cauchy sequence
for the norm (2.115), limn→∞ pn = p in Lp(Ω∗) and in W k,p(Ω), which implies that
limn→∞ un = u− p in W k,p(Ω). �

Fix Ω ⊂ R
N . Denote by V k,p(Ω) the space of functions in Lp

loc(Ω) whose
distributional derivatives of order k belong to Lp(Ω). Let Ω∗ ⊂ Ω ∗ ⊂ Ω ; Ω ∗
bounded; on V k,p(Ω) we define the norm by

[
∑

|α |=k

|Dα u|pLp(Ω) + |u|pLp(Ω∗)

]1/p

. (2.116)

Theorem 7.5. The space V k,p(Ω) is a Banach space. If we change Ω∗ in such
a way that Ω ∗ ⊂ Ω , we obtain equivalent norms. Let Ω ′ ⊂ Ω ′ ⊂ Ω , Ω ′ bounded.
Then the restriction operator R satisfies R ∈ [V k,p(Ω)→W k,p(Ω ′)].

Proof. Let u ∈ V k,p(Ω), and extend u by zero outside of Ω . We have uh ∈ C∞(Ω)
and uh ∈W k,p(Ω ′). On the other hand limh→0 uh = u in Lp(Ω ′), and limh→0 Dαuh =
Dα u in Lp(Ω ′) for |α| = k. Without loss of generality we can assume Ω ′ ∈ N0.
According to Theorem 7.4, u ∈W k,p(Ω ′), and we have:

|u|W k,p(Ω ′) ≤ c1|u|V k,p(Ω). (2.117)

Using (2.117) we see that the topology of V k,p(Ω) does not depend on Ω ∗. Let
un be a Cauchy sequence in V k,p(Ω). Due to (2.117) there exists u ∈ Lp

loc(Ω),

u ∈ W k,p(Ω ′) for all bounded Ω ′, Ω ′ ⊂ Ω ′ ⊂ Ω , and limn→∞ un = u in Lp(Ω ′),
limn→∞ Dα un = Dα u in Lp(Ω) for |α|= k. �
Remark 7.3. It is a priori clear that we could assume in the definition of V k,p(Ω)
that u ∈ L1

loc(Ω) and Dαu ∈ Lp(Ω), |α| = k. It is sufficient to consider u ∈ D ′(Ω)
with Dα u ∈ Lp(Ω) and we obtain the same space, cf. J. Deny, J.L. Lions [1].

Theorem 7.6. Let Ω ∈N0. Then W k,p(Ω) = V k,p(Ω) algebraically and topologi-
cally.

Proof. It is sufficient to prove that W k,p(Ω) = V k,p(Ω) algebraically. Let |α| =
k− 1, and let us consider v = Dα u. We have v ∈ V 1,p(Ω) due to Theorem 7.5. Let
us consider v in Vr, r = 1,2, . . . ,m. For simplicity we omit the index r. Now using
Theorem 2.2 change v on a set of measure zero in such a way that the function
obtained is absolutely continuous in V on almost all lines parallel to the axis xN . We
have:

v(x′,xN) =
∫ xN

yN

∂v
∂xN

(x′,η)dη + v(x′,yN), xN ,yN ∈ (a(x′),a(x′)+β ).
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From this relation we get:

|v(x′,xN)|p ≤ 2p−1
[

β p−1
∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,η)
∣∣∣∣

p

dη + |v(x′,yN)|p
]
.

Integrating this inequality with respect to yN on the interval (a(x′)+β/2,a(x′)+β ),
we get:

β
2
|v(x′,xN)|p ≤ 2p−2β p

∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂ xN

(x′,η)

∣∣∣∣
p

dη+2p−1
∫ a(x′)+β

a(x′)+β/2
|v(x′,yN)|p dyN .

(2.118)
Finally we integrate (2.118) with respect to xN on (a(x′),a(x′)+ β ), and then with
respect to x′ on Δ , and get:

β
2

∫
Δ

dx′
∫ a(x′)+β

a(x′)
|v(x′,xN)|p dxN

≤ 2p−2β p+1
∫

Δ
dx′

∫ a(x′)+β

a(x′)

∣∣∣∣ ∂v
∂xN

(x′,η)
∣∣∣∣

p

dη

+2p−1β
∫

Δ
dx′

∫ a(x′)+β

a(x′)+β/2
|v(x′,yN)|p dyN .

(2.119)

The estimates (2.119), (2.117) give v ∈W 1,p(Ω); the result follows by recurrence.
�

Remark 7.4. In R. Courant, D. Hilbert [1] we can find an example of a bounded
domain such that W k,p(Ω)⊂V k,p(Ω) holds strictly.

Remark 7.5. For Ω bounded, Theorem 7.1 holds with fα as in (2.107a) or (2.107b)
for V k,p(Ω).

For other examples of equivalent norms on W k,p(Ω) cf. Chap. 1, Sect. 1.1.

2.7.4 Nikodym Domains

Theorem 7.7. Let k ≥ 1 be an integer, p ≥ 1,Ω a domain such that v ∈ P(k−1) =⇒∫
Ω |v|p dx < ∞. We have the inequality:

c1|ũ|V k,p(Ω)/P(k−1)
≤ [

∑
|α|=k

|Dα u|pLp(Ω)

]1/p ≤ c2|ũ|V k,p(Ω)/P(k−1)
. (2.120)

Proof. Let Ωi be an increasing sequence of domains in N0, i = 1,2, . . ., such
that limi→∞ Ωi = Ω , and let ũn be a Cauchy sequence for the norm (2.113).
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According to Theorems 7.6 and 7.2, (2.120) holds for Ωi, i = 1,2, . . .. There exists
ũ[i] ∈W k,p(Ωi)/P(k−1) such that limn→∞ ũn = ũ[i] in W k,p(Ωi)/P(k−1). It is clear that
the restriction of u[i+1] to Ωi is u[i], and hence there exists u ∈ Lp

loc(Ω) such that
limn→∞ ũn = ũ in W k,p(Ωi)/P(k−1), i = 1,2, . . ., and limn→∞ Dα un = Dα u in Lp(Ω)

for |α| = k. Thus V k,p(Ω)/P(k−1) with the norm (2.113) is complete and the result
follows from the Banach theorem. �
Remark 7.6. Taking into account Remark 7.5, we can proceed in the proof of
Theorem 7.7 as in the proof of Theorem 7.2.

Exercise 7.1. Using Theorem 7.7 and the regularizing operator, prove that u ∈
D ′(Ω), Dα u ∈ Lp(Ω), |α|= k, imply u ∈V k,p(Ω).

A bounded open set Ω is called a Nikodym domain if for all p ≥ 1, V 1,p(Ω) =
W 1,p(Ω).7

If we have to be more precise, we say that the bounded domain Ω is (k, p)-
Nikodym if V k,p(Ω) =W k,p(Ω).

According to Theorem 7.5 we get obviously

Proposition 7.1. If Ω is a Nikodym domain, it is (k, p)−Nikodym for k ≥ 1, p ≥ 1.

We have another characterization of Nikodym domains (for p = 2, cf. J. Deny,
J.L. Lions [1]):

Theorem 7.8. The domain Ω is a Nikodym domain if and only if for
ũ ∈W 1,p(Ω)/P(0) the following inequality holds:

c1|ũ|W 1,p(Ω)/P(0)
≤
[

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣
p

Lp(Ω)

]1/p

. (2.121)

Proof. If Ω is a Nikodym domain, the identity mapping

I : W 1,p(Ω)/P(0) →V 1,p(Ω)/P(0)

is surjective. The norms |ũ|W 1,p(Ω)/P(0)
and |ũ|V 1,p(Ω)/P(0)

are equivalent, and we have

(2.120) and then (2.121).
The relation (2.121) being satisfied, due to (2.120) it is sufficient to prove the

density of W 1,p(Ω)/P(0) in V 1,p(Ω)/P(0). To do this, let ũ ∈ V 1,p(Ω)/P(0),u ∈ ũ;
without loss of generality we can assume u real. We define:

un =

⎧⎪⎪⎨
⎪⎪⎩

u for |u|< n,

n for u ≥ n,

−n for u ≤−n.

7The original definition was less restrictive: Ω is a Nikodym domain if V 1,2(Ω ) =W 1,2(Ω).
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It follows from Theorem 2.3 that un ∈ W 1,p(Ω). For Fn = {x ∈ Ω , |u(x)| ≥ n}, we
have obviously limn→∞ meas Fn = 0, hence limn→∞ ũn = ũ in V 1,p(Ω)/P(0). �

Problem 7.1. Is in general W k,p(Ω)/P(k−1) dense in V k,p(Ω)/P(k−1) for instance
for Ω bounded?

Exercise 7.2. For Ω a Nikodym domain prove the Poincaré inequality:

u ∈W 1,2(Ω) =⇒ |u|2L2(Ω)−
1

meas Ω

∣∣∣∣
∫

Ω
u(x)dx

∣∣∣∣
2

≤ c
N

∑
i=1

∣∣∣∣ ∂ u
∂xi

∣∣∣∣
2

L2(Ω)

.

Remark 7.7. If Ω is (k, p)−Nikodym, then we have the inequality:

c1|ũ|W k,p(Ω)/P(k−1)
≤ [

∑
|α |=k

|Dα u|pLp(Ω)

]1/p
.

We proceed as in the first part of the proof of Theorem 7.8.

Now we formulate a more general theorem concerning equivalent norms, which
generalizes Theorems 7.1, 7.3, 7.4:

Theorem 7.9. Let Ω be a Nikodym domain, |u|1 a seminorm on W k,p(Ω); we
assume that |u|1 ≤ c|u|W k,p(Ω). Let

|ũ|2 =
[
|u|p1 + ∑

|α |=k

|Dαu|pLp(Ω)

]1/p

,

and let P ⊂ P(k−1) be the set all polynomials u such that |u|2 = 0. Then we get the
following inequalities:

c1|ũ|W k,p(Ω)/P ≤ |ũ|2 ≤ c2|ũ|W k,p(Ω)/P.

Proof. It is sufficient to prove that W k,p(Ω)/P with the norm |ũ|2 is complete. Let
ũn be a Cauchy sequence. According to Theorem 7.7, and since Ω is a Nikodym
domain, there exists a sequence pn ∈ P(k−1) such that limn→∞(un + pn) = u in
W k,p(Ω). But |p̃|2 is a norm on P(k−1)/P, therefore limn→∞ p̃n = p̃ in P(k−1)/P,
and consequently also in W k,p(Ω)/P. Thus limn→∞ ũn = ũ− p̃. �
Remark 7.8. If Ω is a Nikodym domain, we deduce from Theorem 7.9 the
generalized Poincaré inequality, i.e. for u ∈W k,p(Ω) we have

|u|W k,p(Ω) ≤ c
[

∑
|α|=k

|Dα u|pLp(Ω)
+ ∑

|α |≤k−1

∣∣∫
Ω

Dαudx
∣∣p]1/p

.
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Exercise 7.3. Let C be the unit disc without the interval y = 0, 0 ≤ x ≤ 1. Prove
that C is a Nikodym domain.

Exercise 7.4. Let Ω be a starshapped domain with respect to the origin. Prove that
Ω is a Nikodym domain.

Theorem 7.10. Let Ω be a Nikodym domain, V ⊂ W k,p(Ω) a closed subset, and
PV =V ∩P(k−1). Then (∑|α|=k |Dα u|pLp(Ω))

1/p is an equivalent norm on V/PV .

Proof. Let P(k−1) = PV �L be the direct sum with L∩PV = 0, q1,q2, . . . ,qκ a basis
of L (the functions qi are linearly independent). It is sufficient to prove that V/PV

with the norm given above is complete. Let ũn be a Cauchy sequence. According to
Theorem 7.7 and due to the Nikodym property of Ω , there exist pn ∈P(k−1) such that
un + pn is a Cauchy sequence in W k,p(Ω), hence ũn + p̃n is also a Cauchy sequence
in W k,p(Ω)/PV . We have:

pn = an +bn, an ∈ PV , bn ∈ L, b̃n =
κ

∑
i=1

λniq̃i.

Let us consider:

ũn +
κ−1

∑
i=1

λniq̃i. (2.122)

The space V/PV �∪κ−1
i=1 q̃i = W̃ is closed in W k,p(Ω)/PV and by the Hahn-Banach

theorem, there exists a functional f on W k,p(Ω)/PV such that f ṽ = 0 for ṽ ∈ W̃
and f q̃κ = 1. The sequence ũn + b̃n is a Cauchy sequence, therefore we have f (ũn +
b̃n) = λnκ and limn→∞ λnκ = λκ . Using a recurrence process we get limn→∞ λni = λi,
i = 1,2, . . . ,κ , and ũn is a Cauchy sequence in W k,p(Ω)/PV . �
Theorem 7.11. Let Ω be a Nikodym domain, V ⊂W k,p(Ω) a closed subspace, and
|u|1 a seminorm on V; we assume u ∈V =⇒ |u|1 ≤ c|u|W k,p(Ω). Let

|u|2 =
[|u|p1 + ∑

|α |=k

|Dα u|pLp(Ω)

]1/p

and P ⊂ P(k−1)∩V the space of polynomials in P(k−1)∩V for which |u|1 = 0. Then
we have:

c1|ũ|V/P ≤ |u|2 ≤ c2|ũ|V/P.

Proof. As in Theorem 7.9, it is sufficient to prove that a Cauchy sequence ũn for
the norm |ũ|2 is a Cauchy sequence in V/P. With the same notations as in the
previous theorem un + pn is a Cauchy sequence in W k,p(Ω), and moreover ũn + p̃n

is a Cauchy sequence in W k,p(Ω)/P; pn ∈ PV . But since p̃n is a Cauchy sequence in
the norm |ũ|1, it is also a Cauchy sequence in PV/P. Hence p̃n is a Cauchy sequence
in W k,p(Ω)/P. �



Chapter 3
Existence, Uniqueness and Fundamental
Properties of Solutions of Boundary Value
Problems

The title of this chapter is clear and specifies its content. The important references
are E. Magenes, G. Stampacchia [1], J.L. Lions [1–5], S. Agmon, A. Douglis,
L. Nirenberg [1].

A complementary bibliography will given in the chapter. Some results are due to
the author.

For further literature cf.: S. Agmon [1, 2, 4], S. Agmon, A Douglis, L. Nirenberg
[2], N. Aronszajn [2], I. Babuška, [2–4], A.V. Bicadze [1], F. E. Browder [1–7],
S. Campanato [1, 2], R. Courant, D. Hilbert [1], G. Fichera [3, 4, 7, 8], D.G. De
Figueiredo [1], K.O. Friedrichs, [1], L. Gårding, L. D. Kudriavcev [1, 4], P. D. Lax,
A. Milgram [1], J.L. Lions [11, 13], K. Maurin [1], S. G. Mikhlin [2, 3], C. Miranda
[1], S.M. Nikolskii [1], L. Nirenberg [2], P.C. Rosenbloom [1], G. Stampacchia
[8, 9], S.L. Sobolev [1], M.I. Vishik [1, 2], M.I. Vishik, O.A. Ladyzhenskaya [1], H.
Weyl [1], S. Zaremba [1].

We begin with some preliminary results.

3.1 The Boundary Integral, Green’s Formula

3.1.1 The Boundary Integral

The theory of the boundary integral can be found in Saks’ book (S. Saks [1]). We
are interested in Green’s formula, and therefore, it is more convenient to define the
boundary integral using a partition of unity.

We start with a domain of type N0,1 (cf. 2.1.1) and with the partition of unity of
a covering of ∂Ω (cf. 2.4.1)

In 2.4.1 we defined the space Lp(∂Ω). Let us consider a system S of charts
(x′r,xrN), r = 1,2, . . . ,m, where the functions ar(x′r) describe the boundary ∂Ω of
the domain (cf. 2.4.1).

J. Nec̆as et al., Direct Methods in the Theory of Elliptic Equations,
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8 3,
© Springer-Verlag Berlin Heidelberg 201
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Lemma 1.1. Let be Ω ∈N0,1, p ≥ 1 and Si, i = 1,2, two systems of charts. Then
the corresponding two norms on Lp(∂Ω) are equivalent. The space Lp(∂Ω) does
not depend on the system.

Proof. Let Uir, r = 1,2, . . . ,mi, be open sets of the system Si. For r and s fixed,
let M = ∂Ω

⋂
U1r

⋂
U2s �= /0. Let us denote by (x′r,xrN), (x′s,xsN), the corresponding

coordinates and by Pr (resp. Ps) the projection of M on the hyperplane xrN = 0
(resp. xsN = 0). Let T be the relation between Pr and Ps defined in 2.4.2. Using
Lemma 2.3.1, we obtain the following inequality:

c1

∫
Pr

| f (x′r,ar(x
′
r))|p dx′r ≤

∫
Ps

| f (x′s,as(x
′
s))|p dx′s ≤ c2

∫
Pr

| f (x′r,ar(x
′
r))|p dx′r.

(3.1)
�

Let Ω ∈N0,1, u ∈ L1(∂Ω). Let us define the boundary integral by:

∫
∂Ω

udS =
m

∑
r=1

∫
Δr

u(x′r,ar(x
′
r))ϕr(x

′
r,ar(x

′
r))

(
1+

N−1

∑
i=1

(
∂ar

∂xri
)2
)1/2

dx′r.1

Lemma 1.2. Let Ω ∈N0,1, u ∈ Lp(∂Ω); then

c1

∫
∂Ω

|u|p dS ≤
m

∑
r=1

∫
Δr

|u(x′r,ar(x
′
r))|p dx′r ≤ c2

∫
∂Ω

|u|p dS. (3.2)

Proof. It is sufficient to prove the right inequality. Let Ur be a given system of
charts; let be Ui1 , Ui2 , . . .Uil , the domains of the system Us, s = 1,2, . . . ,m, such that
Mk = ∂Ω

⋂
Ur

⋂
Uik �= /0. Let Pk (resp. Qk) be the projection of Mk on the hyperplane

xrN = 0 (resp. xikN = 0). Let g = |u|p. Using Lemma 2.3.1, we get:

∫
Pk

gϕik dx′r ≤ c
∫

Qk

gϕik dx′ik . (3.3)

We must prove:

∫
Δr

gϕik dx′r ≤ c1

∫
Qk

gϕik dx′ik ≤ c2

∫
∂Ω

gdS,

we used the following property: gϕik = 0 for x′r ∈ Δr −Pk. Moreover we have:

∫
Δr

gdx′r =
l

∑
k=1

∫
Δr

gϕik dx′r ≤ c3

∫
∂Ω

gdS. �

1Later we shall prove that this definition does depend nor on S neither on the corresponding
partition of unity.
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3.1.2 Green’s Formula

For Ω ∈ N0,1 we have proved, using Lemma 2.4.2, the existence of the exterior
normal almost everywhere on ∂Ω . Then we can formulate

Theorem 1.1. Let Ω ∈ N0,1, u ∈ W 1,p(Ω), v ∈ W 1,q(Ω) where 1/p + 1/q ≤
(N + 1)/N, if N > p ≥ 1, N > q ≥ 1 with q > 1 if p ≥ N and with p > 1 if q ≥ N.
Then ∫

Ω

∂u

∂xi
vdx =

∫
∂Ω

uvni dS−
∫

Ω
u

∂v

∂xi
dx,

where (n1,n2, . . . ,nN) is the exterior normal.

Proof. First, we assume u,v ∈C∞(Ω ), and set f = uv, fr = f ϕr, r = 1,2, . . . ,m. We
have:

∫
Ω

∂ fr

∂xrN
dx =

∫
Vr

∂ fr

∂ xrN
dx =

∫
Δr

dx′r
∫ ar(x′r)+β

ar(x′r)

∂ fr

∂xrN
dxrN

=−
∫

Δr

fr(x
′
r,ar(x

′
r))dx′r =

∫
Δr

fr(x
′
r,ar(x

′
r))nrN

(
1+

N−1

∑
i=1

( ∂ar

∂xri

)2
) 1

2
dx′r,

(3.4)
where nr1,nr2, . . . ,nrN are the components of the exterior normal in the coordinates
(x′r,xrN). Let be α ′ < α . Using the regularizing operator we obtain limh→∞ arh = ar

in C0(Δ ′
r),W

1,2(Δ ′
r). We can choose λh, limh→0 λh = 0 such that brh(x′r) = arh(x′r)+

λh ≥ ar(x′r) if x′r ∈ Δ ′
r . Let us denote V ′

rh = {x ∈ R
N ,x′r ∈ Δr(α ′),brh(x′r) < xrN <

brh(x′r)+β}, V ′
r = {x ∈ R

N ,xr ∈ Δr(α ′),ar(x′r) < xrN < ar(x′r)+β}. If j ≤ N −1,
then for α ′ in a small neighborhood of α we have:

∫
Ω

∂ fr

∂xr j
dx =

∫
V ′

r

∂ fr

∂xr j
dx = lim

h→0

∫
V ′

rh

∂ fr

∂xr j
dx. (3.5)

Denote K′ = {y∈EN ,y=(y′,yN),y′ ∈Δ(α ′),0< yN < β} and Th the transformation
of K′ on V ′

rh defined by:

x′r = y′, xrN = yN +brh(y
′). (3.6)

The Jacobian of the transformation (3.6) is equal to 1. Let g(y) = fr(Th(y)); we
have:

∂ fr

∂ xr j
=

∂ g

∂y j
− ∂g

∂yN

∂arh

∂y j
.
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For h sufficiently small we obtain:

∫
V ′

rh

∂ fr

∂xr j
dx =

∫
K′

(
∂g
∂ y j

− ∂ g
∂yN

∂arh

∂y j

)
dy =

∫
Δr(α ′)

g(y′,0)
∂arh

∂y j
(y′)dy′

=
∫

Δr(α ′)
fr(x

′
r,brh(x

′
r))

∂arh(x′r)
∂xr j

(x′)dx′r.

If h tends to zero, then:

∫
Vr

∂ fr

∂xr j
dx =

∫
Δr(α)

fr(x
′
r,a(x

′
r))nr j

(
1+

N−1

∑
i=1

( ∂ ar

∂xri

)2

) 1
2

dx′r. (3.7)

But
∂ fr

∂xi
=

N

∑
j=1

∂ fr

∂xr j

∂ xr j

∂xi
,

where ∂xr j/∂x j are constants. Then from (3.4) and (3.7) we get:

∫
Ω

∂ fr

∂xi
dx =

∫
Δr(α)

fr(x
′
r,a(x

′
r))ϕr(x

′
r,ar(x

′
r))ni

(
1+

N−1

∑
i=1

( ∂ar

∂ xri

)2
) 1

2
dx′r; (3.8)

now by summation on r, we obtain:

∫
Ω

∂ f
∂xi

dx =
∫

∂Ω
f ni dS, (3.9)

this proves the theorem in the case u,v ∈ C∞(Ω ). Now let u ∈ W 1,p(Ω), v ∈
W 1,q(Ω); according to Theorem 2.3.1, there exist two sequences un,vn ∈ C∞(Ω)
such that limn→∞ un = u in W 1,p(Ω), limn→∞ vn = v in W 1,q(Ω). If q < N, and
if 1/q′ = 1/q− 1/N, then Theorem 2.3.4 implies limn→∞ vn = v in Lq′(Ω). The
inequality 1/p+1/q′ ≤ 1 implies due to Theorem 2.3.5 that

lim
n→∞

∫
Ω

∂un

∂xi
vn dx =

∫
Ω

∂u

∂xi
vdx. (3.10)

If q = N, then limn→∞ vn = v in L
p

p−1 (Ω), and (3.10) holds. If q > N, then
limn→∞ vn = v in C0(Ω), and using Theorem 2.3.8, we have (3.10). Let q < N,
p < N, and define:

1
p∗

=
1
p
− 1

N −1
p−1

p
,

1
q∗

=
1
q
− 1

N −1
q−1

q
.
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Now due to Theorem 2.4.2, limn→∞ un = u in Lp∗(∂Ω) and limn→∞ vn = v in
Lq∗(∂Ω); but 1

p∗ +
1
q∗ ≤ 1, hence

lim
n→∞

∫
∂Ω

unvnni dS =

∫
∂Ω

uvni dS. (3.11)

If p or q is equal to N, then we prove (3.11) using Theorem 2.4.5. If p > N or
q > N we use Theorem 2.3.7. �
Lemma 1.3. Let Ω ∈ N0,1. Then the definition of the boundary integral depends
neither on S (i.e. on the system used to define ∂Ω ) nor on the corresponding
partition of unity.

Proof. Let u ∈ L1(∂Ω); we have uni ∈ L1(∂Ω). Theorem 2.4.8 implies the exis-
tence of a sequence vk ∈C∞(Ω ) such that limk→∞ vk = uni in L1(∂Ω). Theorem 1.1
proves that

∫
∂Ω vkni dS depends neither on S nor on the partition of unity. This also

holds for
∫

∂Ω un2
i dS, and hence

N

∑
i=1

∫
∂Ω

un2
i dS =

∫
∂Ω

udS.

�
Exercise 1.1. Let Ω ∈ N0,1. We denote by B(x,ρ) the ball with centre at x, and
with radius ρ . We can find ρ > 0 such that ∂Ω

⋂
B(x,ρ) can be represented in local

coordinates by lipschitzian functions a(x′); we set:

dS =

(
1+

N−1

∑
i=1

(
∂a
∂xi

)2
) 1

2

dx′.

Let us define a boundary measure independently on the local representation, and
define the boundary integral, using the same method as in the definition of the
general Lebesgue integral. Prove the equivalence of these two definitions.

3.2 Formulation of the Problem. Existence and Uniqueness
of the Solution

3.2.1 Sesquilinear Boundary Forms

In this section, we take a more general point of view on the problem than that
considered in Sects. 1.1.2, 1.1.3, without repeating the simple properties. From
time to time, when necessary, one may refer to the results given in Sects. 1.1.2,
1.1.3. The boundary value problem is the same as above and the properties of
the solutions are almost the same as in Chap. 1, therefore we shall not give all
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the proofs in full detail. The method used is due to K.O. Friedrichs [3, 4], R.
Courant, D. Hilbert [3], it is related to the works of E. Magenes, G. Stampacchia [1],
J.L. Lions [1–5], S. G. Mikhlin [2, 3], S. L. Sobolev [1], M. I. Vishik [1, 2],
L. Nirenberg [1], P. D. Lax, A. Milgram [1], etc.

The notion of an elliptic operator was defined in (1.29)–(1.30).2 With an
operator A, we associate its decomposition - the decomposition is not unique
(cf. Sect. 1.1.2). For a given operator we introduce the associated sesquilinear form
(1.3.6).

We shall give some complementary results for boundary sesquilinear forms.
A sesquilinear form a(u,v), defined on W k,2(Ω)×W k,2(Ω) is called a boundary

form in the case that a(u,v) = 0, if at least one of the functions u,v is in W k,2
0 (Ω).

Using the traces as defined in Sect. 2.2.4, Chap. 2, we have:

Proposition 2.1. Let Ω ∈N0,1, and define:

a(u,v) =
∫

∂Ω

k−1

∑
i=0

∑
|α |≤k−1

biα
∂ iv
∂ni Dα udS, (3.12)

where biα ∈ L∞(∂Ω). Then a(u,v) is a sesquilinear boundary form.

Remark 2.1. The proposition can be generalized with other conditions on biα using
the theorems from Sects. 2.2.4, 2.2.5, Chap. 2.

Example 2.1. Let k = 1, N ≥ 3, a(u,v) =
∫

∂Ω bvudS. Due to Theorem 2.4.2, it is
sufficient to have b ∈ LN−1(∂Ω). If N = 2, it is sufficient, due to Theorem 2.4.6, to
have b ∈ Lp(∂Ω), p > 1.

Remark 2.2. If Ω ∈ N0,1, using theorems given in Sect. 2.2.3, Chap. 2, we can
generalize the conditions on ai j of the form A(u,v).

Example 2.2. Let k = 1,

A =
N

∑
i, j=1

∂
∂xi

(
ai j

∂
∂x j

)
+

N

∑
i=1

∂
∂ xi

(ai)+
N

∑
j=1

b j
∂

∂x j
+ c.

If N ≥ 3, using Theorem 2.3.4, it is sufficient to have ai,b j ∈ LN(Ω), c ∈ LN/2(Ω).
If N = 2, we can take ai,b j ∈ Lp(Ω), p > 2, c ∈ Lq(Ω), q > 1; this follows from
Theorem 2.3.5. Then we have

Proposition 2.2. Let Ω ∈N0,1, bi j ∈C0,1(Ω). Then the sesquilinear form

a(u,v) =
∫

∂Ω

N

∑
i, j=1

(bi j− bji)v
∂u

∂x j
ni dS (3.13)

2In Sect. 7 we shall study briefly elliptic systems.
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can be extended by continuity from C∞(Ω )×C∞(Ω ) onto W 1,2(Ω)×W 1,2(Ω), as
a boundary form.

Proof. For u, v ∈C∞(Ω) we have:

∫
Ω

N

∑
i, j=1

(bi j − bji)
∂ v
∂xi

∂u
∂x j

dx =
∫

∂Ω

N

∑
i, j=1

(bi j − bji)v
∂u
∂ x j

ni dS

−
∫

Ω

N

∑
i, j=1

(∂bi j

∂xi
− ∂ b ji

∂xi

)
v

∂u
∂x j

dx−
∫

∂Ω

N

∑
i, j=1

(bi j−bji)v
∂ 2u

∂x j∂x j
dx.

The last integral is zero due to the symmetry in i, j , hence the result follows. �
For the following proposition, cf. also J.L. Lions [3]:

Proposition 2.3. Let Ω ∈N1,1, t = (t1, t2, ..., tN) a tangent vector to ∂Ω with t j ∈
C0,1(∂Ω). Then there exist bi j ∈C0,1(Ω) such that ∑N

i=1(bi j −b ji)ni = t j .

Indeed, let us put bi j = nit j . We have ∑N
i=1(nit j −n jti)ni = t j; as bi j ∈C0,1(∂Ω),

using the techniques given in Theorem 2.4.8 we can extend this function to Ω as
a function from C0,1(Ω).

3.2.2 Sesquilinear Boundary Forms (Continuation)

We recall the notion of order of transversality: to do this we use the local coordinates
given in 1.2.4 to describe ∂Ω . We assume Ω ∈ N2k. The boundary operator
∑|α |≤2k−1 bαDα , with bα ∈ L∞(∂Ω), is at most (k− 1)−times transversal if it can
be written in the form ∑|α |≤2k−1 b′α Dα with (in the local coordinates (σ , t))

Dα =
∂ |α|

∂σα1
1 ...∂σαN−1

N−1 ∂ tαN
, αN ≤ k−1.

Now we can formulate

Proposition 2.4. Let Ω ∈N2k,1, biα ∈ L∞(∂Ω), if |α|− k < 0, biα ∈C|α |−k,1(∂Ω)
if |α| − k ≥ 0. The operators ∑|α |≤2k−1−i biαDα are at most (k − 1) transversal.
Hence

a(u,v) =
∫

∂Ω

k−1

∑
i=0

∑
|α|≤2k−1−i

biα
∂ iv
∂ni DαudS (3.14)

is a boundary form on W k,2(Ω)×Wk,2(Ω).

Proof. As in Theorem 1.3.1. �
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3.2.3 Boundary Value Problems

The boundary value problem considered here, is, apart from some generalizations,
in some sense the same as in 1.2.6. Of course, for each particular case, the boundary
value problem can be generalized in different ways: domains, coefficients, data, etc.

Let us recall the definition. There are given:

(3.15a)– A bounded domain Ω ∈N0,1.

(3.15b)– A partition of ∂Ω into a collection of disjoint open sets on ∂Ω , Γ1,
Γ2, . . . ,Γκ .

(3.15c)– A differential operator A as (1.29) with the associated sesquilinear form
A(u,v), cf. (1.38).

(3.15d)– A boundary sesquilinear form a(u,v) as in (3.12), (3.13) or (3.14); the
type depends on the regularity of ∂Ω .

(3.15e)– Boundary operators Bis, i= 1,2, . . . ,κ , s = 1,2, . . . ,μi, from 1.2.3; if ∂Ω
is smooth enough almost everywhere,3 everything is as in Chap. 1. But

if only Ω ∈N0,1, then:

Bis =
∂ is

∂ n js
−

k−μi

∑
t=1

cist
∂ it

∂nit
,

where cist ∈ L∞(∂Ω). Let us denote by V = {v ∈ W k,2(Ω), Bisv = 0,
i = 1,2, . . . ,κ , s = 1,2, . . . ,μi}, and by V = {v ∈W k,2(Ω),v ∈V}.

(3.15f)– A normal Banach space Q (C∞
0 (Ω) = Q) such that V ⊂ Q algebraically

and topologically.

(3.15g)– f ∈ Q′; on Q′, we define the involution by f v = f v.

(3.15i)– Functionals git ∈V ′, i = 1,2, . . . ,κ , t = 1,2, . . . ,k−μi, such that gitv = 0
if ∂ it v/∂nit = 0 on Γi. We define gv = gv; if V = W k,2

0 , these functionals
are not needed.

We have, algebraically and topologically, Q′ ⊂ D ′(Ω). We always consider f as
a distribution and we shall write, by the notation of 2.1.1, f v = 〈v, f 〉.

This notation will be used also for git ∈V ′; then we shall write:

gitv =
〈∂ it v

∂ nit
,git

〉
∂Ω

.

We shall use the notation g = ∑κ
i=1 ∑k−μi

t=1 git . A function u ∈W k,2 is a solution of
the boundary value problem, if:

(3.16a)– u− u0 ∈V ;

(3.16b)– for every v ∈V, A(u,v)+ a(u,v)≡ ((v,u)) = 〈v, f 〉+ gv.

3For almost every y ∈ ∂ Ω there exists a neighborhood of y where ∂ Ω is described, in local
coordinates, by a function from Ck,1(Δ).
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According to (3.15a)–(3.15f), the adjoint operator A∗ is given by:

A∗ = ∑
|i|,| j|≤k

(−1)|i|Di(ajiD
j),

the associated sesquilinear form of this adjoint operator is defined by A∗(v,u) =
A(u,v). If we set a∗(v,u) = a(u,v), then by definition ((v,u))∗ = A∗(v,u)+a∗(v,u);
this also defines the adjoint problem.

The notion of V/P−ellipticity is the same as above, cf. the definition in 1.3.2
(if P = {0}, we have V -ellipticity). We generalize immediately Theorems 1.3.1
and 1.3.2:

Theorem 2.1. Given the boundary value problem with the sesquilinear V/P-
elliptic form ((ṽ, ũ)), then a necessary and sufficient condition for the existence of
a solution u reads as

v ∈ P =⇒ 〈v, f 〉+gv = 0. (3.17)

The solution is determined modulo a polynomial p ∈ P; moreover we have:

|u|W k,2(Ω) ≤ c(| f |Q′ + |u0|W k,2(Ω) + |g|V ′) (3.18)

for a well chosen solution. This choice can be made unique if we impose:

p ∈ P =⇒ (p,u) = 0.4

Remark 2.3. If u ∈ W k,2(Ω), then Au ∈ D ′(Ω). Moreover, if f is in D ′(Ω), then
(3.16b) implies, in the distribution sense:

ϕ ∈ D(Ω) =⇒ A(ϕ,u) = 〈ϕ , f 〉= 〈ϕ,Au〉=⇒ Au = f .

The boundary conditions Bisu = his on Γi, i = 1, . . . ,κ , s = 1,2, . . . ,μi, with his =
Bisu0 are stable conditions, cf. 1.2.6. Formally, as in Chap. 1, we obtain nonstable
boundary conditions, Citu = git on Γi, t = 1,2, . . . ,κ , i = 1,2, . . . ,k−μi.

Hereafter we shall simply say that u solves the problem Au = f in Ω , Bisu = his,
Citu = git on ∂Ω .

If κ = 1, Bs = ∂ s−1/∂ns−1, s = 1,2, . . . ,k, we have the Dirichlet problem.
According to Theorems 2.4.10, 2.4.12, 2.4.13, 2.4.14, we have, maybe with
some restrictions, W k,2

0 (Ω) = V . If we define directly V = W k,2
0 (Ω), we need no

hypotheses on Ω . We must, of course, verify the V -ellipticity, which is more simple
if Ω is bounded. If Ω is unbounded, cf. J. Deny, J.L. Lions [1], J.L. Lions [5],
L.D. Kudriavcev [1], etc.

4We recall: (p,u) =
∫

Ω pudx.
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The generalization of V can be considered in other problems; for instance let us
consider the mixed problem with k = 1, κ = 2. On Γ1, put v = 0, on Γ2 we do not
prescribe any stable condition. Let us consider the space V ⊂ C∞(Ω) of functions
equal zero on Γ1 or in a neighborhood of Γ1. Often we have V =V ; on the other hand
we can define V for cases sufficiently general. We have in general the following
problem:

Problem 2.1. In this case we characterize Ω ,Bis, etc. or we give general enough
sufficient conditions to imply the existence of V ⊂C∞(Ω) such that V =V .

It is clear that we can construct closed subspaces of W k,2(Ω) not of (3.15e) type.
If we omit the case κ = ∞ (less interesting), we can define, for instance, if k = 2,
V = {v ∈ W 2,2(Ω), ∂v/∂x1 = 0 on ∂Ω ). If N = 2 with Ω the unit disc, we
have ∂v/∂x1 = (∂v/∂ r)cos ϕ − (∂v/∂ϕ)sinϕ =⇒ ∂v/∂ r = tanϕ(∂ v/∂ϕ), which
corresponds to the case where the coefficients of Bis are unbounded. Problems of
this type are investigated in Minakshi-Sundaram [1].

Let now Ω be a cube with the face Γ1 in the plane x3 = 0, Γ2 = ∂Ω −Γ1,V = {v∈
W 2,2(Ω),∂v/∂x2 − ∂v/∂x1 = 0 on Γ1}. We can solve the boundary value problem;
in this case the stable condition is characteristic on Γ1. We cannot apply the method
of M. Schechter [2, 4, 5], cf. also Chap. 4.

Remark 2.4. If V =W k,2
0 (Ω), W k,2

0 (Ω) can be taken as Q, then Q′ =W−k,2(Ω). Q is
the smallest normal Banach space, such that V ⊂ Q algebraically and topologically.
In general it is a real problem (which is, maybe, not well posed).

Problem 2.2. We must construct for each V a normal Banach space Q, such that
V ⊂ Q algebraically and topologically with Q ⊂ Q1 algebraically and topologically
if Q1 is an another Banach space of the same type. For this problem cf. also
J.L. Lions [13].

Proposition 2.5. Let 2k < N and Q = Lq(Ω), 1/q = 1/2− k/N. Let us put Q′ =
Lp(Ω), 1/p+1/q= 1. Then Lq(Ω) is a Banach space of the type (3.15f), with dual
Lp(Ω).

The proposition is a consequence of Theorem 2.3.6.

Proposition 2.6. Let 2k = N and Q = Lq(Ω), q > 1, Q′ = Lp(Ω), 1/p+1/q = 1.
Then Lq(Ω) is a Banach space of the type (3.15f), with dual Lp(Ω).

This is a direct consequence of Theorem 2.3.7.

Proposition 2.7. Let 2k > N and l an integer such that l < k−N/2 ≤ l + 1. Let
us put

μ =k− 1
2

N − l, if k− 1
2

N − l < 1,

μ < 1, if k− 1
2

N − l = 1.
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Let Q = Cl,μ
0 (Ω) where Cl,μ

0 (Ω ) = C∞
0 (Ω). Then Q is a Banach space of the type

(3.15f).

In fact, it is sufficient to apply Theorem 2.3.9.

Example 2.3. Let 2k >N. Then if f ∈Q′, we can take 〈v, f 〉= v(x0) = δx0 v, x0 ∈Ω ,
where δx0 is the Dirac measure concentrated to the point x0. The solution of the
homogeneous problem is the Green kernel. (We will come back to these questions
in Chap. 4.)

In fact, it is sufficient to use Theorem 2.3.9.

Proposition 2.8. Let 2k < N, Λ ⊂ ∂Ω1 with Ω1 ∈ N0,1, Ω1 ⊂ Ω , Λ ⊂ Ω . Let
Z ∈ [W k,2

0 (Ω) → Lq(Λ )] such that u ∈ C∞(Ω) =⇒ Zu = u. We define Q as the
closure of W k,2(Ω) with respect to the norm |u|L2(Ω) + |Zu|Lq(Λ), where 1/q =

1/2 − [1/(N − 1)].[(2k − 1)/2]. Then Q is a Banach space of the type (3.15f).
If f ∈ Q′, we have 〈v, f 〉 = ∫

Ω v f1 dx +
∫

Λ vg1 dS, with f1 ∈ L2(Ω), g1 ∈ Lp(Λ),
1/p+1/q= 1, and conversely.

Proof. By Theorem 2.4.7, Q satisfies the corresponding conditions: Indeed, if
v ∈ Q, there exists a sequence vn ∈ W k,2(Ω) such that limn→∞ vn = v in Q. We
can also construct a new sequence wn ∈ C∞

0 (Ω), such that limn→∞ |vn −wn|Q = 0,
so Q is normal. Let Q1 = {v ∈ Q, |v|Lq(Λ) = 0}, Q2 = {v ∈ Q, |v|L2(Ω) = 0}. We can

obviously identify Q1 and L2(Ω), Q2 and Lq(Λ). We can write Q = Q1 �Q2 and
v = v1 + v2, v1 ∈ Q1, v2 ∈ Q2 are uniquely defined. Now we have:

〈v, f 〉 = 〈v1, f 〉+ 〈v2, f 〉 =
∫

Ω
v1 f1 dx+

∫
Λ

v2g1 dS.

�
Remark 2.5. In some sense, in Proposition 2.8,

∫
Λ v2g1 dS represents a measure

concentrated on Λ .

Example 2.4. Define

Q = {v ∈ L2(Ω),

∫
Ω

N

∑
i=1

| ∂v
∂xi

|2ρ dx < ∞},

where ρ(x) is the distance between x and ∂Ω . If Ω ∈N0,1, then we have C∞
0 (Ω) =

Q; cf. also E.T. Poulsen [1]; Q is a space as defined in (3.15f).

Example 2.5. Let Q =W 1/2,2(Ω). We have C∞
0 (Ω) =W 1/2,2(Ω), if Ω ∈N0,1, cf.

J. Nečas [9], and E. Magenes, J.L. Lions [4]. According to (3.15f), Q is a normal
space.
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3.2.4 Remarks

Proposition 2.9. Let 2k < N and q, p as in Proposition 2.8, where we replace k by
k− it . Let g ∈ Lp(Γi). Then we can take git defined by:

〈 ∂ it v
∂nit

,git

〉
∂Ω

=
∫

Γi

∂ it v
∂nit

gdS.

This proposition is a consequence of Theorem 2.4.7.

If Ω ∈Nk−1,1, we denote by W−k+i+1/2,2(∂Ω) the dual of W k−i−1/2,2(∂Ω), i =
0,1, . . . ,k− 1.

Due to Theorem 2.5.5, we have:

Proposition 2.10. Let Ω ∈Nk−1,1, κ = 1, g∈W−k+it+1/2,2(∂Ω). Then we can take
for git in (3.15i): 〈∂ it v

∂nit
,git

〉
∂Ω

=
〈 ∂ it v

∂nit
,g
〉

∂Ω
.

We have proved the existence of the solution of the boundary value problem
associated with the differential form ((v,u)). It is easy to see that the proof can
be adapted to the case of integrodifferential equations, with very general boundary
conditions.

We can immediately make some generalizations, for instance: Let

V = {v ∈ L2(Ω),�v ∈ L2(Ω)}.

We endow the Hilbert space V with the scalar product [v,u] = (v,u) + (�v,�u)
and set ((v,u)) = [v,u]. Let be Q = L2(Ω). We have V ⊂ Q algebraically and
topologically, Q is normal.

Let f ∈ L2(Ω); we look for u ∈V such that v ∈V =⇒ ((v,u)) = ( f ,v). Formally
this corresponds to the problem �2u+u = f in Ω , �u = 0 and (∂/∂n)�u = 0 on
∂Ω ; cf. Example 1.2.19a.

We can generalize this problem in the following direction: Let us define the
spaces H(A,Ω), where A = {A1,A2, . . . ,Aν} is a system of linear differential
operators with constant coefficients; H(A,Ω) is the space of functions u ∈ L2(Ω)
such that Aiu ∈ L2(Ω), i = 1,2, . . . ,ν . On H(A,Ω) we introduce the scalar product
[v,u] = (v,u) + ∑ν

i=1(Aiv,Aiu); cf J.L. Lions [1, 2, 4] and also Sect. 7 in this
chapter. In this space we can consider boundary value problems for the operators
A = ∑ν

i, j=1 A∗
i (gi jAi), where gi j ∈ L∞(Ω), and A∗

i is defined by 〈ϕ,A∗
i f 〉= 〈Aiϕ, f 〉,

ϕ ∈ C∞
0 (Ω), f ∈ L2(Ω); cf. E. Magenes, G. Stampacchia [1] and the papers by

S.M. Nikolskii [1, 3] and M. Pagni [1].
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The boundary value problem can be generalized in another direction: let V be
a Hilbert space, such that C∞

0 (Ω) ⊂ V ⊂ W k,2(Ω) algebraically and topologically,
V is not necessarily closed in W k,2(Ω). Here we give an example (the details can be
found in J.L. Lions [4]):

Example 2.6. Let Ω = R
N
+, V = {v ∈ W 1,2(RN

+),v(x
′,0) ∈ W 1,2(RN−1)}; in this

space we introduce the scalar product defined by:

[v,u] =
∫
R

N
+

( N

∑
i=1

∂v
∂ xi

∂u
∂ xi

+ vu
)

dx+
∫
RN−1

(N−1

∑
i=1

∂ v
∂xi

∂u
∂xi

)
dx′.

Let f ∈ L2(RN
+); we look for u∈V such that for all v∈V : [v,u] = (v, f ). The function

u solves formally the problem −�u+u = f in R
N
+, ∂u/∂n−�x′u = 0 for xN = 0,

where �x′ = ∑N−1
i=1 ∂ 2/∂x2

i .

Another generalization due to the author [7, 6], and A. Kufner [3], will be
considered in Chap. 6; cf. also M.I. Vishik [4], H. Morel [1].

Now we give another example strongly connected with Example 2.6 and with
a remark given above:

Example 2.7. Let Ω ∈ N0,1, N ≥ 3. We look for the solution of the problem
−�u+ u = f , f ∈ L2(Ω) in Ω , ∂u/∂n+au = 0 on ∂Ω with a ≥ 0,

∫
∂Ω |a|N dS =

∞,
∫

∂Ω |a|dS < ∞. Let V =C∞(Ω) with the norm defined by:

∫
Ω

( N

∑
i=1

∣∣∣ ∂v
∂xi

∣∣∣2 + |v|2
)

dx+
∫

∂Ω
a|v|2 dS.

It follows from Theorem 2.4.2 that in general we have V �=W 1,2(Ω).

3.2.5 The Differential Operators

So far the given operator A, together with its decomposition, could be considered as
a mapping from [W k,2(Ω)→D ′(Ω)]. We can define the boundary value problems in
another form (very close to our framework), cf. J.L. Lions [1, 2, 4]; we will consider
only the homogenous case (i.e. the case where his = git = 0 on ∂Ω ).

Let V,Q,((v,u)) be given as in 3.2.3. Let D(A) be the space of u ∈ V such that
the linear form in v, ((v,u)), is continuous in the topology induced by Q.

Proposition 2.11. There exists one and only one linear operator A, in general
unbounded, from D(A) into Q′, such that

v ∈V =⇒ ((v,u)) = 〈v,Au〉. (3.19)
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Proof. Clearly, u ∈ D(A) implies that ((v,u)) is continuous with respect to v on V
with the topology of Q; as V is dense in Q, ((v,u)) can be extended by continuity to
a linear form on Q.

�
Moreover, we justify the notation for the operator in Proposition 2.11 by the

following:

Proposition 2.12. Let be u ∈ D(A). Then, in the sense of distributions,

Au = ∑
|i|,| j|≤k

(−1)|i|Di(ai jD
ju)

Proof. We have for all v ∈C∞
0 (Ω)⊂V :

〈
v, ∑

|i|,| j|≤k

(−1)|i|Di(ai jD
ju)

〉
= A(v,u) = ((v,u)) = 〈v,Au〉.

�
Theorem 2.2. Given V , Q, ((v,u)) as in 3.2.3, ((v,u))V-elliptic, then A maps D(A)
onto Q′, A is one-to-one; if f ∈ Q′, then

|A−1 f |W k,2(Ω) ≤ c| f |Q′ (3.20)

Proof. It is clear that we have Au = 0 =⇒ ((u,u)) = 〈u,Au〉 = 0 =⇒ u = 0, using
the V -ellipticity. Let f ∈ Q′. According to Theorem 2.1 we have the existence of
u ∈ V such that v ∈ V =⇒ ((v,u)) = 〈v, f 〉. The V -ellipticity implies |u|2

Wk,2(Ω)
≤

c1|((u,u))|= c1|〈u, f 〉| ≤ c1| f |Q′ |u|Q ≤ c2| f |Q′ |u|Wk,2(Ω); thus (3.20). �

The operator A−1 is called the Green operator.

Theorem 2.3. The hypotheses are the same as in the previous theorem. Then D(A)
is dense in V and Q, and A is a closed operator.

Proof. By contradiction: let us assume D(A) �= V , Z is a mapping from [V → V ],
defined for v,u ∈ V by ((v,u)) = (v,Zu)k, cf. Lemma 1.3.1; Z is one-to-one and
onto. But the hypotheses imply Z(D(A)) �= V =⇒ there exists v ∈ V , v �= 0, such
that 0 = (v,Zu)k = ((v,u)) if u ∈ D(A). Then 0 = ((v,u)) = 〈v,Au〉 if u ∈ D(A). But
we have A(D(A)) = Q′ =⇒ v = 0, contradiction.

D(A) is dense in V , V is dense in Q, hence D(A) is dense in Q.
Let limn→∞ un = u in V , un ∈ D(A), limn→∞ Aun = f in Q′. But as f ∈ Q′, there

exists u∗ ∈ D(A) such that Au∗ = f . Using (3.20), limn→∞ un = u∗ in V , so u = u∗.
�
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Corollary 2.1. If D(A) is equipped with the norm

(|u|2V + |Au|2Q′
)1/2

, (3.21)

then A is an isomorphism of D(A) onto Q′.

Remark 2.6. If V = W k,2
0 (Ω) = Q, then A is a continuous operator from V onto

W−k,2(Ω) and the norm (3.21) is equivalent to |u|W k,2(Ω).

Theorem 2.4. Let ((v,u)) be V -elliptic and Q = L2(Ω). Then the operator A∗,
defined in Proposition 2.11, for ((v,u))∗, is the adjoint operator of A. If ((v,u))
is an hermitian form, A is selfadjoint.

Proof. If A1 is the adjoint operator of A, we have D(A∗) ⊂ D(A1). Indeed, let u ∈
D(A∗), then for v∈D(A), ((v,u))∗ =(v,A∗u)= ((u,v)) = (u,Av)= (Av,u); the result
is a consequence of the density of D(A) in L2(Ω).

Let u ∈ D(A1). By Theorem 2.2, there exists precisely one u∗ ∈ D(A∗), such
that A∗u∗ = A1u. Then we obtain for v ∈ D(A) that (Au,v) = (v,A1u) = (v,A∗u∗) =
((v,u∗))∗ = ((u∗,v)) = (u∗,Av) = (Av,u∗). But A(D(A)) = L2(Ω), so u = u∗, and
u∈ D(A∗); then D(A1) =D(A∗), we have proved u∈D(A∗), this implies A∗u= A1u.

�
Remark 2.7. Using the same ideas we can formulate the nonhomogenous problem
in the following form (cf. for instance E. Magenes, G. Stampacchia [1], R. Courant,
D. Hilbert [1]): given a subspace of distributions, say K, such that D(A) ⊂ K
and that A can be extended to K → Q′. Given f ∈ Q′,h ∈ K, we look for u ∈ K
such that u− h ∈ D(A), Au = f . The space K is obtained by the process used in
Theorem 2.1, (P= {0}), as the set of solutions for all f ∈Q′, u0 ∈W k,2(Ω), git ∈V ′.
It is also the point of view adopted by the cited authors; nevertheless, in Chap. 4, we
shall generalize the boundary conditions, in the classes of his,git , cf. G. Stampacchia
[10], [11], G. Fichera [6, 7], G. Cimmino [1], B. Pini [1, 2]. For regular domains,
which is the case in all the cited works, we shall give more important generalizations
as in M.I. Vishik, S.L. Sobolev [1], J.L. Lions, E. Magenes [1–3, 5] in Chap. 4.
Chaps. 5, 6 and a part of Chap. 7 will be devoted to direct methods in nonregular
domains for generalized boundary conditions.

Exercise 2.1. Let Ω be a domain in R
3 such that the origin is a point of Ω . Let

us consider the operator Au = −�u+ u/rα . Find the upper bound of α such that
Theorem 2.1 can be applied, cf. Remark 2.2 and Example 2.2. After that, use the
ideas of Example 2.7 for other values of α .

Exercise 2.2. Let Ω be the half disc in R
2: x2

1 + x2
2 < 1, x2 > 0, and l = (l1, l2)

a nontangent vector. At the vertices of ∂Ω , l is rotated by +π/2. Applying formally
Lemma 2.4 and constructing (3.14) we arrive at the problem −Δu = f in Ω ,
∂u
∂ l = g on ∂Ω .
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Exercise 2.3. Let Ω be as in the previous exercise, V = {v ∈ W 1,2(Ω),v = 0 for
|x1| ≤ 1,x2 = 0}. Let V ⊂C∞(Ω) be the space of functions equal to 0 if 0 ≤ x2 < ε,
ε depending on the function. Prove that V =V .

Remark 2.8. If the operator A in Proposition 2.11 is selfadjoint, we obtain again
the selfadjoint extension of Friedrichs, given for a symmetric operator Ã defined
on a domain V ⊂ V dense in V ; cf. F. Riesz, B. Sz. Nagy [1]. Using the spectral
decomposition, we can define Aλ , 0 ≤ λ ≤ 1, and D(Aλ ). We obtain D(A1/2) = V ,
D(A0) = L2(Ω). If Ω and the coefficients are sufficiently smooth, D(A) is a closed
subspace in W 2k,2(Ω); cf. also Chap. 4. If V = W k,2(Ω), we have for 0 ≤ λ ≤
1/2, and with hypotheses weak enough D(Aλ ) = W 2kλ ,2(Ω), cf. J.L. Lions [12],
T. Kato [1].

We have not investigated the problems in the case that Ω is unbounded. For
a general investigation cf. L. D. Kudriavcev [1]. The fundamental question is the
V -ellipticity, if it is satisfied, we can proceed as in this section. It is necessary to
choose “good” Q,git . For instance we can take Q = {u,

∫
Ω |u|2 pdx < ∞} where p is

a weight with a reasonably “good” behaviour at infinity.

3.3 The Fredholm Alternative

In this section we shall give some direct generalizations of results obtained in
Sect. 1.1.6, Chap. 1; we do not recall the basic properties of the spectral theory
for the case of a hermitian form ((v,u)). The literature can be found in J.L. Lions
[1].

A boundary value problem is given by the V -elliptic sesquilinear form ((v,u)).
Let N ⊂V ′ be the subspace of nonstable conditions, that is to say the closure in V ′

of the set g = ∑κ
i=1 ∑k−μi

t=1 git , cf. (3.15i). We define the Green operator G ∈ [Q′ ×
W k,2(Ω)×N → W k,2(Ω)], taking u = G( f ,u0,g), where u is the solution of the
problem.

Let Q ⊂ L2(Ω) ⊂ Q′. We write G( f ,0,0) = G f .
According to Proposition 1.5.1, G is a compact mapping from V to V (by

definition, Ω ∈N0,1).

Proposition 3.1. Let ( f ,u0,g) ∈ Q′ ×W k,2(Ω) × N. Then the boundary value
problem has a solution u for the operator A−λ if and only if

u−λGu= G( f ,u0,g). (3.22)

Proof. Indeed, we must have u−u0 ∈V , and for every v ∈V

((v,u)) = λ (v,u)+ 〈v, f 〉+gv =⇒ u = G(λu+ f ,u0,g) = λGu+G( f ,u0,g).

�
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We use in W k,2(Ω) the scalar product (1.2.3), with the notation (v,u)k.
By Theorem 1.1.4, the operator G is compact from W k,2(Ω) into W k,2(Ω), hence

(cf. F. Riesz, B.S. Nagy [1]) we have:

Proposition 3.2. The equation (3.22) has for every ( f ,u0,g) a unique solu-
tion, except for a denumerable set of values of λ , which are eigenvalues. If λ is
such an eigenvalue, there exist functions u1,u2, . . . ,uν ∈ V, which form a linearly
independent basis of eigenfunctions. If G∗ is adjoint of G (with respect to the scalar
product (v,u)k in V), we have:

w−λG∗w = 0 (3.23)

for w1,w2, . . . ,wν elements of the basis of eigenfunctions. (3.22) has a solution if
and only if

(wi,−u0 +G( f +λu0,u0,g)) = 0, i = 1,2, . . . ,ν. (3.24)

In this case, the solution of (3.22) is unique modulo a linear combination of eigen-
functions ui, i = 1,2, . . . ,ν .

Indeed: The equation (3.22) can be written as u− u0 − λ G(u − u0) = −u0 +
G( f +λ u0,u0,g); u−u0 is a solution of (3.22), the right hand side of (3.22), −u0+
G( f +λ u0,u0,g) ∈V hence (3.24). �
Lemma 3.1. Let G be the Green operator associated with ((v,u)) and G∗ the Green
operator associated with ((v,u))∗. Let Z be the one-to-one operator V →V such that
for v,u ∈V, ((v,u)) = (v,Zu)k. If Z∗ is the adjoint of Z, we have:

G∗ = Z∗−1G∗Z∗. (3.25)

Proof. Due to Lemma 1.3.1, Z exists and is unique. For all v,u ∈ V , we have
((G∗u,v)) = ((v,G∗u))∗ = (u,v) = (Z∗G∗u,v)k; on the other hand ((u,Gv)) =
(u,v) = (u,ZGv)k, hence (ZG)∗ = Z∗G∗. �
Theorem 3.1. Suppose we are given a boundary value problem with the V-elliptic
sesquilinear form ((v,u)). Then for all ( f ,u0,g) and for the operator A− λ , the
problem has an unique solution, except for an at most denumerable set of eigen-
values λ . If λ is an eigenvalue, there exist eigenfunctions u1,u2, . . . ,uν , associated
with λ . The adjoint problem is given by the sesquilinear form ((v,u))∗ − λ (v,u),
corresponding to the operator A∗ −λ , λ is the eigenvalue for the adjoint problem;
to λ correspond the eigenfunctions v1,v2, . . . ,vν , a basis of the space generated by
the eigenfunctions. The original problem has a solution if and only if

〈vi, f 〉+gvi − ((vi,u0))+λ(vi,u0) = 0, i = 1,2, . . . ,ν. (3.26)

In this case the solution is defined uniquely modulo a linear combination of eigen
functions.
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Proof. Let λ be an eigenvalue. According to Propositions 3.1, 3.2 and Lemma 3.1,
using the same notation as before, we denote vi = Z∗−1wi and obtain a basis of
eigenfunctions of the problem

v−λG∗v = 0. (3.27)

From (3.24) we can write:

(wi,−u0 +G( f +λu0,u0,g))k = (Z∗vi,−u0 +G( f +λu0,u0,g))k

= ((vi,−u0 +G( f +λ u0,u0,g))) = 〈vi, f 〉+gvi − ((vi,u0))+λ(vi,u0).

�

3.3.1 Remarks

Corollary 3.1. For the given boundary value problem, we assume that ((v,u)) +
λ (v,u) is V -elliptic. Then for the original problem, we have the Fredholm alterna-
tive.

Proposition 3.3. Let P ⊂ P(k−1) ∩V, ((ṽ, ũ)) a sesquilinear form on W k,2/P ×
W k,2/P. For ṽ ∈V/P, suppose

Re ((ṽ, ṽ))≥ c|ṽ|2Wk,2(Ω)/P. (3.28)

Then ((ṽ, ũ)) is V/P-elliptic, and for λ > 0,

v ∈V =⇒ Re ((v,v))+λ (v,v)≥ c|v|2W k,2(Ω)
.

Remark 3.1. If (3.28) holds, we have Theorem 1.1 with P �= {0}, using this theorem
with ((v,u))+λ (v,u) and Theorem 3.1 with “−λ”.

Remark 3.2. Let B be a linear differential operator, B ∈ [W k,2(Ω) → Q′], assume
GB compact, V →V , and assume Q ⊂ L2(Ω) ⊂ Q′. For a given f ,u0,g,((v,u)) the
Fredholm alternative is true for Au = f +λBu. The problem is the same as above
for the equation:

u−λGBu = G( f ,u0,g). (3.29)

Examples are given in S.G. Mikhlin [2].

Exercise 3.1. Let A = −�, V = W k,2
0 (Ω), B = div. Prove that GB is compact,

V →V .
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3.4 The V -ellipticity

3.4.1 Coercivity

In this section, we shall give necessary and sufficient conditions implying the
V -ellipticity. For references, cf. S.G. Mikhlin [3], E. Magenes, G. Stampacchia [1],
J.L. Lions [1, 2, 4], N. Aronszajn [2], S. Agmon [1, 4], L. Gårding [1], M.I. Vishik
[1], M.Schechter [1], P.C. Rosenbloom [1], L. Nirenberg [1], K. Yosida [1].

Following N. Aronszajn, we shall say that the sesquilinear form ((v,u)) on
W k,2(Ω)×W k,2(Ω) is V -coercive, if there exist λ ≥ 0,c > 0 such that for all v ∈V ,
where V is the space defined in (3.15e),

Re ((v,v))+λ (v,v)≥ c|v|2W k,2(Ω). (3.30)

If λ = 0 is admissible in (3.30), then ((v,u)) is called strongly V-coercive (cf.
M. Troisi [1]).

Theorem 4.1. Given V , A(v,u), suppose that for all v ∈V we have

Re
∫

Ω
∑

|i|=| j|=k

ai jD
ivDjvdx+λ0

∫
Ω

vvdx ≥ c1|v|2W k,2(Ω).

Let us assume that the identity imbedding W k,2(Ω)→ L2(Ω) is compact.5 Then if
λ0 is large enough, the form A(v,u) is V -coercive.

Proof. Let us denote

Ak(v,u) =
∫

Ω
∑

|i|=| j|=k

ai jD
ivDjudx.

Using Lemma 2.6.1 and the classical inequality

2ab ≤ ε2a2 +(1/ε2)b2, (3.30bis)

valid for a ≥ 0,b ≥ 0,ε > 0, we can find λ (c1/2) such that

|Re A(v,v)−Re Ak(v,v)| ≤ (c1/2)|v|2Wk,2(Ω)
+λ (c1/2)|v|2L2(Ω).

We obtain:

Re A(v,v)+λ (v,v)≥ Re Ak(v,v)|+λ (v,v)−|Re A(v,v)−Re Ak(v,v)|,

5Just for this section V can be any closed space such that W k,2
0 (Ω )⊂V ⊂W k,2(Ω ).
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and the result holds with λ = λ0 +λ (c1/2). �
We immediately have:

Proposition 4.1. Strong V -coercivity implies V-ellipticity.

Proposition 4.2. Let A(v,u) be V-elliptic with

|A(v,v)| ≥ c1|v|2W k,2(Ω)
. (3.31)

Let Ω ∈ N0,1, and let a(v,u) be a sesquilinear boundary form, such that for all
v ∈V, |a(v,v)| ≤ (c1 − ε)|v|2

Wk,2(Ω)
, 0 < ε < c1. Then ((v,u)) is V -elliptic.

Proposition 4.3. Let A(v,u) be strongly V-coercive and Re a(v,v) ≥ 0 for v ∈ V.
Then ((v,v)) is V -elliptic.

Lemma 4.1. Let B1,B2,Q be three Banach spaces, B1 ⊂ B2 algebraically and
topologically, B1 reflexive. Let Z be a compact mapping: B1 → Q. Then for every
ε > 0, there exists a λ (ε) such that for all u ∈ B1 =⇒ |Zu|Q ≤ ε|u|B1 +λ (ε)|u|B2.

Proof. By contradiction, let us assume that there exist ε > 0 and a sequence un ∈
B1, |un|B1 = 1 such that

|Zun|Q > ε +n|un|B1 . (3.32)

Due to the property of reflexivity of B1, there exists a subsequence of the
sequence un denoted again un such that limn→∞ un = u weakly in B1, and by (3.32)
limn→∞ un = 0 strongly in B2. Hence limn→∞ un = 0 weakly in B1, which implies
limn→∞ Zun = Zu = 0 in Q, and this is a contradiction to (3.32). �
Theorem 4.2. Let Ω ∈ N0,1, A(v,u) V-coercive, a(v,u) a form given by (3.12).
Then ((v,u)) is V -coercive.

Proof. We use Lemma 4.1, where B1 = W k,2(Ω), B2 = L2(Ω), Q = L2(∂Ω). Due
to Theorem 2.6.2 and by Lemma 4.1 with Z = Dα , |α| ≤ k−1, we obtain:

|a(v,v)| ≤ ε|v|2W k,2(Ω)
+λ2(ε)|v|2L2(Ω). (3.33)

�
Remark 4.1. If a(v,v) is as in (3.14), then the conclusion of Proposition 4.2 is true
if Ω ∈N2k,1 and the sum

k−1

∑
i=0

∑
|α |≤2k−1−i

|biα |C|α|−k,1(∂Ω)

is sufficiently small. Nevertheless we have:
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Theorem 4.3. Let Ω ∈N0,1, bi j real functions in C0,1(Ω), and

a(v,u) =
∫

∂Ω

N

∑
i, j=1

(bi j −b ji)v
∂u
∂x j

ni dS.

Let k = 1, A(v,u) V-coercive. Then ((v,u)) is also V-coercive.

Proof. For v ∈C∞(Ω ) we have:

2Re a(v,v) =
∫

∂Ω

N

∑
i, j=1

(bi j −b ji)v
∂v
∂x j

ni dS+
∫

∂Ω

N

∑
i, j=1

(bi j −b ji)v
∂ v
∂x j

ni dS

=
∫

Ω

N

∑
i, j=1

∂
∂xi

(bi j −b ji)v
∂v
∂x j

dx+
∫

Ω

N

∑
i, j=1

∂
∂xi

(bi j −b ji)v
∂v
∂ x j

dx,

and the result follows from this equality and from Theorem 4.1. �
Remark 4.2. If Ω ∈ N1,1, then Proposition 2.3 implies that all forms of the
following type: ∫

∂Ω

N

∑
i=1

v
∂u
∂xi

ti dS,

such that ∑N
i=1 tini = 0, ti ∈ C0,1(∂Ω) are admissible due to Theorem 4.3 (cf. also

J.L. Lions [3]). We solve the oblique derivative problem in the general case. The
problem is the Neumann problem associated with the decomposition of the operator

A =−
N

∑
i, j=1

∂
∂xi

(
ai j

∂
∂x j

)
−

N

∑
i=1

∂
∂xi

(ai)+
N

∑
j=1

b j
∂

∂x j
+ c

in the following form:

A =−
N

∑
i, j=1

∂
∂xi

(
(ai j +bi j −b ji)

∂
∂x j

)
−

N

∑
i=1

∂
∂xi

(ai)

+
N

∑
i, j=1

∂ (bi j −b ji)

∂xi

∂
∂x j

+
N

∑
j=1

b j
∂

∂x j
+ c.

Theorem 4.4. Let Ω ∈N2k,1, a(v,u) given as in (3.14). Let us assume biα = 0 for
|α|= 2k−1− i, A(v,u) V-coercive. Then ((v,u)) is V -coercive.

Proof. If k = 1, we have |α|= 0 and are in the hypotheses of Theorem 4.2. If k ≥ 2,
we follow the proof of Theorem 1.3.1. We have i+ |α| − k ≤ k− 2 and use again
Theorem 4.2. �
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3.4.2 The Aronszajn Theorem

Proposition 4.4. Let P⊂P(k−1)∩V , Ω bounded, ((v,u))V/P-elliptic. Then ((v,u))

is W k,2
0 (Ω)-elliptic.

Proof. We have:
|((v,v))| ≥ c ∑

|α |=k

|Dαv|2L2(Ω)
, c > 0

for v ∈C∞
0 (Ω). By Theorem 1.1.1 we get the result. �

We recall that the operator A defined in Ω is said to be elliptic at the point x if
for ξ ∈ R

N ,ξ �= 0,

∑
|i|=| j|=k

ai j(x)ξ i+ j �= 0, (ξ i+ j = ξ i1+ j1
1 . . .ξ iN+ jN

N ). (3.34)

The operator A is said to be elliptic in Ω , if it is elliptic almost everywhere in Ω .
The operator A is uniformly elliptic in Ω , if almost everywhere in Ω

∣∣∣∣∣ ∑
|i|=| j|=k

ai j(x)ξ i+ j

∣∣∣∣∣≥ c |ξ |2k, c > 0. (3.35)

Concerning the V -ellipticity, condition (3.34) is necessary (cf. also N. Aronszajn
[2]).

Theorem 4.5. Let Ω be bounded, x0 ∈ Ω a point of continuity of the coefficients
ai j, |i|= | j|= k. Then, if ((v,u)) is W k,2

0 (Ω)-elliptic, the operator A is elliptic at x0.

Proof. By contradiction: let us assume that there exists a vector ξ ∈ R
N such that

|ξ |= 1, ∑
|i|=| j|=k

ai j(x)ξ iξ j = 0.

For v ∈C∞
0 (Ω) we have:

|((v,v))| ≥ c1 |v|2Wk,2(Ω)
, c1 > 0; (3.35a)

to simplify the computations, here we take the norm:

|v|2W k,2(Ω) =

∫
Ω

∑
|i|=k

|i|!
i1!i2!· · ·iN !

|Div|2 dx.

We can find a cubeC ⊂C ⊂Ω , with center y in Ω , the faces parallel or orthogonal
to ξ , meas C = (2δ )N such that
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x ∈C =⇒ | ∑
|i|=| j|=k

ai j(x)ξ iξ j|< c1/2.

Let δ > δ ′ ≥ (2/3)1/(N−1)δ , C′ the cube with center y “parallel” to C, meas C′ =
(2δ ′)2N , ϕ ∈C∞

0 (C), 0 ≤ ϕ(x)≤ 1, ϕ(x) = 1 for x ∈C′. Let us denote

uε(x) =
ϕ(x)

∑N
i=1(xi − yi)ξi − iε

, ε > 0.

We have uε ∈C∞
0 (Ω) and

∣∣∣∣∣
∫

Ω
∑

|i|,| j|≤k

ai jD
iuεD juε dx

∣∣∣∣∣≤
∣∣∣∣∣(k!)2

∫
C

∑
|i|,| j|=k

ai jξ i+ j|
N

∑
i=1

(xi − yi)ξi − iε|−2(k+1) dx

∣∣∣∣∣

+ c2

∫
C

2k+1

∑
l=2

∣∣∣∣∣
N

∑
i=1

(xi − yi)ξi − iε

∣∣∣∣∣
−l

dx

≤ c1

2
(k!)2

∫
C
[(

N

∑
i=1

(xi − yi)ξi)
2 + ε2]−k−1 dx

+ c2

∫
C

2k+1

∑
l=2

[(
N

∑
i=1

(xi − yi)ξi)
2 + ε2]−l/2 dx

≤ c1(k!)2(2δ )N−1

2ε2k+1

∫ δ/ε

−δ/ε

ds
(1+ s2)k+1 +

c3

ε2k .

(3.36)
Now we have:

|uε |2Wk,2(Ω) ≥
∫

C′ ∑
|i|=k

k!
i1!i2! . . . iN!

|Diuε |2 dx

= (k!)2 ∑
|i|=k

k!
i!

ξ 2i
∫

C′
dx

[(∑N
i=1(xi − yi)ξi)2 + ε2]k+1

=
(k!)2(2δ ′)N−1

ε2k+1

∫ δ ′/ε

−δ ′/ε

ds
(1+ s2)1+k .

(3.37)

Using (3.35a)–(3.37), we obtain:

C1
(k!)2(2δ ′)N−1

ε2k+1

∫ δ ′/ε

−δ ′/ε

ds
(1+ s2)1+k ≤C1

(k!)2(2δ )N−1

2ε2k+1

∫ δ /ε

−δ /ε

ds
(1+ s2)1+k +

c3

ε2k ,

and this is impossible if ε is sufficiently small. �
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Corollary 4.1. Let Ω be bounded, ai j ∈C(Ω ), |i|= | j| = k, and ((v,u)) W k,2
0 (Ω)-

elliptic. Then (3.35) holds.

3.4.3 Strongly Elliptic Operators

According to M. I. Vishik, [1], L. Nirenberg [1], L.Gårding [1], an operator A is
called strongly elliptic at x ∈ Ω , if for all ξ ∈R

N :

Re ∑
|i|=| j|=k

ai j(x)ξ iξ j ≥ c(x)|ξ |2k, c(x)> 0. (3.38)

The operator is called uniformly strongly elliptic in Ω , if almost everywhere:

Re ∑
|i|=| j|=k

ai j(x)ξ iξ j ≥ c|ξ |2k, c > 0. (3.39)

The following theorem is due to L. Gårding [1], cf. also M.I. Vishik [1],
K. Yosida [1].

Theorem 4.6. Let Ω be bounded, ai j ∈ C(Ω ), |i| = | j| = k, A uniformly strongly

elliptic. Then A(v,u) is W k,2
0 (Ω)−coercive.

Proof. First we assume the coefficients ai j constant, equal zero if |i|+ | j| < 2k. Let
ϕ ∈C∞

0 (Ω). We have:

Re
∫

Ω
∑

|i|=| j|=k

ai jD
iϕD jϕ dx = Re

1
(2π)N

∫
RN

∑
|i|=| j|=k

ai jξ i+ j|ϕ̂|2 dξ

≥ c1

(2π)N

∫
RN

|ξ |2k|ϕ̂ |2 dξ = c1

∫
Ω

∑
|i|=k

k!
i!
|Diϕ |2 dx,

(3.40)

where
ϕ̂(ξ ) =

∫
RN

ϕ(x)e− i(x,ξ ) dx;

using the properties of Parseval’s equality, (3.40) implies the conclusion in the
particular case of constant coefficients.

Let us now consider, for ρ > 0, the function:

ω(ρ) = max
|i|=| j|=k

( max
x,y∈Ω
|x−y|≤ρ

|ai j(x)−ai j(y)|)

and let hr ∈C∞
0 (R

N) be given real functions such that

x ∈ Ω =⇒
R

∑
r=1

h2
r (x) = 1
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with support in a set of diameter not bigger than ρ . If we denote ur = uhr, we have:

Re
∫

Ω
∑

|i|,| j|≤k

ai jD
iuD judx ≡ Re A(u,u)

= Re ∑
|i|,| j|≤k

R

∑
r=1

∫
Ω

ai jD
iurD

jur dx+Re ∑
|i|,| j|≤k

|i|+| j|<2k

∫
Ω

bi jD
iuDjudx,

(3.41)

where bi j are measurable and bounded.
We denote:

Ak(v,u) =
∫

Ω
∑

|i|=| j|=k

ai jD
ivDjudx,

and obtain:

Re A(u,u)≥
R

∑
r=1

Re Ak(ur,ur)− c2|u|W k−1,2(Ω)|u|W k,2(Ω). (3.42)

Now

Re Ak(ur,ur) = Re
∫

Ω
∑

|i|=| j|=k

ai j(rx))D
iurD

jur dx

+Re
∫

Ω
∑

|i|=| j|=k

(ai j(x)− ai j(rx))DiurD
jur dx,

(3.43)

where rx is in supp hr. Due to (3.40)

Re Ak(ur,ur)≥ α|ur|2k − c3ω(ρ)|ur|2k , α > 0. (3.44)

But

R

∑
r=1

|ur|2k ≥ β |u|2k, β > 0, (3.45)

and by (3.42), (3.43), (3.45) we obtain for ρ sufficiently small,

Re A(u,u)≥ γ|u|2k − c5|u|2k−1, γ > 0. (3.46)

Using Lemma 2.6.1 with B1 = W k,2
0 (Ω), B2 = W k−1,2

0 (Ω), B3 = L2(Ω), the result
follows from (3.46). �

We have also the converse theorem (for a second order operator see
J.L. Lions [4]):

Theorem 4.7. If Ω is a bounded domain and the coefficients ai j, |i| = | j| = k, of

the operator A are in C(Ω ), and if A(v,u) is W k,2
0 (Ω)-coercive, then A is uniformly

strongly elliptic.
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Proof. It is clear that it is sufficient to consider the operator

A0 = ∑
|i|=| j|=k

(−1)|i|Di(ai j(x0)D
j),

in a ball B(x0,r), with center x0 ∈ Ω , and radius r = r(x0)> 0; indeed if we choose
r′(x0)≤ r(x0) small enough, the strong ellipticity is proved in the balls B(x0,r′(x0)),
and, by Borel’s theorem, the result follows.

Without loss of generality we choose x0 as the origin of our space, since the
property is invariant by translation. The existence of r(x0) and the coerciveness of
the form A0(v,u) in B(x0,r) are consequences of the continuity of the coefficients
ai j, |i|= | j|= k, and of Lemma 2.6.1.

We claim that A0(v,u) is coercive in R
N . To prove this let ϕ ∈C∞

0 (R
N) and denote

ϕμ(x) = ϕ(x/μ). If μ is sufficiently small, 0 < μ ≤ 1, we have ϕμ ∈ C∞
0 (Br), Br =

B(x0,r), and thus

Re
∫

Br
∑

|i|=| j|=k

ai j(0)D
iϕμD jϕμ dx+λ

∫
Br

|ϕμ |2 dx

= Re μN−2k
∫

Br/μ
∑

|i|,| j|=k

ai j(0)DiϕDjϕ dy+λ μN
∫

Br/μ
|ϕ |2 dy

≥ c1μN−2k
∫

Br/μ
∑
|i|=k

|Diϕ|2 dy+ c1μN
∫

Br/μ
|ϕ|2 dy, y = x/μ .

Then we get the inequality:

Re
∫
RN

∑
|i|,| j|=k

ai j(0)D
iϕD jϕ dy+(λ +1)

∫
RN

|ϕ |2 dy

≥ c1

∫
RN

∑
|i|=k

|Diϕ |2 dy+
∫
RN

|ϕ|2 dy.

Using the Fourier transform, we obtain:

Re
∫
RN

∑
|i|=| j|=k

ai j(0)DiϕD jϕ dy+(λ +1)
∫
RN

|ϕ |2 dy

= Re
1

(2π)N

∫
RN

∑
|i|=| j|=k

ai j(0)ξ i+ j|ϕ̂|2 dξ +
(λ +1)
(2π)N

∫
RN

|ϕ̂|2 dξ

=
1

(2π)N

∫
RN

(Re ∑
|i|,| j|=k

ai j(0)ξ i+ j +(λ +1))|ϕ̂|2 dξ

≥ c2

(2π)N

∫
RN

(1+ |ξ |2)k|ϕ̂ |2 dξ .

(3.47)
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Now we can take ϕ̂ with arbitrarily small compact support: ϕ ∈ W k,2(Ω); then
using the property of density C∞

0 (R
N) =W k,2(RN) – this is Proposition 2.2.6 - and

(3.47), the result follows. �
Remark 4.3. If the coefficients ai j, |i|, | j|= k are real, (3.39) is equivalent to (3.35).

We have a stronger theorem:

Theorem 4.8. Let k = 1, A uniformly elliptic, ai j, i, j = 1,2, . . . ,N, real. Then
A(v,u) is W 1,2(Ω)-coercive.

Proof. Let ζi = ξi + iηi, ξ ,η ∈ R
N . We have:

Re
N

∑
i, j=1

ai jζiζ j =
N

∑
i, j=1

(ai jξiξ j +ai jηiη j)≥ c
N

∑
i=1

|ζi|2.

Hence

u ∈W 1,2(Ω) =⇒ Re
∫

Ω

N

∑
i, j=1

ai j
∂u
∂xi

∂u
∂x j

dx ≥
∫

Ω
∑

i=1N

∣∣ ∂u
∂xi

∣∣2 dx,

and the result follows from (3.30). �
Remark 4.4. It is important to know whether a sesquilinear form ((v,u)) is strongly
coercive; moreover it is possible to have ((v,u)) coercive with λ < 0: Indeed, let us
assume ((v,u)) hermitian, V -elliptic, ((v,v)) ≥ 0 (Ω smooth enough, for instance
Ω ∈ N0). By Theorem 1.5.1, it is necessary and sufficient for the V -ellipticity of
the form ((v,u))+λ (v,u) to have −λ1 < λ , where λ1 is the first eigenvalue of the
problem.

We recall the fact observed in Example 1.3.7; in other problems, as the Neumann
problem, in general the strong ellipticity is not a sufficient condition.

3.4.4 Algebraic Conditions for the W k,2(Ω)-ellipticity

In the previous parts, we considered the algebraic conditions for the W k,2
0 (Ω)-

ellipticity, now we consider the more general case: the W k,2(Ω)-ellipticity. The case
of “coercivity” conditions for “intermediary” problems, for domains with smooth
boundary was investigated by S. Agmon [1]; in the case of formally positive forms,
it is possible to find the first steps in N. Aronszajn [2], followed by M. Schechter
[1, 3] and others. Briefly, let Aiv, i= 1,2, . . . ,h, be operators defined by the following
formula:

Aiv = ∑
|α |≤k

aiαDα v, aiα ∈ L∞(Ω).
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A formally positive form is: ∫
Ω

h

∑
i=1

|Aiv|2 dx.

In the last section of this chapter we shall study formally positive forms for
systems of equations and we shall obtain new, simple enough, algebraic conditions
for W k,2(Ω)-coercivity of these forms, for domains Ω ∈N0,1.

We have:

Proposition 4.5. Let Ω be a bounded domain, A an operator with constant
coefficients which are equal to zero if |i|+ | j| < 2k. Then a necessary condition
implying the W k,2(Ω)/P(k−1)-ellipticity is

| ∑
|i|=| j|=k

ai jζiζ j| ≥ c ∑
|i|=k

|ζi|2, c > 0, (3.48)

where ζi are arbitrary complex numbers.

Proof. By contradiction: let us assume that there exist ζi, ∑|i|=k |ζi|2 = 1, such that

∑|i|=| j|=k ai jζiζ j = 0.
Let

p(x) = ∑
|i|=k

1
i!

ζix
i (i! = i1!i2! . . . iN!). (3.49)

We have:
|A(p, p)|= meas(Ω)| ∑

|i|=| j|=k

ai jζiζ j|= 0,

on the other hand, ∫
Ω

∑
|i|=k

|Di p|2 dx = μ(Ω) �= 0,

giving a contradiction. �
Proposition 4.6. Let Ω be a Nikodym open set, A such that ai j = 0 for |i|+ | j|< 2k.
Let us assume that for complex numbers ζi, |i|= k

Re ∑
|i|=| j|=k

ai j(x)ζiζ j ≥ c ∑
|i|=k

|ζi|2, c > 0, (3.50)

almost everywhere in Ω . Then A(ṽ, ũ) is W k,2(Ω)/P(k−1)-elliptic.

Proof. Indeed, if u ∈W k,2(Ω), we have:

Re A(u,u) = Re
∫

Ω
∑

|i|=| j|=k

ai jD
iuDjudx ≥ c

∫
Ω

∑
|i|=k

|Diu|2 dx. (3.50bis)

Then the result follows from Theorem 2.7.7. �
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We obtain immediately the converse proposition:

Proposition 4.7. Let Ω be bounded, A given with constant coefficients ai j for |i|=
| j|= k, equal zero for |i|+ | j|< 2k. Then if

Re A(ṽ, ṽ)≥ c1|v|2Wk,2(Ω)/P(k−1)
,

inequality (3.50 bis) holds.

Indeed: it suffices to choose p as in (3.49) for v ∈ ṽ the polynomial p as in (3.49).
�

Proposition 4.8. Let Ω ∈ N0, A satisfying (3.50). Then A(v,u) is W k,2(Ω)-
coercive.

This results follows from (3.50) and Lemma 2.6.1.

For a more general theorem using condition (3.50) cf. Theorem 1.3.3.

Remark 4.5. Condition (1.4.3) in Theorem 1.3.3 is satisfied if for complex numbers
ζi, |i| ≤ k, we have almost everywhere:

Re ∑
|i|,| j|≤k

|i|+| j|<2k

ai jζiζ j ≥ 0.

Remark 4.6. It is clear that if A is an operator as in (1.29), the conditions of type
(3.38), (3.50), etc. can hold for aA, |a| = 1, a a complex number. Instead of A, we
look at aA.

Exercise 4.1. Let Ω ∈ N0,1, V be given by (3.15e), Xi, i = 1,2, . . . ,R, open sets
such that Ω ⊂ ∪R

i=1Xi. Assume that for every such covering, there exists a partition
of unity associated with the covering:

x ∈ Ω =⇒
R

∑
i

ϕi(x) = 1,

with the property: v ∈ V =⇒ ϕiv ∈ V , i = 1,2, . . . ,R. (This is true, if for instance
V = W k,2

0 (Ω) or V = W k,2(Ω).) The sesquilinear form ((v,u)) + λ (v,u) is called
locally elliptic (coercive), if for every y ∈ Ω , there exists a neighborhood S(y) such
that ((v,u)) + λ (v,u) is V -elliptic for v with compact support in S(y)∩Ω . Prove
that a necessary and sufficient condition for the V -ellipticity of ((v,u))+λ (v,u),λ
sufficiently large, is the local V -ellipticity.

Remark 4.7. It is possible to study with the same method (we have done this in
R

N
+) the same type of problems for unbounded domains; we obtain estimates of

type (3.56). Cf. also S. Agmon, A. Douglis, L. Nirenberg [1].
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3.5 The V -ellipticity of Forms
∫

Ω AvAūdx

3.5.1 Definition

In this section we adopt a point of view taken by M. Schechter [2, 4, 5]. We only
consider the questions concerning the V -ellipticity. The problem of existence for
Au = f will be discussed in Chap. 4.

Let us consider an operator of order 2k of the following type:

Au = ∑
|i|≤2k

aiD
iu; (3.51)

we assume the coefficients ai measurable and bounded. We have:

A∗u = ∑
|i|≤2k

(−1)|i|Di(aiu). (3.52)

Let us consider the operator:

A∗Au = ∑
|i|,| j|≤2k

(−1)|i|Di(aia jD
ju) (3.53)

and the associated sesquilinear form:

A∗A(v,u) =
∫

Ω
∑

|i|,| j|≤2k

(aia jD
ivD ju)dx =

∫
Ω

AvAudx.

In this section we consider only Ω ∈ N2k,1; this restriction of regularity for
domains is very natural.

Let us consider boundary operators

Bsu =
∂ js u
∂n js

− ∑
|α |≤ js

csα Dαu,

of order js ≤ 2k − 1, with local representation 1.3.2; we assume 0 ≤ js ≤
2k − 1, s = 1,2, . . . ,k, 0 ≤ it ≤ 2k − 1, t = 1,2, . . . ,k, V given by the conditions
Bsv= 0 on ∂Ω , s = 1,2, . . . ,k. We consider the problem of coercivity corresponding
to the sesquilinear form

∫
Ω AvAudx following the ideas in S. Agmon, A. Douglis,

L. Nirenberg [1], F. Browder [3–5]; we shall simplify their method using the Fourier
transform. Let us observe that our method works, using the multiplier theory (cf.
N. Marcinkiewicz [1], S.G. Mikhlin [4], B. Malgrange [2]), in the case of a priori
estimates ∫

Ω
|Av|p dx ≥ c|v|p

W2k,p(Ω)
−λ |v|pLp(Ω)

, 1 < p < ∞. (3.54)
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With the same approach, we can probably obtain the inequality

|Av|C2k,μ (Ω) ≥ c|v|C2k,μ (Ω)−λ |v|C0(Ω), 0 < μ < 1. (3.55)

Using the following inequality:

∫
Ω
|Av|2 dx ≥ c|v|2Wk,2(Ω)

−λ |v|2L2(Ω), (3.56)

we shall study in Chap. 4 the existence of a function u ∈ V such that for f ∈ L2,
Au = f . We obtain the same result as M. Schechter [2, 4], implying the fact that A is
an isomorphism of V onto L2(Ω) if the adjoint problem A∗v = 0,B∗v = 0 has only
the trivial solution.

3.5.2 The Fundamental Solution

We give a simple construction of the “fundamental solution”:

Theorem 5.1. Let C = (0,1)N, l ≥ 0 an integer, f ∈ W l,2(C), f = ∂ f/∂ n = . . . =
∂ l−1 f/∂nl−1 = 0 on ∂C except the face in the plane xN = 0. Let us denote by V
the space of such functions and let Au = ∑|i|=2k aiDiu be an elliptic operator with
constant coefficients. Then there exists R ∈ [V →W 2k+l,2(RN)] such that, in R

N
+, the

solution u = R f satisfies:
Au = f (3.57)

and
|u|W 2k+1,2(RN ) ≤ c1| f |L2(C). (3.58)

Let m ≥ 0 be an integer; then the transformation R can be constructed in such a
way that u(x)xβ , |β | ≤ m, is in W 2k+l,2(RN) and satisfies the following inequality:

|uxβ |W 2k+l,2(RN ) ≤ c2| f |W l,2(C). (3.59)

Proof. Let the numbers λr, r = 1,2, . . . ,2k + l +m, be solutions of the following
linear system with determinant �= 0:

2k+l+m

∑
r=1

λr(−r)h = 1, h =−l,−l +1, . . .2k+m−1. (3.60)

We define f in R
N by

f (x′,xN) =

{
f (x′,xN), xN > 0,

−∑2k+l+m
r=1 (λr/r) f (x′,−xN/r), xN < 0.

(3.61)
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It is easy to see, as in Theorem 2.3.9, that we have constructed an extension
of f : V → W l,2(RN), such that supp f ⊂ P, P = {0 < xi < 1, i = 1,2, . . . ,N − 1,
−2k− l−m < xN < 1}. Now let us put

û(ξ ) =
f̂ (ξ )

(−1)k ∑|i|=2k aiξ i . (3.62)

We have, for |β | ≤ m,

|Dβ û|L2(RN ) ≤ c3| f |L2(C). (3.63)

Indeed, let us consider first |ξ | ≤ 1. If |α| ≤ m, we get:

|Dα f̂ (ξ )|=
∣∣∣∣∣
∫
R

N
+

e− i(x,ξ )xα f (x)dx−
∫
R

N−
xα

2k+l+m

∑
r=1

λr

r
f (x′,−xN

r
)e− i(x,ξ ) dx

∣∣∣∣∣

=

∣∣∣∣∣
∫
R

N
+

xα f (x)e(−ix′ ,ξ ′)(e− ixNξN −
2k+l+m

∑
r=1

(−r)αN λre
irxN ξN

)
dx

∣∣∣∣∣

≤
∫

C
| f (x)|dx|ξ |2k+m−αN sup

0<xN<1

|e− ixN ξN −∑2k+l+m
r=1 (−r)αN λreirxN ξN |
|ξ |2k+m−αN

≤ | f |L2(C)||ξ |2k+m−αN sup
|η |<1

|e− iη −∑2k+l+m
r=1 (−r)αN λreirη |
|η |2k+m−αN

≤ c4| f |L2(C)|ξ |2k+m−αN,

(3.64)
the last inequality results from (3.61).

By ellipticity of A, it follows that

∣∣ ∑
|i|=2k

aiξ i
∣∣≥ c|ξ |2k, (3.65)

then, if |ξ | ≤ 1, |β | ≤ m:
|Dα û(ξ )| ≤ c5| f |L2(C); (3.66)

and if |ξ |> 1, we have obviously

|Dα û(ξ )| ≤ c6 ∑
|α |≤|β |

|Dα f̂ (ξ )|. (3.67)

Now using (3.66), (3.67), we obtain (3.63). We have for xα u ∈ W 2k+l,2(RN), with
|α| ≤ m,

|xα u|W2k+l,2(RN) ≤ c7| f |W l,2(C). (3.68)
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Starting from
| f |

W l,2
0 (P)

≤ c8| f |W l,2(C), (3.69)

if |α| ≤ m, due to Lemma 2.3.5, we have:

∫
RN

|Dα f̂ (ξ )|2(1+ |ξ |2)l dξ ≤ c9| f |W l,2(C); (3.70)

finally (3.62), (3.63), (3.70) imply the inequality (3.68). We obviously have (3.57);
(3.58) is a consequence of (3.68) if l = 0. �

3.5.3 A Lemma

Let A be an elliptic operator with constant coefficients:

Au = ∑
|i|=2k

aiD
iu.

We denote,
P(ξ ′,τ) = ∑

|i|=2k

aiξ ′i′τ iN .

We shall assume that for every ξ ′ �= 0, the polynomial P(ξ ′,τ) has exactly

k roots with positive imaginary part, τi(ξ ′), i = 1,2, . . . ,k. (3.71)

We define:

M(ξ ′,τ) =
k

∏
i=1

(τ − τi(ξ ′)) =
k

∑
p=0

ap(ξ ′)τk−p,

and

Mj(ξ ′,τ) =
j

∑
p=0

ap(ξ ′)τ j−p, j = 0,1, . . . ,k−1.

We have (cf. S. Agmon, A. Douglis, L. Nirenberg [1]):

Lemma 5.1. Let γ be a closed, rectifiable, Jordan curve such that all roots of
the polynomial P, τi, i = 1,2, . . . ,k, with positive imaginary part are inside of the
domain with boundary γ in R

2
+; then

1
2πi

∫
γ

Mk−1− j(ξ ′,τ)
M(ξ ′,τ)

τ i dτ = δi j, 0 ≤ i, j ≤ k−1. (3.72)

Proof. Let j ≥ i; in this case the polynomial Mk−1− j(ξ ′,τ)τ i has the degree k−1−
j− i ≤ k−1. Let Cn be the circle with center at the origin of the complex plane and
with radius n sufficiently large. By the Cauchy theorem, we have:
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1
2π i

∫
γ

Mk−1− j(ξ ′,τ)
M(ξ ′,τ)

τ i dτ =
1

2π i

∫
Cn

Mk−1− j(ξ ′,τ)
M(ξ ′,τ)

τ i dτ

= lim
n→∞

1
2π i

∫
Cn

Mk−1− j(ξ ′,τ)
M(ξ ′,τ)

τ i dτ = lim
n→∞

1
2π i

∫
Cn

a0(ξ ′)τk−1− j+i

a0(ξ ′)τk
dτ = δi j.

Let j < i; in this case,

Mk−1− j(ξ ′,τ)
M(ξ ′,τ)

τ i = Q(ξ ′,τ)+
Z(ξ ′,τ)
M(ξ ′,τ)

,

where Q(ξ ′,τ) is a polynomial of degree i+ j−1,Z(ξ ,τ) is the polynomial of order
≤ i−1, the remainder from the division; then by the same approach as used above,
we have:

1
2π i

∫
γ

Z(ξ ′,τ)
M(ξ ′,τ)

dτ = 0.

�

3.5.4 A priori Estimates in R
N
+

With the notation given in 3.5.3, let Bs = ∑|α |=ms
bsα Dα be boundary operators

(on ∂RN
+) with constant coefficients, s = 1,2, . . . .k, ms ≤ 2k − 1. In general we

do not assume Bs is in the canonical form (1.34a). We define α = α ′ + α ′′,
α ′′ = (0,0, . . . ,0,αN), and the polynomials:

Bs(ξ ′,τ) = ∑
|α |=ms

bsα ξ ′α ′
ταN , ξ ′ �= 0, (3.73)

linearly independent modulo M(ξ ′,τ), ξ ′ �= 06 (3.74)

We have the following:

Lemma 5.2. The operators Bs satisfy (3.74) if and only if the determinant

detbst(ξ ′) �= 0, (3.75)

where

B′
s(ξ

′,τ) =
k

∑
t=1

bst(ξ ′)τt−1

is the remainder after the division of B(ξ ′,τ) by M(ξ ′,τ).

6This means that there do not exist constants cs, s= 1,2, . . . ,k, ∑ |cs| �= 0, and a polynomial Q(ξ ′,τ)
such that ∑k

s=1 csBs(ξ ′,τ) = Q(ξ ′,τ)M(ξ ′,τ).
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Lemma 5.3. Let [bst(ξ ′)] be the inverse matrix of [bst(ξ ′)], and let us set:

Nj(ξ ′,τ) =
k

∑
i=1

bi j(ξ ′)Mk−i(ξ ′,τ).

Let γ be as in Lemma 5.1; then we have:

1
2π i

∫
γ

Nj(ξ ′,τ)Bi(ξ ′,τ)
M(ξ ′,τ)

dτ = δi j. (3.76)

Proof. We have,

1
2π i

∫
γ

Nj(ξ ′,τ)Bi(ξ ′,τ)
M(ξ ′,τ)

dτ ≡ 1
2π i

∫
γ

NjB′
i

M
dτ =

k

∑
s,t=1

bs jbit
1

2π i

∫
γ

Mk−sτt−1

M
dτ

=
k

∑
s,t=1

bs jbitδst =
k

∑
s=1

bs jbis = δi j.

�
Theorem 5.2. Let A,Bs be operators satisfying (3.71), (3.74), xα u ∈W 2k+1,2(RN

+),
|α| ≤ m, m > N, Au = 0 almost everywhere in R

N
+. We denote by Gs(x′) =

(Bsu)(x′,0),
Ĝs(ξ ′) =

∫
RN−1

Gs(x
′)e− i(x′,ξ ′) dx′.

Then

|u|2W2k,2(RN
+)

≤ c
k

∑
s=1

∫
RN−1

|Ĝ(ξ ′)|2(1+ |ξ ′|)2k−ms−1/2 dξ ′+λ |u|2L2(RN
+)
. (3.77)

Proof. First of all we have u ∈W 2k+1,1(RN
+); this follows from the inequality

∫
R

N
+

|Dα u|dx ≤
(∫

R
N
+

|Dαu|2(1+ |x|2)m/2 dx

)1/2(∫
RN

(1+ |x|2)−m/2 dx

)1/2

where |α| ≤ 2k. If 0 ≤ xN < ∞, |α| ≤ 2k, we have the following inequalities which
can be proved as in (1.8):

∫
RN−1

|Dα u(x′,xN)|dx′ ≤ c1

∫
RN−1

∫ xN+1

xN

|Dαu(x′,y)|dx′ dy

+ c1

∫
RN−1

∫ xN+1

xN

∣∣∣∣ ∂
∂xN

Dα u(x′,y)
∣∣∣∣ dx′ dy.

(3.78)
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This inequality implies in the case |α| ≤ 2k that

lim
xN→∞

∫
RN−1

|Dα u(x′,xN)|dx′ = 0. (3.79)

We have also for xN ≥ 0 (if xN = 0, then we take h > 0):

lim
h→0

∫
RN−1

|Dα u(x′,xN +h)−Dαu(x′,xN)|dx′ = 0, |α| ≤ 2k. (3.80)

Let us denote
U(ξ ′,x) =

∫
RN−1

e− i(ξ ′,x′)u(x′,xN)dx′.

We have for t = 1,2, . . . ,2k, xN ≥ 0:

dtU
dxt

N
=

∫
RN−1

e− i(ξ ′,x′) ∂ t u(x′,xN)

∂xt
N

dx′.

To obtain this equality, it is sufficient to prove that (we use Proposition 2.2.6)

lim
h→0

1
h

(
∂ t−1u(x′,xN +h)

∂xt−1
N

− ∂ t−1u(x′,xN)

∂xt−1
N

)
=

∂ t u(x′,xN)

∂xt
N

in L1(RN−1).

Now we have, as h → 0,

∫
RN−1

∣∣∣∣∣
1
h

(
∂ t−1u(x′,xN +h)

∂xt−1
N

− ∂ t−1u(x′,xN)

∂ xt−1
N

)
− ∂ t u(x′,xN)

∂xt
N

∣∣∣∣∣ dx′

=
∫
RN−1

∣∣∣∣1
h

∫ xN+h

xN

(
∂ tu(x′,τ)

∂xt
N

− ∂ tu(x′,xN)

∂xt
N

)
dτ

∣∣∣∣ dx′

≤ 1
|h|

∫
RN−1

dx′
∫ xN+h

xN

dτ
∫ τ

xN

∣∣∣∣∣
∂ t+1u(x′,σ)

∂xt+1
N

∣∣∣∣∣ dσ

=
1
|h|

∫
RN−1

dx′
∫ xN+h

xN

∣∣∣∣∣
∂ t+1u(x′,σ)

∂xt+1
N

∣∣∣∣∣(xN +h−σ)dσ

≤
∫
RN−1

dx′
∫ xN+h

xN

∣∣∣∣∣
∂ t+1u(x′,σ)

∂ xt+1
N

∣∣∣∣∣ dσ → 0.

Now U(ξ ′,xN) is the solution of the following ordinary differential equation with
constant coefficients:

∑
|i|=2k

(i)|i
′ |ξ

′i′ai
diNU

dxiN
N

= 0, xN ≥ 0. (3.81)



3.5 The V -ellipticity of Forms
∫

Ω AvAudx 151

If xN = 0, then by (3.80) it follows:

Ĝs(ξ ′) = ∑
|α|=ms

bsα(i)
|α ′ |ξ

′α ′ dαNU

dxαN
N

(ξ ′,0). (3.82)

For each ξ ′, U(ξ ′,xn) and all its derivatives of order ≤ 2k, are continuous
functions for xN ≥ 0 and by (3.79), we obtain:

lim
xN→∞

diU
dixN

(ξ ′,xN), i = 1,2, . . . ,2k. (3.83)

Now we claim that the solution of the problem (3.81)–(3.83) (for i = 0) with
ξ ′ �= 0, is unique. Indeed: let us consider the characteristic polynomial associated
with (3.81):

∑
|i|=2k

(i)|i
′ |ξ ′i′aiσ iN ,

and put σ = iτ . We obtain (−1)kP(ξ ′,τ) as in 3.5.3. Let V (ξ ′,xN) be a solution
of the homogeneous problem; V (ξ ′,xN) is a linear combination of functions of
the type eiτxN H(xN), where H is a polynomial of degree equal to one less then
the multiplicity of the root τ∗ of the characteristic polynomial. According to (3.83),
we see that only the roots with positive imaginary part are admissible. Let γ be a
curve as in Lemma 5.1; we can find a polynomial Q of the variable τ of degree
≤ k−1 such that

V (ξ ′,xN) =
1

2π i

∫
γ

Q(ξ ′,τ)
M(ξ ′,τ)

eiτxN dτ,

where M(ξ ′,τ) is as in 3.5.3. Using (3.82), we obtain:

1
2π i

∫
γ

Q(ξ ′,τ)Bs(ξ ′,τ)
M(ξ ′,τ)

eiτxN dτ = 0 s = 1,2, . . . ,k.

According to (3.75) this is equivalent to

1
2π i

∫
γ

Q(ξ ′,τ)Bs(ξ ′,τ)
M(ξ ′,τ)

dτ = 0 =⇒ 1
2π i

∫
γ

Q(ξ ′,τ)τt−1

M(ξ ′,τ)
dτ = 0, t = 1,2, . . . ,k.

If t = 1, using the same approach as in the proof of Lemma 5.1, we find that Q(ξ ′,τ)
has degree ≤ k− 2. Now for t = 2,3, . . . ,k it is easy to see that Q(ξ ′,τ) ≡ 0.

Using the previous results, we obtain:

U(ξ ′,xN) =
1

2π i

k

∑
s=1

(i)−msĜs(ξ ′)
∫

γ

Ns(ξ ′,τ)
M(ξ ′,τ)

eiτxN dτ. (3.84)
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If we have (3.81), (3.83), it is sufficient to verify (3.82); using Lemma 5.3, we
obtain:

∑
|α |=mt

btα(i)|α
′|ξ ′α ′ dαNU

dxαN
N

=
1

2π i

k

∑
s=1

(i)−ms+mt Ĝs(ξ ′)
∫

γ

Ns(ξ ′,τ)Bt(ξ ′,τ)
M(ξ ′,τ)

dτ

= Ĝt(ξ ′),

and (3.84) follows.
For simplicity let γR be the boundary of the rectangle −R < Re τ < R, ε <

Imτ < R. We can take R sufficiently large and ε > 0 sufficiently small such that all
the roots of the polynomial P with positive imaginary part are inside of the rectangle
with the condition |ξ ′| = 1; this is possible because the roots τi(ξ ′) are continuous
functions.7 It is clear that, for all ξ �= 0, we have:

P(ξ ′,τ) = |ξ ′|2kP

(
ξ ′

|ξ ′| ,
τ
|ξ ′|

)
, (3.85)

M(ξ ′,τ) = |ξ ′|kM

(
ξ ′

|ξ ′| ,
τ
|ξ ′|

)
, (3.86)

Mj(ξ ′,τ) = |ξ ′| jMj

(
ξ ′

|ξ ′| ,
τ
|ξ ′|

)
, (3.87)

B j(ξ ′,τ) = |ξ ′|mj B j

(
ξ ′

|ξ ′| ,
τ
|ξ ′|

)
, (3.88)

b ji(ξ ′) = |ξ ′|mj−i+1b ji

(
ξ ′

|ξ ′|
)
, (3.89)

b ji(ξ ′) = |ξ ′| j−1−mib ji

(
ξ ′

|ξ ′|
)
, (3.90)

Nj(ξ ′,τ) = |ξ ′|k−1−mj Nj(
ξ ′

|ξ ′| ,
τ
|ξ ′| ). (3.91)

Using the definitions (3.85)–(3.91), we obtain from (3.84):

U(ξ ′,xN) =
1

2π i

k

∑
s=1

(i)−ms |ξ ′|−msĜs(ξ ′)
∫

γR

Ns(ξ ′/|ξ ′|,μ)
M(ξ ′/|ξ ′|,μ) ei |ξ ′ |μxN dμ . (3.92)

7More specifically: Let ξ ′ be a given point in R
N−1, τ1(ξ ′),τ2(ξ ′), . . .τk(ξ ′),τk+1(ξ ′), . . . ,τ2k(ξ ′)

the roots of the polynomial P(ξ ′,τ) (this property holds for all polynomials continuously
depending on the parameters). Let ε > 0, then there exists δ > 0 such that the roots
τ1(η ′),τ2(η ′), . . . ,τ2k(η ′) are in the set ∪2k

i=1B(τi(ξ ′),ε) for |ξ ′ −η ′| < δ where B(τi(ξ ′),ε) are
the discs with center τi(ξ ′) and radius ε . This result can be proved by contradiction.
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Let |α|= 2k and let us consider Dαu; we have:

∫
RN−1

e− i(x′,ξ ′)Dα u(x′,xN)dx′ = (i)|α
′|ξ

′α ′ dαNU

dxαN
N

(ξ ′,xN),

then using (3.83), we obtain:

(i)|α
′ |ξ ′α ′ dαNU

dxαN
N

(ξ ′,xN)

= (−1)kξ ′α ′ | ξ ′|αN
k

∑
s=1

(i)−ms |ξ ′|−ms Ĝs(ξ ′)
1

2π i

∫
γR

Ns(ξ ′/|ξ ′|,μ)
M(ξ ′/|ξ ′|,μ) ei|ξ ′ |μxN dμ .

(3.93)
Starting from (3.93) we deduce:

∫
R

N
+

e− i(x,ξ )Dαu(x′,xN)dx ≡ Hα(ξ )

= (−1)k−1ξ ′α ′ | ξ ′|αN−ms
k

∑
s=1

(i)−ms Ĝs(ξ ′)
1

2π i

∫
γR

Ns(ξ ′/|ξ ′|,μ)μαN

M(ξ ′/|ξ ′|,μ)
dμ

i |ξ ′|μ − iξ N .

(3.94)
Denoting μ = μ1 + iμ2, we have:

||ξ ′|μ−ξN |2 ≥ μ2
2

2
|ξ ′|2+ μ2

2/2

μ2
2/2+ μ2

1

ξ 2
N ≥ ε2

2
|ξ ′|2+ ε2/2

ε2/2+R2 ξ 2
N ≥ c2(|ξ ′|2+ξ 2

N).

But we have also the estimate:
∣∣∣∣Ns(ξ ′/|ξ ′|,μ)μαN

M(ξ ′/|ξ ′|,μ)
∣∣∣∣≤ c3. (3.95)

Using (3.94), we get:

|Hα(ξ )| ≤ c4
|ξ ′|2k

(|ξ ′|2 + ξ 2
N)

1/2

k

∑
s=1

|ξ ′|−ms |Ĝs(ξ ′)|. (3.96)

Now we get:

|Hα |L2(RN ) ≤ c5

k

∑
s=1

∫
RN

|ξ ′|4k−2ms

|ξ ′|2 +ξ 2
N

|Ĝs(ξ ′)|2 dξ

= c5

k

∑
s=1

∫
RN

|ξ ′|4k−2ms(1+ |ξ ′|2)−2k+ms+1/2

|ξ ′|2 + ξ 2
N

|Ĝs(ξ ′)|2(1+ |ξ ′|2)2k−ms−1/2 dξ
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≤ c5

k

∑
s=1

∫
RN

|Ĝs(ξ ′)|2(1+ |ξ ′|2)2k−ms−1/2 dξ ′
∫ ∞

−∞

|ξ ′|
|ξ ′|2 +ξ 2

N

dξN ,

then, using the Parseval equality,

∑
|α |=2k

|Dα u|L2(RN
+)

≤ c6

k

∑
s=1

∫
RN

|Ĝs(ξ ′)|2(1+ |ξ ′|2)2k−ms−1/2 dξ ′;

to finish, it suffices to prove for u ∈W h,2(RN) the inequality:

|u|2Wh,2(RN )
≤ c7(|u|2L2(RN

+)
+ ∑

|α |=h

|Dα u|2L2(RN
+)
). (3.97)

To do this, we use Theorem 2.3.9; we extend the function u from R
N
+ to R

N in such
a way such that

|u|2L2(RN) + ∑
|α |=h

|Dα u|2L2(RN ) ≤ c8(|u|2L2(RN
+)

+ ∑
|α |=h

|Dαu|2L2(RN
+)
);

using the Fourier transform, we have without difficulty:

|u|2Wh,2(RN)
≤ c9(|u|2L2(RN ) + ∑

|α |=h

|Dα u|2L2(RN )).

�

3.5.5 Properly Elliptic Operators

Let Ω be a bounded domain with a sufficiently smooth boundary, and A =

∑|i|≤2k aiDi an operator with coefficients measurable and bounded in Ω if |i| ≤
2k−1 and continuous if |i| = 2k. This operator is called properly elliptic in x ∈ Ω ,
if for any pair of linearly independent vectors ξ �= 0, η �= 0, the polynomial of the
variable τ given by

Pξ ,η(τ) = ∑
|i|=2k

ai(x)(ξ + τη)i (3.98)

has exactly k roots with strictly positive imaginary part.

Remark 5.1. A properly elliptic operator is elliptic: Indeed, if along with the given
vector η , we also consider the vector −η , the polynomial Pξ ,−η(τ) has exactly k
roots with strictly negative imaginary part, which implies that τ = 0 is not a root.

Remark 5.2. If N > 2, an elliptic operator is properly elliptic. Indeed, let
τ1,τ2, . . .,τμ , be the roots with positive imaginary part. The polynomial
Pξ ,−η(τ) = ∑|i|=2k ai(x)(ξ − τη)i has exactly μ roots with negative imaginary part,
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i.e. −τ1,−τ2, . . . ,−τμ . For every α ∈]0,1[ we can find a vector of length |η |,
say ηα , such that η0 = η ,η1 = −η,ηα depending continuously on α,ξ , ηᾱ are
independent for any α . The polynomial (3.98), Pξ ,η(τ), has precisely μ roots with
negative imaginary part, hence μ = k.

Let Bs = ∑|α |≤ms bsαDα be boundary operators with sufficiently smooth coeffi-
cients, s = 1,2, . . . ,k, of order ms ≤ 2k− 1. We say that A,Bs satisfy the covering
conditions at the point x ∈ ∂Ω8 where A is properly elliptic, if for all vectors ξ �= 0
tangent at x ∈ ∂Ω and η �= 0 normal at x ∈ ∂Ω the polynomials

∑
|α |=ms

bsα(ξ + τη)α (3.99)

are linearly independent modulo

M(ξ ,τ)≡
k

∏
i=1

(τ − τi),

where τi are the roots with positive imaginary part of the polynomial defined in
(3.98).

If (A,Bs) satisfy the covering conditions for all x∈ ∂Ω , we say that (A,Bs) satisfy
the covering conditions.

Theorem 5.3. Let Ω ∈N4k−2,1, A = ∑|i|≤2k aiDi an operator with ai ∈ L∞(Ω), and

moreover ai ∈C0(Ω) if |i|= 2k. We assume A uniformly elliptic in Ω .
Let Bs = ∑|α |≤ms

bsαDα be boundary operators of order ms ≤ 2k − 1,
s = 1,2, . . . ,k, with coefficients bsα ∈ C2k−1−ms,1(∂Ω). Finally we assume that
(A,Bs) satisfy the covering conditions. Then there exists λ ≥ 0 such that for all
u ∈W 2k,2(Ω), we have the inequality

|u|W 2k,2(Ω) ≤ c(
k

∑
s=1

|Bsu|W 2k−ms−1/2,2(∂Ω) + |Au|L2(Ω))+λ |u|L2(Ω). (3.100)

Proof. We use the domains Gr, r = 1,2, . . . ,M + 1, as in 1.2.4, such that
GM+1 ⊂ Ω , ∂Ω ⊂∪M

r=1Gr, Ω ⊂∪M+1
r=1 Gr; we use also the mapping (1.4.7). Without

loss of generality, we choose νN =−1 at the point x = 0. Let us put ur = uψr. First
consider uM+1, the support of uM+1 is in GM+1; let us denote B(xi,ρ) the ball with

center xi and radius ρ . Let v ∈ W 2k,2
0 (B(xi,ρ)) and let us denote A′ = ∑|i|=2k aiDi,

A′
x j
= ∑|i|=2k ai(x j)D

i. Using the Fourier transform, we obtain:

8Cf. S. Agmon, A. Douglis, L. Nirenberg [1]. In the Russian literature these conditions are called
Shapiro-Lopatinskii conditions.
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Â′
x j

v(ξ ) = (−1)k( ∑
|i|=2k

ai(x j)ξ
i)v̂(ξ ),

hence

v̂(ξ )) =
(−1)kÂ′

x j
v(ξ )

∑|i|=2k ai(x j)ξ i .

Let |α| = 2k; we have (D̂α v)(ξ ) = (−1)kξ α v̂(ξ ), hence according to the uniform
ellipticity and Parseval equality, it follows:

∑
|α|=2k

|Dαv|L2(Ω) ≤ c1

∣∣∣A′
x j̄

v
∣∣∣
L2(Ω)

. (3.101)

We have: ∣∣∣A′
x j

v−A′v
∣∣∣
L2(Ω)

≤ ω j(ρ) ∑
|α |=2k

|Dα v|L2(Ω) ,

where
ω j(ρ) = max

|i|=2k
( max

x∈B(x j ,ρ)
|ai(x j)−ai(x)|).

We can choose ρ sufficiently small such that ω j(ρ) < 1/2 uniformly with respect
to x j ∈ GM+1; then (3.101) implies:

∑
|α |=2k

|Dα v|L2(Ω) ≤
c1

2

∣∣A′v
∣∣
L2(Ω)

. (3.102)

Suppose ρ is a fixed number, x j , j = 1,2, . . . , l, points in GM+1 such that the

following inclusion occurs, GM+1 ⊂ ∪l
j=1B(x j,ρ), and let h j ∈ C∞

0 (B(x j,ρ)) such

that x ∈ GM+1 =⇒ ∑l
j=1 h2

j(x) = 1. Let us denote wj = uM+1h j; using (3.102), we
obtain:

|uM+1|W 2k,2(Ω) ≤ c2

l

∑
j=1

|w j |W2k,2(Ω) ≤ c3(|uM+1|W 2k−1,2(Ω) +
l

∑
j=1

|A′wj|L2(Ω))

≤ c4(|uM+1|W2k−1,2(Ω) + |A′uM+1|L2(Ω))≤ c5(|uM+1|W 2k−1,2(Ω) + |AuM+1|L2(Ω)),

hence, by Lemma 2.6.1, we can find λ1 sufficiently large such that

|uM+1|W 2k,2(Ω) ≤ c6|AuM+1|L2(Ω) +λ1|u|L2(Ω). (3.103)

Let us consider now ur, r = 1,2, . . . ,M. The mapping (1.35) transforms
W 2k,2(Ω ∩Gr) onto W 2k,2(K+), where K+ = {(σ , t), |σi|<α , i= 1,2, . . . ,N−1,0<
t < δ}. Using the local coordinates (σ , t) the operator A can be written as
Ar = ∑|i|≤2k ariDi. We do not restrict the generality of computations if we assume α
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and δ small, such that v ∈W 2k,2(K+) implies:

∣∣A′
rv−A′

r0v
∣∣
L2(K+)

≤ 1
2 ∑
|α |≤2k

|Dαv|L2(K+)
;

here A′
r0 = ∑|i|=2k ari(0)Di; the previous inequality is a direct consequence of the

continuity of the coefficients ari, |i| = 2k. The boundary operator Bs can be written
in local coordinates in the form: Brs =∑|α |≤ms

brsα Dα , brsα ∈C2k−1−ms,1(Δ), where
Δ = (−α,α)N−1. We denote B′

rs = ∑|α |=ms brsαDα ; it is necessary to choose α,δ
sufficiently small to have the estimates given later; we will return to this particular
point. For simplicity we denote ur the function ur after the mapping (1.35); the
support of ur is in K+∪Δ , cf. 1.2.4. Now we can find a sequence ur,n, n = 1,2, . . .,
limn→∞ ur,n = ur in W 2k,2(K+),ur,n ∈C∞(K+) with support in K+

⋃
Λ .

It is clear that A′
r0 is an elliptic operator: this is a simple consequence of the fact

that, at the point σ = 0, t = 0, the mapping (1.35) is the identity mapping. A being
properly elliptic, the condition (3.71) holds for A′

r0.
Denoting as above τi the roots of the polynomial associated with A′

r0, we can find
ε > 0 such that Imτi ≥ ε , uniformly with respect to x∈ ∂Ω , the origin of coordinates
in our case.

Let B′
rs0 =∑|α |=ms brsα(0)Dα . We have (3.75), moreover, if |ξ ′|= 1, the absolute

value of this determinant is bigger than a positive constant, uniformly with respect
to x ∈ ∂Ω .

Let fr,n = A′
r0ur,n. We use Theorem 5.1 with l = 1, m > N; we can assume

without loss of generality K+ ⊂ C defined in Theorem 5.1. Let vr,n ∈ W 2k,2(RN)
as in Theorem 5.1 such that A′

r0vr,n = fr,n. Then

|vr,n|W 2k,2(RN ) ≤ c7| fr,n|L2(K+)
. (3.104)

The function (ur,n − vr,n) satisfies the hypotheses of Theorem 5.1, hence

|urn|W 2k,2(RN
+)

≤ c8

k

∑
s=1

(∫
RN−1

| ̂(B′
rs0ur,n)(ξ ′)|2(1+ |ξ ′|2)2k−ms−1/2) dξ ′)1/2

+ c8

k

∑
s=1

(∫
RN−1

| ̂(B′
rs0vr,n)(ξ ′)|2(1+ |ξ ′|2)2k−ms−1/2)dξ ′)1/2

+ c8(| fr,n|L2(K+)
+ |ur,n|L2(RN

+)
). (3.105)

Let us denote Δ = (−α,α)N−1 as in 1.2.4 and assume

Δ ⊂ (−1/2,1/2)N−1 ⊂ (−1,1)N−1 ≡ Δ1.
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Using Theorem 2.5.1 and Lemma 2.5.6, we can estimate:

(∫
RN−1

| ̂(B′
rs0

ur,n)(ξ ′)|2(1+ |ξ ′|2)2k−ms−1/2)dξ ′
)1/2

≤ c10
∣∣B′

rs0
ur,n

∣∣
W 2k−ms−1/2,2(Δ1)

. (3.106)

Now (3.104)–(3.106) imply:

|ur,n|W 2k,2(RN
+)

≤ c11

(
k

∑
s=1

|B′
rs0ur,n|W 2k−ms−1/2,2(Δ1)

+ | fr,n|L2(K+)
+ |ur,n|L2(RN

+)

)
,

hence, for n → ∞,

|ur|W 2k,2(RN
+)

≤ c11

(
k

∑
s=1

∣∣B′
rs0

ur
∣∣
W 2k−ms−1/2(Δ1)

+ | fr|L2(K+)
+ |ur|L2(RN

+)

)
. (3.107)

We observe that c11 does not depend on α,δ ; hence we can take α,δ sufficiently
small such that for v ∈W 2k,2(RN

+) with support in K+∪Λ , we have:

c11
∣∣B′

rsv−B′
rs0

v
∣∣
W 2k−ms−1/2,2(Δ1)

≤ (1/2k)|v|W2k,2(RN
+)
. (3.108)

It follows, according to (3.107) and (3.108) that

|ur|W2k,2(RN
+)

≤ 2c11(
k

∑
s=1

∣∣B′
rs0

ur
∣∣
W 2k−ms−1/2,2(Δ1)

+ | fr|L2(K+)
+ |ur|L2(RN

+)
). (3.109)

Then, by Theorem 2.5.4 and Lemma 2.6.1:

|ur|W2k,2(RN
+)

≤ c12(
k

∑
s=1

|Brsur|W 2k−ms−1/2,2(Δ1)
+ | fr|L2(K+)

+ |ur|L2(RN
+)
). (3.110)

Now we use again the representation by local coordinates and get:

|ur|W 2k,2(Gr)
≤ c13(

k

∑
s=1

∣∣B′
sur

∣∣
W 2k−ms−1/2,2(∂Ω )

+ | fr|L2(Gr+)
+ |ur|L2(Gr+)

)

≤ c14(
k

∑
s=1

∣∣B′
su
∣∣
W2k−ms−1/2,2(∂Ω)

+ | f |L2(Ω) + |u|L2(Ω));

(3.111)
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here Gr+ = Gr ∩Ω ; c14 does not depend on r. Finally we can write:

|u|W 2k,2(Ω) ≤ c15

M+1

∑
r=1

|ur|W 2k,2(Ω),

and (3.103) and (3.111) are proved. �
Corollary 5.1. Under the hypotheses of Theorem 5.3, let u∈W 2k,2(Ω) be such that
Bsu = 0 on ∂Ω , s = 1,2, . . . ,k. Then (3.56) occurs.

Remark 5.3. It is possible to consider with the same method (we have done this in
R

N
+) the same type of problems for unbounded domains; we obtain estimates of the

type (3.56). Cf. also S. Agmon, A. Douglis, L. Nirenberg [1].

3.5.6 Properly Elliptic Operators (Continuation)

Using an adapted method of S. Agmon, A. Douglis, L. Nirenberg [1], we obtain:

Theorem 5.4. We assume the hypotheses as in the previous theorem, except that
the covering conditions are not satisfied at a point x0 ∈ ∂Ω , where A is a properly
elliptic operator on ∂Ω , uniformly elliptic in Ω . Then (3.100) does not hold for any
constant c.

Proof. Without loss of generality, we can assume that the particular point x0 is
the origin of one coordinate system and that the tangent plane to this point is
the hyperplane xN = 0. Let |ξ ′| = 1 be the exceptional vector, and introduce the
operators

A′
0 = ∑

|i|=2k

ai(0)Di, B′
s0 = ∑

|α |=ms

bsα(0)Dα ,

and the polynomial
B′

s0(ξ
′,τ) = ∑

|α |=ms

bsα(0)ξ
′α ′

ταN .

Then we can find a nontrivial solution of the equation

∑
|i|=2k

(i)|i
′ |ξ ′i′ai

diNU

dxiN
N

= 0, (3.112)

which tends to zero as xN → ∞ and satisfies the boundary conditions:

∑
|α |=ms

bsα(0)(i)|α
′ |ξ

′α ′ dαNU

dxαN
N

(ξ ′,0) = 0, s = 1,2, . . . ,k. (3.113)

Using the approach which gives the uniqueness of the solution of the problem
(3.81)–(3.83), we construct such a solution in the following form:
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v(xN) =
1

2π i

∫
γ

Q(ξ ′,τ)
M(ξ ′,τ)

eiτxN dτ, (3.114)

Q(ξ ′,τ) �= 0 is a polynomial of degree ≤ k−1. Let T be the mapping (1.4.7) of K+

onto G1+ (we assume that the origin is in G1, cf. 1.2.4), G1+ = G1 ∩Ω . Let us set
s = (σ , t) and

uλ (s) = λ−2k+1eiλ (ξ ′,σ)v(λ t). (3.115)

Let ϕ ∈ C∞
0 (K), K = {s = (σ , t),σ ∈ Δ , |t| < δ}, ϕ(s) = 1 for |σi| < (1/2)α , i =

1,2, . . . ,N −1, 0 < t < (1/2)δ , 0 ≤ ϕ(s)≤ 1, ωλ (s) = ϕ(s)uλ (s) = ωλ (T
−1(x)) =

zλ (x); zλ ∈ W 2k,2(Ω). Let us assume that inequality (3.100) occurs with c1. It is
possible to find α and δ sufficiently small (cf. K+) such that

k

∑
s=1

|Bszλ |W 2k−μs−1/2,2(∂Ω) ≤ ε|zλ |W 2k,2(Ω) +λ1(ε)|zλ |W 2k−1,2(Ω), (3.116)

|Azλ |L2(Ω))≤ ε|zλ |W 2k,2(Ω) +λ2(ε)|zλ |W 2k−1,2(Ω), (3.117)

with (c1 + c2)ε < 1/2. Then using (3.100), (3.116), (3.117):

(1/2)|zλ |W 2k,2(Ω) ≤ c1(λ1(ε)+λ2(ε))|zλ |W 2k−1(Ω) (3.118)

Now, taking into account the fact that v(xN) is a linear combination of functions
of the type H(xN)eiτ jxN , τ j a root with positive imaginary part of the polynomial in
consideration, we obtain:

lim
λ→∞

|zλ |W 2k,2(Ω) = c2 > 0, lim
λ→∞

|zλ |W 2k−1,2(Ω) = 0.

But this is a contradiction to (3.118) �

3.6 Continuous Dependence on the Data

3.6.1 Dependence on the Coefficients

The notion of a well posed problem in the sense of Hadamard concerns only a part of
the data, in our case the set f ,u0,g. Inequality (3.18) gives the property of continuity
with respect to these data. It remains to consider the continuous dependence on the
coefficients of the sesquilinear form ((v,u)), on the coefficients of the boundary
operators Bi, and on the domains Ω . All these questions are not completely solved
in the most general setting and many open interesting and fundamental problems
must be considered. The problems concerning the dependence on coefficients can
be found in the works of S.G. Mikhlin [2], J.L. Lions [1], J. Nečas [14]; concerning
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the dependence on domains cf. I. Babuška [2–4], J. Deny, J.L. Lions [1], J. Nečas
[2, 8], A. Kufner [1], J. Kautsky [1]. In these works only partial results are
obtained, for instance the domain Ω is fixed and the investigations concern only the
simultaneous dependence on coefficients, etc. We shall give some theorems with
general dependence.

Now we begin by a generalization of a theorem of J.L. Lions [1]:

Theorem 6.1. Suppose we are given Ω ,V,Q,((v,u)) V -elliptic, ((v,u))n, n =
1,2, . . . , a sequence of sesquilinear forms such that for all v,u ∈W 2k,2(Ω):

lim
n→∞

( sup
|v|k≤1,|u|k≤1

|((v,u))− ((v,u))n|)≡ lim
n→∞

εn = 0; (3.119)

let Gn, resp. G, be the associated Green operators from [Q′ ×W k,2(Ω)× N →
W k,2(Ω)] (cf. 3.1). Then limn→∞ Gn = G in [Q′ ×Wk,2(Ω)×N →W k,2(Ω)].

Proof. It is clear that ((v,u))n is V -elliptic if n is sufficiently large, moreover, v ∈V
implies:

|((v,v))n| ≥ c1|v|2k, (3.120)

where c1 does not depend on n. Let be un = Gn( f ,u0,g), u = G( f ,u0,g). For all
v ∈V , we have ((v,un −u))n = ((v,u))− ((v,u))n; then for v = un −u we obtain:

|((un − u,un−u))n|= |((unu,u))− ((un −u,u))n| ≤ εn|un −u|k|u|k
≤ εn|un −u|k|G|(| f |Q′ + |u0|k + |g|V ′).

Hence using (3.120), it follows that

|un −u|k ≤ εn
|G|
c1

(| f |Q′ + |u0|W k,2(Ω) + |g|V ′).

�
Obviously we have

Proposition 6.1. Let an(v,u) be given forms as in (3.12), let condition (3.119) be
satisfied if:

((v,u))n =

∫
Ω

∑
|i|,| j|≤k

ai j,nDivDjudx+
∫

∂Ω

k−1

∑
i=0

biα,n
∂ iv
∂ni DαudS,

where
lim
n→∞

ai j,n = ai j in L∞(Ω), (3.121)

lim
n→∞

biα ,n = biα in L∞(∂Ω). (3.122)
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If an(v,u) is given as in (3.14), Ω ∈N2k,1, it is sufficient to replace (3.122) by:

lim
n→∞

biα ,n = biα in C|α |−k,1(∂Ω), |α| ≤ k.

lim
n→∞

biα ,n = biα in L∞(∂Ω), |α|< k.
(3.123)

Remark 6.1. If u0 = 0 in Theorem 6.1, it is sufficient to have (3.119) for v,u ∈ V .
This remark will be used often in the sequel.

Remark 6.2. With the same hypotheses as in Theorem 6.1, if limn→∞ fn = f in
Q′, limn→∞ u0,n = u0 in W k,2(Ω), limn→∞ gn = g in V

′
, then

|un− u|k ≤ c1(| fn − f |Q′ + |u0,n−u0|W k,2(Ω) + |gn −g|V ′)

+ c2εn(| f |Q′ + |u0|W k,2(Ω) + |g|V ′).
(3.124)

3.6.2 Dependence on the Coefficients (Continuation)

Theorem 6.2. Let Ω ,V,Q,((v,u)), and ((v,u))n,n = 1,2, . . . , a sequence of
sesquilinear forms be given such that for all v ∈V:

|((v,v))| ≥ α|v|2k , |((v,v))n| ≥ α|v|2k . (3.125)

Let u ∈W k,2(Ω); we assume:

lim
n→∞

( sup
|v|k≤1

|((v,u))− ((v,u))n|)≡ lim
n→∞

εn(u) = 0, (3.126a)

|((v,u))n| ≤ β |v|k|u|k. (3.126b)

Let limn→∞ fn = f in Q′, limn→∞ u0,n = u0 in W k,2(Ω), limn→∞ gn = g in V
′

with
un, resp. u, the solutions of the corresponding problems. Then limn→∞ un = u in
W k,2(Ω).

Proof. For v ∈V , we have:

((v,un −u+u0−u0,n))n = ((v,un))n − ((v,u))+ ((v,u))

− ((v,u))n +((v,u0 −u0,n))n

= 〈v, f n〉− 〈v, f 〉+ gnv−gv+((v,u))

− ((v,u))n +((v,u0 −u0,n))n.
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Using (3.125), (3.126a), (3.126b), we obtain:

|((v,un −u+u0−u0,n))| ≤

≤ | fn − f |Q′ |v|k + |gn −g|V ′ |v|k + εn(u)|v|k +β |v|k|u0 −u0,n|k.
(3.127)

Let us choose v = un −u+u0−u0,n, then (3.127) and (3.125) give:

|un − u+ u0− u0,n|k ≤ 1
α
(| fn − f |Q′ + |gn −g|V ′ + εn(u)+β |u0−u0,n|k). (3.128)

�

Proposition 6.2. Let an(v,u) be given by (3.12), Ω ∈N0,1, then conditions (3.125),
(3.126a), (3.126b) hold if

lim
n→∞

ai j,n = ai j in measure on ∂Ω , (3.129)

|ai j,n| ≤ c1, (3.130)

lim
n→∞

biα ,n = biα in measure on ∂Ω , (3.131)

|biα ,n| ≤ c2. (3.132)

If the sequence an(v,u) is given as in (3.14), Ω ∈ N2k,1, it is sufficient to replace
(3.131), (3.132) for |α| ≥ k by:

lim
n→∞

biα ,n = biα in C|α |−k(∂Ω), (3.133a)

lim
n→∞

∂ |α |−k+1biα ,n

∂σ i1
1 . . .∂σ iN−1

N−1

=
∂ |α |−k+1biα

∂σ i1
1 . . .∂σ iN−1

N−1

in measure on ∂Ω , (3.133b)

|biα ,n|C|α|−k,1(∂Ω) ≤ c3. (3.134)

Proof. We have:

A(v,u)−An(v,u) =
∫

Ω
∑

|i|,| j|≤k

(ai j − ai j,n)D
ivDjudx.

Let ε > 0, and
Mn = {x ∈ Ω , max

i, j
|ai j(x)−ai j,n(x)| ≥ ε}.

We have limn→∞(measMn) = 0, hence

|A(v,u)−An(v,u)| ≤ ε
∫

Ω−Mn
∑

|i|,| j|≤k

|Div||Dju|dx+2c2

∫
Mn

∑
|i|,| j|≤k

|Div||Dju|dx

≤ c4ε|v|W k,2(Ω)|u|W k,2(Ω) + c5|v|W k,2(Ω)|u|W k,2(Mn)
.
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Then we have (3.126a) for An(v,u), A(v,u). For given an(v,u), a(v,u) satisfying
(3.12), the situation is the same; if (3.14) is verified, the proof is as in Theorem
1.2.1. �
Remark 6.3. Theorems 6.1, 6.2 can be modified without difficulty to the case of
V/P-ellipticity.

We are interested in the following particular case:

3.6.3 The Singular Case

Theorem 6.3. Given Ω ,V,Q,P ⊂ V ∩ P(k−1), ((v,u)) V/P-elliptic, ((v,u))n V -
elliptic, n = 1,2, . . ., a sequence of sesquilinear forms such that for all v ∈V:

|((ṽ, ũ))| ≤ c1|ṽ|W k,2(Ω)/P|ũ|W k,2(Ω)/P, |((v,v))n| ≥ c1|ṽ|2W k,2/P, (3.135)

|((v,v))n| ≥ αn|v|2Wk,2(Ω)
, αn > 0 ( lim

n→∞
αn = 0 is possible). (3.136)

For all v,u ∈W k,2(Ω) we assume

|((v,u))n| ≤ c2|((v,v))n|1/2|u|k, (3.137)

lim
n→∞

( sup
|((v,v))n|1/2≤1,|u|k≤1

|((v,u))− ((v,u))n|)≡ lim
n→∞

εn = 0, (3.138a)

either

lim
n→∞

( sup
|((v,v))n|1/2≤1

|((v,u))− ((v,u))n|)≡ lim
n→∞

εn(u) = 0, (3.138b)

Let limn→∞ fn = f in Q′, limn→∞ gn = g in V
′
, limn→∞ u0,n = u0 in W k,2(Ω). Then

v ∈ P =⇒ 〈v, f 〉+ gv = 0 = 〈v, f n〉+ gnv.
Let un,u be the solutions of the corresponding problems. Then with hypothesis

(3.138a) we have:

|ũn− ũ|W k,2(Ω)/P ≤ c(| fn − f |Q′ + |u0,n−u0|k + |gn−g|V ′)+εn(| f |Q′ + |u0|k+ |g|V ′),

with hypothesis (3.138b) we have limn→∞ ũn = ũ in W k,2(Ω)/P.

Proof. We choose u ∈ ũ such that |u|k ≤ 2|ũ|W k,2(Ω)/P; we have:

((v,un −u+u0−u0,n))n = ((v,un))n − ((v,u))+ ((v,u))

− ((v,u))n +((v,u0 −u0,n))n

= 〈v, f n〉+gnv−〈v, f 〉− gv+((v,u))− ((v,u))n+((v,u0 −u0,n))n,
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then

|((v,un − u+ u0−u0,n))n| ≤ c3| fn − f |Q′ |((v,v))|1/2 + c3|gn −g|V ′ |((v,v))n|1/2

+ εn(u)|((v,v))n|1/2 + c2|((v,v))n|1/2|u0 −u0,n|k.
(3.139)

If we choose v = un −u+u0−u0,n, then using (3.135) and (3.139), we obtain:

|ũn − ũ+ ũ0 − ũ0,n|W k,2(Ω)/P ≤ c4(| fn − f |Q′ + |gn −g|V ′

+ εn(u)+ |u0−u0,n|W k,2(Ω)).
(3.140)

�
Example 6.1. Let Ω ∈ N0, V = W 1,2(Ω), Q = L2(Ω), An = −�+ bn,bn ≥ 0,
bn �= 0, limn→∞ bn = 0 in L∞(Ω), an(v,u) = a(v,u)≡ 0, gn = g = 0. All hypotheses
of Theorem 6.3 are satisfied, P = P(0), (3.135) is clear, (3.136) is proved using
Theorem 1.4.3, (3.137) is a consequence of the Schwarz inequality. Since ((v,u))n

is hermitian, we have for (3.138a):

|((v,v))n|1/2 =
(∫

Ω

N

∑
i=1

∣∣∣∣ ∂ v
∂xi

∣∣∣∣
2

dx+
∫

Ω
bn|v|2 dx

)1/2
.

Then
|((v,v))n|1/2 ≤ 1 =⇒

∫
Ω

bn|v|2dx ≤ 1.

We obtain:

|((v,u))− ((v,u))n|=
∣∣∣∣
∫

Ω
bnvudx

∣∣∣∣≤
(∫

Ω
bn|v|2 dx

)1/2(∫
Ω

bn|u|2 dx
)1/2

≤ |bn|1/2
L∞(Ω)|u|k.

If N ≥ 3, Ω ∈N0,1, then it is sufficient to have limn→∞ |bn|LN/2(Ω) = 0; this follows
from Theorem 2.3.4.

The following theorem is more or less a theoretical example; the modifications
depend on the particular cases.

Theorem 6.4. Fix Ω ,V,Q,P ⊂ P(k−1), ((v,u))1, ((v,u))1,n, ((v,u))2, ((v,u))2,n

sesquilinear forms on W k,2(Ω)×W k,2(Ω); we assume: limn→∞((v,u))i,n =((v,u))i,
i = 1,2, v,u ∈W k,2(Ω) in sense of (3.119), with εn; we assume ((ṽ, ũ))1, ((ṽ, ũ))1,n,
to be sesquilinear forms on W k,2(Ω)/P ×W k,2(Ω)/P, satisfying for all v ∈ V:
Re ((ṽ, ṽ))1,n ≥ c1|ṽ|2V/P, Re ((ṽ, ṽ))2,n ≥ c1|ṽ|2V/P; if v ∈ V , we assume also:

Re ((v,v))1 +Re ((v,v))2 ≥ c2|v|2Wk,2(Ω)
. Let limn→∞ fn = f in Q′, limn→∞ gn = g

in V
′
, limn→∞ u0,n = u0 in W k,2(Ω). If v ∈ P, then 〈v, f 〉+ gv = 〈v, f n〉+ gnv = 0.
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Let λn > 0, n = 1,2, . . ., limn→∞ λn = 0,u the solution of the problem u− u0 ∈ V,
((v,u))1 = 〈v, f 〉+ gv, v ∈ V, and un the solution of the problem un − u0,n ∈ V,
((v,u))1,n+λn((v,u))2,n = 〈v, f n〉+gnv,v ∈V. Then there exists a unique u ∈ ũ such
that

|un −u|k ≤ c(| fn − f |Q′ + |u0,n−u0|W k,2(Ω) + |gn −g|V ′)+ εn(| f |Q′ + |u0|k + |g|V ′)).

Proof. For all v ∈V and for n sufficiently large, we have:

Re ((v,v))1,n +λnRe ((v,v))2,n ≥ (1−λn)Re ((v,v))1,n +λnRe ((v,v))1,n

+λnRe ((v,v))2,n ≥ λn(c1/2)|v|2k.

Now we can find u ∈ ũ, such that v ∈ P =⇒ ((v,u))2 = 0,u unique. For v ∈ P we
have ((v,u))1,n +λn((v,un))2,n = 0; hence for v ∈ P we have ((v,un))2,n = 0. Let us
put ((v,u))n = ((v,u))1,n +λn((v,u))2,n. Now we have for v ∈V :

|((v,un −u+u0−u0,n))n| ≤ c(| fn − f |Q′ |v|k + |gn −g|V ′ |v|k
+ εn|v|k|u|k + |u0 −u0,n|k|v|k).

(3.141)

Let v1,v2, . . . ,vκ be a basis in the space P. If n is sufficiently large, v ∈V , then

|ṽ|2V/P +
κ

∑
i=1

|((v,vi))2,n|2 ≥ c3|v|2k. (3.142)

In the previous inequality, if we replace ((v,u))2,n by ((v,u))2, we obtain:

(|ṽ|2V/P +
κ

∑
i=1

|((v,vi))2|2)1/2,

this is a norm and V is complete with respect to this norm; the result follows from
Banach’s theorem. If n is sufficiently large, we obtain (3.142).

In the inequality (3.141) we can take v = un −u+u0−u0,n; then

c1|ũn − ũ+ ũ0+ ũ0,n|2V/P ≤ |((un −u+u0−u0,n,un −u+u0−u0,n))n))1,n

≤ c(| fn − f |Q′ |un −u+u0−u0,n|k + |gn−g|V ′ |un −u+u0−u0,n|k
+ εn|un −u+u0−u0,n|k|u|k + |un −u+u0−u0,n|k|u0 −u0n|k
+λn|un −u+u0−u0,n|2k).

(3.143)
Now in the first and in the last terms of the previous inequalities we add the

following term:
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κ

∑
i=1

|((un −u+u0−u0,n,vi))2,n|2,

then we get:

(c4 −λn)|un −u+u0−u0,n| ≤ | fn − f |Q′ + εn|u|k + |u0 −u0,n|k + |gn −g|V ′

+(
κ

∑
i=1

|((vi,un −u+u0−u0,n))2,n)|2)1/2 ((∑
κ
i=1 |((vi,un −u+u0−u0,n))2,n|2)1/2

|un −u+u0−u0,n|k .

(3.144)
But we have:

(
κ

∑
i=1

|((vi,un −u+u0−u0,n))2,n|2)1/2 ≤ c5|un −u+u0−u0,n|k,

on the other hand,

|((un −u+u0−u0,n,vi))2,n|= |− ((un,vi))2,n − ((u,vi))2 +((vi,u0 −u0,n))2,n|
≤ c6(εn|u|k + |u0 −u0,n|k).

Then, using (3.144), the theorem is proved. �
Exercise 6.1. Using a simple modification of Theorem 6.4, where the conditions
(3.126a), (3.126b) replace condition (3.119), prove that limn→∞ un = u in W k,2(Ω).

Example 6.2. Let Ω ∈ N0, V = W 2,2(Ω), Q = L2(Ω), P = P(1), Ak = �2, Ak,n =

�2, Bn = bn, limn→∞ bn = b = B in L∞(Ω); b ≥ 0, b �= 0, A =�2 +b. Put f = fn ∈
L2(Ω), gn = g = 0 and assume:

∫
Ω

f dx =
∫

Ω
xi f dx = 0, i = 1,2, . . . ,N.

Then if �2un + λnbnun = f resp. �2u = f in Ω , with boundary conditions
generated by:

∫
Ω

∑
|i|=2

2
i!

DivDiun dx+
∫

Ω
λnbnvun dx =

∫
Ω

v f dx, v ∈W 2,2(Ω),

resp.
∫

Ω
∑
|i|=2

2
i!

DivDiudx =
∫

Ω
v f dx, v ∈W 2,2(Ω),

we can apply Theorem 6.4.

Remark 6.4. Let O be a domain in the Gauss plane G and let ((v,u))λ be
a sesquilinear form defined for λ ∈ O. The spaces V,Q are given, the sesquilinear
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form is V -elliptic, uniformly for all λ ∈ O. For λ ∈ O we define fλ ∈ Q′, gλ ∈ V ′,
u0λ ∈ W k,2(Ω); moreover we assume that for all v ∈ V , the functions of variable

λ ,〈v, f λ 〉, gλ v, ((v,u0λ ))λ are analytic in O. Then ((v,u(λ )))λ , where u(λ ) is the
solution of the corresponding problem, is also analytic in O.

Example 6.3. Let ((v,u))1, ((v,u))2 be two sesquilinear forms and let us assume
that for v ∈V , we have c1|v|2k ≤ Re ((v,v))i ≤ c2|v|2k , Im((v,v))i = 0, i = 1,2. Let us
put ((v,u))λ = ((v,u))1(1−λ)+ ((v,u))2λ .

Then we can take for O the set defined by:

c1

c1 − c2
+ ε ≤ Re λ ≤ c2

c2 − c1
− ε, ε > 0.

3.6.4 Dependence on the Space V

In this section we consider the dependence of the solution on the space V .
Let Vn,V ⊂W k,2(Ω) be closed spaces. We say that limn→∞ Vn =V uniformly, if:

lim
n→∞

( sup
|v|k≤1
v∈Vn

( inf
w∈V

|v−w|k))≡ lim
n→∞

εn = 0, (3.145)

lim
n→∞

( sup
|w|k≤1
w∈V

( inf
v∈Vn

|v−w|k))≡ lim
n→∞

ε ′n = 0. (3.146)

Theorem 6.5. Let Vn,V ⊂ W k,2(Ω), limn→∞ Vn = V uniformly. Let us assume the
existence of a closed subspace W ⊂W k,2(Ω) such that Vn ⊂W,V ⊂W algebraically
and topologically. Let W ⊂Q algebraically and topologically. Suppose we are given
a sesquilinear form ((v,u)), W-elliptic, and limn→∞ fn = f in Q′, limn→∞ gn = g
in W

′
, limn→∞ u0,n = u0 in W k,2(Ω). Let un (resp. u) be the solutions of the

corresponding problems. Then the following inequality holds:

|un − u|k ≤ c1

1− c1εn

(|u0 −u0,n|k +(1+ εn)(1+ ε ′n)(| f − fn|Q′ + |g−gn|W ′)

+ ε ′n(1+ εn)(| f |Q′ + |g|W ′)+ ε ′n(1+ εn)(| fn|Q′ + |u0,n|k + |gn|W ′)
)
.

(3.147)

Proof. We can write:

((u−un+ u0,n−u0,u−un+u0,n −u0))

= ((u−un +u0,n−u0,u−un))+ ((u−un+u0,n−u0,u0,n −u0)).
(3.148)
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Then we have:

((u−un+ u0,n−u0,u−un)) = ((hn,u−un))+ ((u−un+u0,n−u0 −hn,u−un)),

with hn ∈V chosen to minimize |u−un+u0,n−u0 −hn|k.
Now due to (3.145), we have:

|u−un+u0,n −u0 −hn|k ≤ εn|u−un+u0,n−u0|k. (3.149)

Let h′n ∈Vn be chosen to minimize |hn −h′n|k. Then (3.146), (3.149) imply:

|hn −h′n|k ≤ ε ′n(1+ εn)|u−un +u0,n−u0|k, (3.150)

hence

((hn,u−un)) = 〈hn, f 〉+ghn − ((hn,un))

= 〈hn, f 〉+ghn −〈h′n, f n〉−gnh′n +((h′n −hn,un)).
(3.151)

Now, using the previous formulas (3.148)–(3.151), we obtain:

|u− un + u0,n −u0|2k ≤ c1
(|u0,n −u0|k|u−un+u0,n−u0|k

+ εn|u−un+u0,n −u0|k|u−un|k +(1+ εn)(1+ ε ′n)| f − fn|Q′ |u−un+u0,n −u0|k
(1+ εn)(1+ ε ′n)|g−gn|W ′ |u−un

+u0,n − u0|k + ε ′n(1+ εn)(| f |Q′ + |g|W ′)|u−un+u0,n−u0|k
+ ε ′n(1+ εn)|u−un+u0,n −u0|k|un|k

)
,

and finally we have the estimate:

|u− un|k ≤ c2
(|u0,n −u0|k + εn|u−un|k +(1+ εn)(1+ ε ′n)(| fn − f |Q′ + |gn −g|W ′)

+ ε ′n(1+ εn)(| f |Q′ + |g|W ′)+ ε ′n(1+ εn)(| fn|Q′ + |gn|W ′ + |u0,n|k)
)
.

Hence we get (3.147). �
Exercise 6.2. We replace (3.146) by:

lim
n→∞

( inf
v∈Vn

|v−w|k)≡ lim
n→∞

ε ′′n = 0. (3.151bis)

Prove that limn→∞ un = u in W k,2(Ω).
Hint: Start by proving weak convergence.

Remark 6.5. Condition (3.145) is trivially satisfied if Vn ⊂V , n = 1,2, . . ..
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3.6.5 Dependence on the Space V (Continuation)

Let M be a subset of some vector space; we denote by [M] the vector space generated
by M. Instead of (3.145) we can introduce another condition:

V = ∩∞
n=1[∪∞

i=nVi]. (3.152)

Then we have

Theorem 6.6. Let Vn,V ⊂ W k,2(Ω), limn→∞ Vn = V in the sense defined in
(3.151 bis), (3.152). Denote Wn = [∪∞

i=nVi], n = 1,2,3, . . .. Let W1 ⊂ Q algebraically
and topologically. Suppose we are given a sesquilinear form ((v,u)), W1-elliptic,
and sequences such that limn→∞ fn = f in Q′, limn→∞ gn = g in W

′
, limn→∞ u0,n = u0

in W k,2(Ω). Then if un,u are the solutions of the corresponding problems, we have:
limn→∞ un = u in W k,2(Ω).

Proof. Let Pn be the projectors Pn : W1 on Wn; we have: P1 ≥ P2 ≥ . . .. and if v ∈W1,
then limn→∞ Pnv = Pv, where P is the projector P : W1 → V . Denote by Z∗

n ,Z
∗ the

mapping of Wn onto Wn (resp. V onto V ) defined by: v,u∈Wn =⇒ (Z∗
nv,u)k =(v,u)k,

(resp. v,u ∈V =⇒ (Z∗v,u)k = ((v,u))); cf. Lemma 1.3.1.
We shall prove that v ∈V implies limn→∞ Z∗

nv = Z∗v.
Indeed: let ω ∈W1, then (Z∗

nv,ω)k = (Z∗
nv,Pnω)k, but limn→∞(Z∗

n v,(P−Pn)ω)k = 0,
we obtain limn→∞(Z∗

n v,Pnω)k = ((v,Pω)) = (Z∗v,Pω)k = (Z∗v,ω)k. From this we
can deduce:

lim
n→∞

(Z∗
n v,Z∗

nv)k = lim
n→∞

((v,Z∗
nv)) = lim

n→∞
(Z∗v,Z∗

nv)k

= (Z∗v,Z∗v)k = ((v,Z∗v)) = (Z∗v,Z∗v)k.

This gives the result.
Now we prove that limn→∞ un = u in the weak topology. Let w ∈W1, we have:

(w,un −u0,n −u+u0)k = (w,u0 −u0,n)k +(w,un −u)k.

But
lim
n→∞

(w,u0 −u0,n)k = 0,

hence it is sufficient to consider (w,un −u)k. We have:

(w,un − u)k = (Pnw,un −u−u0,n+u0)k +(w,u0,n −u0)k

= (Pw,un −u−u0,n +u0)k +((Pn −P)w,un −u−u0,n+u0)k +(w,u0,n −u0)k.

Using the hypotheses on Pn,P we have:

lim
n→∞

((Pn −P)w,un −u−u0,n+u0)k = 0.
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Using the fact that |un|k are bounded, there exists exactly one element v ∈ V such
that Pw = Z∗v. Now we consider (Z∗v,un −u−u0,n+u0)k. We have:

lim
n→∞

(Z∗v,un −u−u0,n+u0)k = lim
n→∞

(Z∗
nv,un −u0,n)k − (Z∗v,u−u0)k

= lim
n→∞

((v,un −u0,n))− ((v,u−u0)) = lim
n→∞

(〈vn, f n〉+gnvn −〈v, f 〉−gv) = 0,

where vn ∈Vn, lim
n→∞

vn = v strongly in W k,2(Ω), limn→∞ un = u weakly. Now we have:

lim
n→∞

((un − u−u0,n+u0,un −u−u0,n+u0)) = lim
n→∞

((un −u0,n −u+u0,un −u))

= lim
n→∞

(〈u−u0, f 〉+g(u−u0)+ 〈un −u0,n, f n〉+gn(un −u0,n))

− lim
n→∞

((u−u0,un))− lim
n→∞

((un −u0,n,u)) = 0.

�
Example 6.4. Given Ω ∈ Nk,1, if k ≥ 2, Ω ∈ N0,1, if k = 1, we define on ∂Ω
boundary operators Bns (resp. Bs), s = 1,2, . . . ,μ , as in (1.2.6a). We suppose that
Fns are written in local coordinates (σ , t) as

Fns = ∑
|α |≤k−1

cnsα
∂ |α |

∂σα1
1 ∂σα2

2 . . .∂σαN−1
N−1 ∂ tαN

, (3.153)

αN = it if t is well chosen, with limn→∞ cnsα = csα in Ck−|α|−1,1(∂Ω). The spaces
Vn (resp. V ) are generated by the conditions Bnsv = 0 (resp. Bsv = 0) on ∂Ω ,
s = 1,2, . . . ,μ . Moreover condition (3.145) is satisfied: we look for h such that
w = v− h, ∂ it h/∂ t it = 0 on ∂Ω , t = 1,2, . . . ,k − μ , and ∂ js h/∂ t js = (Fns −Fn)v,
s = 1,2, . . . ,μ . Such a function exists due to Theorems 2.5.7, 2.5.8; we have
|h|k ≤ εn|v|k, limn→∞ εn = 0. The same process is used for condition (3.146).

Remark 6.6. The conditions Bnsv = 0, resp. Bsv = 0, can be restricted to Γ , an
open subset of ∂Ω , without restrictions on the other part of ∂Ω . In the previous
Example 6.4, it is sufficient to have an extension operator:

[
k−1

∏
i=0

W k−i− 1
2 ,2(Λ )→

k−1

∏
i=0

W k−i− 1
2 ,2(∂Ω)]

(cf. Corollary 2.5.3), or the operator from Theorem 2.5.8:

[
k−1

∏
i=0

W k−i− 1
2 ,2(Λ)→W k,2(Ω)];

it is possible to use the construction from Chap. 2, 2.2.5.
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Example 6.5. Let Ω ∈ N0,1, Λn ⊂ ∂Ω , limn→∞ Λn = Λ , Λn ⊂ Λ , Λ and Λn open
sets. Then we have:

∪∞
n=1 ∩∞

i=n Λi = Λ = ∩∞
n=1 ∪∞

i=n Λi,

the spaces Vn, resp.V are given by the boundary conditions ∂ iv/∂ni = 0,
i = 1,2, . . . ,k − 1 on Λn resp. Λ . We have in the sense of (3.151), (3.152)
limn→∞ Vn = V ; indeed, V ⊂ Vn, (3.151) is clear; concerning (3.152) we observe
that: V ⊂ ∩∞

n=1∪∞
i=nVi.

Let v ∈ ∩∞
n=1∪∞

i=nVi; then there exist vn ∈ ∪i=nVi, limn→∞ vn = v in W k,2(Ω);
but if vn ∈ ∪∞

i Vi, we have ∂ ivn/∂ni = 0, i = 1,2, . . . ,k− 1 in ∩∞
i Λi. Now using the

Lebesgue theorem we have limn→∞ meas(Λ −∩∞
i=nΛi) = 0, hence v ∈V .

3.6.6 Dependence on the Domain, the Dirichlet Problem

Now we investigate the dependence of solutions of our boundary value problems on
the domain. Let Ωn,Ω be such that limn→∞ Ωn = Ω ; we always assume Ωn ⊂ Ω .
I. Babuška [2, 3] has considered a more general case connected with the notion of
stability of domains for the Dirichlet problem; for other results of the same type cf.
J. Kautsky [1], A.Kufner [1].

The first steps in this direction can be found in N. Wiener [1], J. Keldysh [1]. The
variational method was used by R. Courant, D. Hilbert [1], J. Deny, J.L. Lions [1].

We begin with the simplest:

Theorem 6.7. Let Ω be a bounded (or unbounded) domain in R
N, Ωn, n = 1,2, . . .

a sequence of subdomains in Ω ;∪∞
n=1 ∩∞

i=n Ωi = Ω . Let V (Ω) =W k,2
0 (Ω), V (Ωn) =

W k,2
0 (Ωn); we assume the functions in V (Ωn) extended by zero to Ω and denote Vn

the spaces of extended functions; we have Vn ⊂V and assume:

v ∈V =⇒ lim
n→∞

( inf
vn∈Vn

|v− vn|k) = 0. (3.154)

Let ((v,u)) be a V-elliptic sesquilinear form, fn, f ∈ W−k,2(Ω), limn→∞ fn = f in
W−k,2(Ω), limn→∞ u0n = u0 in W k,2(Ω);un,u are the solutions of the corresponding
boundary value problems. We extend un by u0n outside of Ωn. Then limn→∞ un = u
in W k,2(Ω).

Proof. We prove first that limn→∞ un = u weakly. Indeed, if v ∈V , we have:

lim
n→∞

((v,un −u0,n−u+u0)) = lim
n→∞

((v,un −u)) = lim
n→∞

((vn,un))− ((v,u)),

where vn ∈Vn, limn→∞ vn = v, by (3.154). But since

((vn,un)) = 〈vn f n〉, ((v,u)) = 〈v, f 〉,
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we get:
lim
n→∞

((v,un −u0,n−u+u0)) = 0.

Let us denote by Z∗ the one-to-one, linear, continuous mapping Z∗ : V → V
defined by:

v,w ∈V =⇒ (Z∗v,w)k = ((v,w)),

cf. Lemma 1.3.1. We have:

lim
n→∞

(Z∗v,un −u0n−u−u0)k = 0;

but, by definition of Z∗,Z∗(V ) = V , hence the result follows. (It is clear that the
sequence |u|k is bounded). We can write:

lim
n→∞

((un −u0,n−u+u0,un −u0,n−u+u0))

= lim
n→∞

((un −u0,n−u+u0,un −u))

= lim
n→∞

((un − u0,n,u))− lim
n→∞

((u−u0,un))− lim
n→∞

((u−u0,un))+ ((u−u0,u)).

(3.155)
We have:

lim
n→∞

((un −u0,n,un)) = lim
n→∞

〈un −u0,n, f n〉= 〈u−u0, f 〉,

and finally using (3.155) and the V-ellipticity of the sesquilinear form the conclusion
occurs.

�
We have obviously

Proposition 6.3. Let Ω be a bounded domain, Ωn, n = 1,2, . . . a sequence of
subdomains Ωn ⊂Ω such that for every compact set K ⊂Ω , there exists n0 such that
n ≥ n0 =⇒ K ⊂ Ωn. Using the notations of the previous theorem we have (3.154).

3.6.7 The General Case

Now we formulate a more general theorem; an adaptation is possible for the
Dirichlet problem and other problems.

Theorem 6.8. Let Ω be a bounded (or unbounded) domain in R
N, Ωn, n = 1,2, . . .

a sequence of subdomains in Ω , ∪∞
n=1 ∩∞

i=n Ωi = Ω . Let V = V (Ω) ⊂ W k,2(Ω),
V (Ωn) ⊂ W k,2(Ωn). Let us assume the existence of a sequence of extension
operators Pn,Pn ∈ [V (Ωn) → V (Ω)], |Pn| ≤ const, n = 1,2, . . .; we denote Vn =
Pn(V (Ωn)).



174 3 Properties of Solutions of Boundary Value Problems

Moreover we also assume:

v ∈V (Ω) =⇒ lim
n→∞

( inf
vn∈Vn

|v− vn|k) = 0. (3.156)

Let V (Ωn)⊂ Q(Ωn), V (Ω)⊂ Q(Ω) algebraically and topologically, C∞
0 (Ωn) =

Q(Ωn),C∞
0 (Ω) = Q(Ω); let ((v,u))Ωn , resp. ((v,u))Ω be a sequence of sesquilinear

forms on W k,2(Ωn)×W k,2(Ωn) resp. a sesquilinear form, V-elliptic on W k,2(Ω)×
W k,2(Ω), such that

|((v,u))Ωn | ≤ c1|v|W k,2(Ωn)
|u|Wk,2(Ωn)

, (3.157)

v ∈V (Ωn)⇒ |((v,v))Ωn | ≥ c2|v|2V (Ωn)
, (3.158)

v,u ∈W k,2(Ω)⇒ lim
n→∞

((v,u))Ωn = ((v,u))Ω , (3.159)

the convergence being uniform with respect to u for fixed v and conversely.
Let f ∈ Q′(Ω), fn ∈ Q′(Ωn). Let us assume that for v ∈V (Ωn)

| fnv− f Pnv| ≤ εn|v|Wk,2(Ωn)
, lim

n→∞
εn = 0. (3.160a)

Let gn ∈ V (Ωn)
′,g ∈ V (Ω)′ the nonstable boundary conditions, assume that for

v ∈V (Ωn)
|gnv−gPnv| ≤ ε ′n|v|W k,2(Ωn)

, lim
n→∞

ε ′n = 0. (3.160b)

Let limn→∞ u0,n = u0 in W k,2(Ω) and denote by un,u the solutions of the correspond-
ing boundary value problems.

Then limn→∞ Pn(un −u0,n) = u−u0 in W k,2(Ω).

Proof. We begin by proving that limn→∞ Pn(un − u0,n) = u− u0 weakly. Let v ∈
V (Ω) and let us consider ((v,Pn(un −u0,n)))Ω . Condition (3.159) implies

lim
n→∞

((v,Pn(un −u0,n)))Ω = lim
n→∞

((v,un −u0,n))Ωn ;

now if vn ∈V (Ωn), then by (3.156) limn→∞ Pnvn = v. Using (3.157), we obtain:

lim
n→∞

((v,un −u0,n))Ωn = lim
n→∞

((vn,un −u0,n))Ωn

= lim
n→∞

〈vn, f n〉+ lim
n→∞

gnvn − ((v,u0))Ω = 〈v, f 〉+ gv− ((v,u0))Ω ;

this completes the first step of the proof.
Now we use the transformation Z∗ ∈ [V (Ω) → V (Ω)], as in the proof of the

previous theorem. Let vn ∈V (Ωn) be a sequence such that

lim
n→∞

Pnvn = u−u0.
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Using (3.157), (3.159), and the weak convergence proved above, we obtain:

lim
n→∞

((un −u0,n − vn,un −u0,n − vn))Ωn = lim
n→∞

((un −u0,n,un −u0,n))Ωn

− lim
n→∞

((un −u0,n,vn))Ωn − lim
n→∞

((vn,un −u0,n))Ωn + lim
n→∞

((vn,vn))Ωn

=− lim
n→∞

((un −u0,n,u0))Ωn + lim
n→∞

〈un −u0,n, f n〉+ lim
n→∞

gn(un −u0)

− lim
n→∞

((Pn(un −u0),u−u0))Ω − lim
n→∞

((u−u0,Pn(un −u0,n)))Ω

+((u−u0,u−u0))Ω

=−((u− u0,u0))Ω + 〈u−u0, f 〉+g(u−u0)−3((u−u0,u−u0))Ω = 0;

the last result is a consequence of (3.158). Then finally:

lim
n→∞

|un −u0,n− vn|W k,2(Ωn)
= 0,

and hence
lim
n→∞

|Pn(un −u0,n − vn)|) = 0.

�
Remark 6.7. The sesquilinear forms ((v,u))Ωn depend on Ωn. This can have two
reasons:

1. The boundary forms an(v,u) change with respect to Ωn.
2. The coefficients of the operators change, and at the same time the sesquilinear

forms ((v,u))Ωn on W k,2(Ωn)×Wk,2(Ωn) change with respect to Ωn.
From this point of view, Theorem 6.8 can be considered as a generalization of

Theorem 6.2 and is an example of simultaneous dependences.

Remark 6.8. In comparison with the Dirichlet problem, where the extension is the
simple extension by zero, for other problems the situation is more complicated.

For the Neumann problem, consider Ωn, Ω ∈Nk−1,1, and assume limn→∞ Ωn =
Ω in the sense of 2.4.2. In the construction of Pn we can use Theorem 2.3.9, and
we obtain |Pn| ≤const. If limn→∞ Ωn = Ω in N0,1 in the sense of 2.4.2, we can use
Theorem 2.3.10 and we obtain again |Pn| ≤const.

For other problems such as the oblique derivative, etc., in each case, where
V (Ωn) =W k,2(Ωn), V (Ω) =W k,2(Ω), the situation is the same.

For all other problems, where W k,2
0 (Ωn) �=V (Ωn) �=W k,2(Ωn), we can combine

different types of extensions.

Example 6.6. Let Ω = {x ∈ R
2,x2

1 + x2
2 < 1,x2 > 0}, Ωn = {x ∈ R

2,x2
1 + x2

2 <
1 − εn,x2 > εn},εn > 0, limn→∞ εn = 0; V (Ω) = {v ∈ W k,2(Ω);∂ iv/∂ni = 0,
i = 0,1,2, . . . ,k − 1, for x2 = 0, |x1| < 1}, V (Ωn) = {v ∈ W k,2(Ωn), ∂ iv/∂ ni = 0,
i = 0,1,2, . . . ,k−1, for x2 = εn, |x1|< (1− εn − ε2

n )
1/2}.

We define Pn by Pnv = 0 for x2 < εn, x2
1+x2

2 < 1−εn, and we use Theorem 2.3.9.
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Example 6.7. Let Ω be the unit disc, Ωn the n-sided regular polygons with vertices
on the circle ∂Ω ; let V (Ω) = {v ∈ W 2,2(Ω),v = 0 on ∂Ω)}, V (Ωn) = {v ∈
W 2,2(Ωn),v = 0 on ∂Ωn}. The sequence Pn, as in Theorem 6.8, here does not exist.
This is a result from I. Babuška [3]: let un ∈V (Ωn) be such that

∫
Ωn

∑
|i|=2

2
i!

DivDiun dx =
∫

Ωn

v f dx, v ∈V (Ωn), f ∈ L2(Ω),

and u ∈V (Ω) such that

∫
Ω

∑
|i|=2

2
i!

DivDiudx =
∫

Ω
v f dx, v ∈V (Ω).

Then there exists u∗ ∈W 1,2(Ω) such that

lim
n→∞

|un −u∗|W 1,2(Ωn)
= 0, |u∗ −u|W1,2(Ω) �= 0.

Remark 6.9. If V (Ω) = W k,2(Ω), V (Ωn) = W k,2(Ωn), usually the construction of
the sequence Pn satisfies the hypothesis:

v ∈V (Ω) =⇒ lim
n→∞

|PnRv− v|Wk,2(Ω) = 0,

which implies (3.156).

Remark 6.10. Under certain hypotheses, it is not necessary to have P(V (Ωn)) ⊂
V (Ω); it is sufficient to require P(V (Ωn))⊂W k,2(Ω) and the condition (3.156) for
Vn = P(V (Ωn)).

Remark 6.11. If ∂Ω ,∂Ωn are sufficiently smooth, sometimes it is more convenient
to transform the problems on Ωn to problems on Ω . Then we have the hypotheses
from 6.1 to 6.5.

Example 6.8. Let limn→∞ Ωn = Ω in N0,1 in the sense of 2.4.2. Given:

A =−
N

∑
i, j=1

∂
∂xi

(
ai j

∂
∂ x j

)
+b,

((v,u))Ωn =
N

∑
i, j=1

∫
Ωn

(
ai j

∂v
∂xi

∂u
∂x j

+ bvu

)
dx+

∫
∂Ωn

σnvudS,

((v,u))Ω =
N

∑
i, j=1

∫
Ω

(
ai j

∂ v
∂xi

∂u
∂x j

+ bvu

)
dx+

∫
∂Ω

σvudS,
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let us assume:

|σn(x
′
r,ar,n(x

′
r))| ≤ c, lim

n→∞
σn(x

′
r,ar,n(x

′
r)) = σ(x′r,ar(x

′
r)) in sense of measure,

and for complex numbers ζi, i = 1,2, . . . ,N:

N

∑
i, j=1

ai j +a ji

2
ζiζ j ≥

N

∑
i=1

|ζi|2, Re b ≥ 0, Re b �= 0.

We take:
Q(Ωn) = L2(Ωn), Q(Ω) = L2(Ω);

fn ∈ L2(Ωn), f ∈ L2(Ω), lim
n→∞

| fn − f |L2(Ωn)
= 0.

Let be gn ∈ L2(∂Ωn), g ∈ L2(∂Ω), such that

lim
n→∞

gn(x
′
r,ar,n(x

′
r)) = g(x′r,ar(x

′
r)) in L2(Δr), lim

n→∞
u0,n = u0 in W 1,2(Ω).

We are in the setting of Theorem 6.8; indeed: V (Ωn) =W 1,2(Ωn), V (Ω) =W 1,2(Ω),
using Theorem 2.3.9 we construct the sequence Pn. We have also Remark 6.9. It is
clear that (3.157) is satisfied, because the following inequality holds:

∫
∂Ωn

|v|2dS ≤ c2|v|2W1,2(Ωn)
. (3.161)

If n is sufficiently large, then by Theorem 2.7.4 we have:

Re ((v,v))Ωn ≥ c3|v|2W 1,2(Ωn)
, Re ((v,v))Ω ≥ c3|v|2W 1,2(Ω).

If v,u ∈W 1,2(Ω),r = 1,2, . . . .m, let us consider:

∫
Δr

σ(x′r,ar(x
′
r))v(x

′
r,ar(x

′
r))u(x

′
r,ar(x

′
r))

(
1+

N−1

∑
i=1

( ∂ar

∂xri
(x′r)

)2)1/2
dx′r

−
∫

Δr

σn(x
′
r,ar,n(x

′
r))v(x

′
r,ar,n(x

′
r))u(x

′
r,ar,n(x

′
r))

(
1+

N−1

∑
i=1

(∂ar,n

∂xri
(x′r)

)2)1/2
dx′r

≡
∫

Δ
σvupdx′ −

∫
Δ

σ nvnun pn dx′.

(3.161bis)
We take v fixed, and |u|W 1,2(Ω) ≤ 1;we obtain:

lim
n→∞

sup
|u|1≤1

∣∣∣∣
∫

Δ
(σ −σn)vupdx′

∣∣∣∣= 0. (3.162)
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Indeed: let ε > 0 and Mn ⊂ Δ the set such that |σ −σn| ≥ ε;
we have limn→∞ meas(Mn) = 0, and hence

∫
Δ
|σ −σ n||v||u||p|dx′ ≤ c4ε

(∫
C−Mn

|v|2 dx′
)1/2(∫

C−Mn

|u|2 dx′
)1/2

+ c5

(∫
Mn

|v|2 dx′
)1/2(∫

C
|u|2dx′

)1/2

.

Then (3.161) implies (3.162). Now using Theorem 2.4.5, we obtain:

lim
n→∞

sup
|u|1≤1

∣∣∣∣
∫

Δ
σ n(v− vn)updx′

∣∣∣∣= 0. (3.163)

Then it follows:

lim
n→∞

sup
|u|1≤1

∣∣∣∣
∫

Δ
σ nvn(u− un)pdx′

∣∣∣∣= 0, (3.164)

and

lim
n→∞

sup
|u|1≤1

∣∣∣∣
∫

Δ
σ nvnun(p− pn)dx′

∣∣∣∣= 0. (3.165)

Indeed: we have:
∣∣∣∣
∫

Δ
(σnvnun(p− pn)dx′

∣∣∣∣≤ c6
(∫

Δ
|vn|q dx′

)1/q(∫
Δ
|un|q dx′

)1/q|a−an|W 1,2N−2(Δ )

for N ≥ 3 with 1/q = 1
2 − 1

2 [1/(N−1)]; for N = 2, the modification is clear; we use
Theorems 2.4.2 and 2.4.6. We must also use the property:

lim
n→∞

|a −an|W 1,p(Δ ) = 0

for all p ≥ 2, but this is a consequence of the fact that

lim
n→∞

|a −an|W 1,2(Δ ) = 0

and of |an|C0,1(Δ ) ≤ const; we can use inequality (2.4.6 bis), applied to ∂an/∂xi.
Using (3.162)–(3.165) we deduce that the last quantity in (3.161 bis) tends to zero if
n → ∞, uniformly with respect to |u|k ≤ 1 which implies (3.159). (3.160a) is clear;
using the inequality:

∣∣∣∣
∫

Δ
vngn pn dx′ −

∫
Δ

vgpdx′
∣∣∣∣≤ c7(max

x∈Δ
|ar,n −ar|1/2|v|1|g|L2(∂Ω))

+c7(|v|1|gn −g|L2(Δ ) + c7|v|1|gn|L2(Δ )|ar −ar,n|W1,p(Δ ),
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we obtain (3.161) with p > 4, if N = 2, and with p = 4N − 4, if N ≥ 3. We must
use (2.4.6).

Exercise 6.3. Let limn→∞ Ωn = Ω in N0,1, V (Ωn) =W k,2(Ωn), V (Ω) =W k,2(Ω);
we assume the existence of a sequence Pn, |Pn| ≤ c, and (3.156); let us denote
Q(Ωn) = L2(Ωn), Q(Ω) = L2(Ω). Let A be the operator

A = ∑
|i|,| j|=k

Di(ai jD
j);

let us set:

((v,u))Ωn =

∫
Ωn

∑
|i|,| j|=k

ai jD
ivDjudx, ((v,u))Ω =

∫
Ω

∑
|i|,| j|=k

ai jD
ivDjudx

and assume:

|((ṽ, ṽ))Ωn | ≥ c1|ṽ|2W k,2(Ωn)/P(k−1)
, |((ṽ, ṽ))Ω | ≥ c1|ṽ|2Wk,2(Ω)/P(k−1)

.

Let
fn ∈ L2(Ωn), f ∈ L2(Ω), lim

n→∞
| fn − f |L2(Ωn)

= 0.

Finally we assume:

p ∈ P(k−1) =⇒
∫

Ω
p f dx =

∫
Ωn

p f ndx = 0

Let u, resp.un, be the solution of the homogenous Neumann problem. Prove that in
W k,2(Ω)/P(k−1), limn→∞ P̃nun = ũ.

3.6.8 Dependence on the Domain, Another Method

Let us come back to the case limn→∞ Ωn = Ω , V (Ωn) = W k,2(Ωn), V (Ω) =
W k,2(Ω). For simplicity, we consider only the homogeneous case; let us assume
that the following sesquilinear form is given:

A(v,u)Ω =

∫
Ω

∑
|i|,| j|≤k

ai jD
ivDjudx,

and let us define:
A(v,u)Ωn =

∫
Ωn

∑
|i|,| j|≤k

ai jD
ivDjudx;
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the reader can make other generalizations. We have Q(Ωn), Q(Ω), fn ∈ Q′(Ωn), f ∈
Q′(Ω). Let un ∈W k,2(Ωn), u ∈W k,2(Ω). We shall say that limn→∞ un = u almost in
W k,2(Ω), if

lim
n→∞

|un −u|Wk,2(Ωn)
= 0,

this will be written as limn→∞ un = u-almost in W k,2(Ω), if |un|W k,2(Ωn)
≤const and

if for Ωn, n = 1,2, . . . ,un converges to u weakly.
We shall assume that fn converges to f in the following sense: if limn→∞ un =

u- almost in W k,2(Ω), then

lim
n→∞

〈un, f n〉= 〈u, f 〉, | fn|Q′(Ωn) ≤ const. (3.166)

For instance, this is the case if:

Q(Ωn) = L2(Ωn), Q(Ω) = L2(Ω), fn ∈ L2(Ωn), f ∈ L2(Ω),

lim
n→∞

| fn − f |L2(Ωn)
= 0.

We have:

Theorem 6.9. Let Ω be a bounded domain, limn→∞ Ωn =Ω in the following sense:
if K = K ⊂ Ω , then there exists n0, such that n ≥ n0 =⇒ K ⊂ Ωn. Let us assume,
that for v ∈W k,2(Ω),

|A(v,v)Ω | ≥ c1|v|2W k,2(Ω)
, (3.167)

and for v ∈W k,2(Ωn)
|A(v,v)Ωn | ≥ c1|v|2W k,2(Ωn)

. (3.168)

Let fn ∈ Q′(Ωn), f ∈ Q′(Ω), limn→∞ fn = f in the sense given by (3.166), un the
solution of the problem

A(v,un)Ωn = 〈v, f n〉, v ∈W k,2(Ωn),

and u the solution of the problem

A(v,u)Ω = 〈v, f 〉, v ∈W k,2(Ω).

Then limn→∞ un = u−almost in W k,2(Ω).

Proof. First of all we have |un|W k,2(Ωn)
≤ c1; using the diagonal process we can

extract from the sequence un a subsequence uni which converges weakly almost in
W k,2(Ω). Let u∗ be this limit; now we claim u= u∗ almost everywhere in Ω . Indeed:
let v∈W k,2(Ω), we do not loss any generality if we assume limn→∞ Dαuni =Dαu∗−
almost in L2(Ω), |α| ≤ k; this is a direct consequence of limn→∞ uni = u∗−almost
in W k,2(Ω). We have:
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A(v,u∗)Ω = lim
i→∞

A(v,u∗)Ωni
= lim

i→∞
A(v,uni)Ωni

= lim
i→∞

〈v, f ni
〉= 〈v, f 〉.

Now we prove limn→∞ uni = u strongly. Indeed: we have

lim
i→∞

A(uni −u,uni −u)Ωni
= lim

i→∞
〈uni , f ni

〉− lim
i→∞

〈u, f ni
〉

+ lim
i→∞

A(u,u)Ωni
− lim

i→∞
A(uni ,u)Ωni

= 0,

then the result follows from (3.168); this implies the strong convergence. Indeed: if
not, there would exist a subsequence un j such that |unj −u|Wk,2(Ωn j )

≥ ε > 0, weakly

convergent almost in W k,2(Ω). If limn→∞ unj = u∗ weakly, then as above u∗ = u and
limn→∞ un j = u which is a contradiction. �

We can see that for the Neumann problem, for the mixed problem, etc, Ωn,Ω can
be very general and we still obtain the continuous dependence on the domain.

Remark 6.12. We can generalize Theorem 6.9 in other cases, for instance if we
assume the existence of a sequence of operators Rn ∈ [V (Ω) → V (Ωn)], |Rn| ≤
const., such that

for v ∈V (Ω), lim
n→∞

|Rnv− v|Wk,2(Ωn)
= 0;

or it is sufficient to assume that for v ∈ V (Ω ′) there exists a sequence vn ∈ V (Ωn)
such that

lim
n→∞

|v− vn|W k,2(Ωn)
= 0.

Clearly we can define the continuous dependence on the domains if Ωn ⊃ Ω ,
limn→∞ Ωn =Ω in some sense. For the Dirichlet problem, we have a positive answer
if W k,2

0 (Ω) = ∩∞
i=1W k,2

0 (Ωi); the details can be found in I. Babuška [2, 3].

3.7 Elliptic Systems

We add this section to complete and to generalize the previous considerations for
systems of equations, but the results will be not given in complete generality. We
will not return to systems in the remaining part of this book; the reasons for this
choice is due to the fact that the investigation of systems is not so developed in
comparison with the equations and the state of the art for systems is presently not
sufficient.

We follow the ideas introduced in the works of L. Nirenberg [1], J.L. Lions [4],
M.I. Vishik [1], in particular we shall give new results concerning the coercivity
which can be easily applied.

For particular questions we recommend various references given later in this
section.
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3.7.1 Elliptic Systems and Sesquilinear Forms

Let us define m×m differential operators in the form

Ars = ∑
|i|≤κr ,| j|≤κs

(−1)|i|Di(ars
i j D

j), (3.169)

where κr,κs, r,s = 1,2, . . . ,m, are positive integers, ars
i j are measurable bounded

functions on Ω . The system (3.169) is called elliptic at the point x, if for ξ ∈ R
N ,

ξ �= 0, the determinant:

det ∑
|i|=κr,| j|=κs

ars
i j(x)ξ i+ j �= 0,

and elliptic in Ω if the ellipticity property holds almost everywhere in Ω .
Let u = (u1,u2, . . . ,um) be a vector from the product ∏m

i=1 W κi,2(Ω), and
v another vector from this product; we associate the system (3.169) with the
sesquilinear form

A(v,u) =
∫

Ω

( m

∑
r,s=1

∑
|i|≤κr ,| j|≤κs

ars
i j D

ivrD
jus

)
dx. (3.170)

Together with (3.170) we define a boundary sesquilinear form, say a(v,u), such that
a(v,u) = 0 if at least one of v,u ∈ ∏m

i=1 W κi,2
0 (Ω).

The following proposition is clear:

Proposition 7.1. Let Ω ∈N0,1, and

a(v,u) =
∫

∂Ω

m

∑
r,s=1

κr−1

∑
i=0

∑
|α |≤κs−1

b
rs
iα

∂ ivr

∂ni Dα us dS, (3.171)

with brs
iα ∈ L∞(∂Ω). Then a(v,u) is a boundary form.

According to Lemma 2.5, we obtain:

Theorem 7.1. Let

κ = max
r=1,2,...,m

κr, Ω ∈N2κ ,1, brs
iα ∈ L∞(∂Ω) for |α|< κs,

brs
iα ∈C|α |−κs,1(∂Ω) for |α|−κs ≥ 0.

If the operators

∑
|α |≤κr+κs−i−1

brs
iαDα

are at most κs −1 transversal (cf. 1.2), then
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a(v,u) =
∫

∂Ω

m

∑
r,s=1

κr−1

∑
i=0

∑
|α|≤κr+κs−i−1

b
rs
iα

∂ ivr

∂ni Dαus dS (3.172)

is a boundary form.

3.7.2 Boundary Value Problems

Now we define the boundary value problem for an elliptic system; consider

(3.173a)Ω ∈N0,1, ∂Ω = ∪λ
l=1Γl

(except a set of zero superficial measure on the boundary), Γl open disjointed sets
in ∂Ω ;

(3.173b)the system (3.169) and the associated sesquilinear form (3.170);

(3.173c)a boundary sesquilinear form of the form (3.171) or (3.172), depending
on the regularity of ∂Ω ;

(3.173d)indices jlra, l = 1,2, . . . ,λ , r = 1,2, . . . ,m, such that 0 ≤ jlra ≤ κr − 1,
a = 1,2, . . . , μlr, jlr1 < jlr2 <,. . . ,< jlrμlr , complementary indices to ilrb

from the set 0,1,2, . . ., κr−1 such that 0 ≤ ilrb ≤ κr − 1, b = 1,2, . . . ,
κr − μlr, operators for l = 1,2, . . . ,λ , r = 1,2, . . . ,m, a = 1,2, . . . ,μlr:

∂ jlrα vr

∂ n jlrα
=

m

∑
s=1

κs−μls

∑
b=1

clrsab
∂ ilsbvs

∂nilsb ,
(3.174)

with coefficients clrsab which are complex functions in general; if the sets Γl are
locally (κ + 1)-times continuously differentiable, the operators can be written as

∂ jlra vr

∂n jlra
=

m

∑
s=1

∑
|α |≤κs−1

clrsab
∂ |α |vs

∂σα1
1 ∂σα2

2 ∂σαN−1
N−1 ∂nαN

, (3.175)

αN is one of the indices ilsb; we denote V the subset of v satisfying (3.174), (3.175);

(3.176)a Banach space Q, V ⊂ Q algebraically and topologically such that
[C∞

0 (Ω)]m is dense is Q;

(3.177)a vector u0 ∈ ∏m
i=1 W κi,2(Ω), a distribution f ∈ Q′, functionals glsb ∈ V

′
,

l = 1,2, . . . ,λ ; s = 1,2, . . . ,m; b = 1,2, . . . ,κs −μls such that glsbvs = 0 if
on Λl

∂ ilsbvs

∂nilsb
= 0.

We set

gv =
λ

∑
l=1

m

∑
s=1

κs−μls

∑
b=1

glsbvs.
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The vector u ∈ ∏m
i=1 W κi,2(Ω) is the solution of the boundary value problem, if:

u−u0 ∈V, (7.8a)

and for all v ∈V
A(v,u)+ a(v,u) = f v+ gv. (7.8b)

Now can proceed as in Chap. 1; using Green’s formula we can give a formal
interpretation of the conditions (3.178b).

Obviously we obtain, in the sense of distributions:

m

∑
s=1

Arsus = fr,

with

fv =
m

∑
s=1

fsvs.

3.7.3 Strongly Elliptic Systems

The sesquilinear form ((v,u)) = A(v,u)+ a(v,u) is called V -elliptic, if for v ∈V

|((v,v))| ≥ c|v|2m. (3.179)

where |v|m = (∑m
r=1 |vr|Wκr ,2)

1/2.
As in Chap. 1, we have

Theorem 7.2. For a given boundary value problem with the sesquilinear form
((v,u)) V-elliptic, there exists a unique solution of the problem, and we have the
estimate:

|u|Wκ,2 ≤ c[| f |Q′ + |u0|Wκ,2 + |g|V ′ ].9 (3.180)

Remark 7.1. The definition of the Green operator and Fredholm alternative can be
obtained by the same approach as for equations, cf. Sect. 3; if ((v,u)) is hermitian,
we generalize immediately the results obtained in Chap. 1, Sect. 6.

The system (3.169) is called uniformly elliptic in Ω , if almost everywhere in Ω :

|det ∑
|i|=κr,| j|=κs

ars
i j(x)ξ i+ j| ≥ c|ξ |2∑m

r=1 κr .

The system is called strongly elliptic at x, if for all ξ ∈ R
N , ξ �= 0, and for all

complex numbers η1,η2, . . . ,ηm,

9Here we denote Wκ ,2 = ∏m
i=1W κi,2(Ω ).
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Re
m

∑
r,s=1

∑
|i|=κr,| j|=κs

ars
i j(x)ξ

i+ jηrηs ≥ c(x)
m

∑
r=1

|ηr|2|ξ |2κr , c(x)> 0, (3.181a)

and uniformly strongly elliptic if c(x)≥ c > 0.

Theorem 7.3. Assume that the operators Ars in (3.169) are of order κr +κs, with
constant coefficients, and the system is strongly elliptic in the bounded domain Ω .
Then the sesquilinear form A(v,u) is ∏m

i=1 W κi,2
0 (Ω)-elliptic.

Proof. Let ϕ = (ϕ1,ϕ2, . . . ,ϕm) ∈ [C∞
0 (Ω)]m; we have:

Re A(ϕ ,ϕ) = Re
∫

Ω
(

m

∑
r,s=1

∑
|i|=κr,| j|=κs

ars
i j D

iϕrD jϕs)dx

= Re
1

2π iN

∫
RN

m

∑
r,s=1

∑
|i|=κr ,| j|=κs

ars
i j ξ

i+ j(iκr ϕ̂r)(iκsϕ̂s)dξ

≥ c1

∫
RN

m

∑
r=1

|ϕ̂r|2|ξ |2κr dξ = c1(2π)N
∫
RN

m

∑
r=1

∑
|i|=κr

κr!
i!

|Diϕr|2 dx.

�
Let us observe that if ∂Ω is sufficiently smooth, the necessary and sufficient

conditions of V -coercivity (cf. Sect. 4) have been obtained by D.G. Figueiredo [1]
using a method developed by S. Agmon (cf. [1]).

By the same approach as used in the proof of Theorem 3.5, we prove:

Theorem 7.4. Let us assume: Ω bounded, the coefficients ars
i j in (3.169) for |i| =

κr, | j|= κs in C0(Ω). If the system is uniformly elliptic for λ sufficiently large, then
the form

A(v,u)+λ
m

∑
r=1

(vr,ur) (3.181b)

is ∏m
i=1 W κi,2

0 (Ω)-elliptic (the form A(v,u) is ∏m
i=1 W κi,2

0 (Ω)-coercive).

3.7.4 Algebraically Complete, Formally Positive Forms

As far as concerns the ∏m
i=1 W κi,2(Ω)-ellipticity of the forms ((v,u)), we have a

simple theorem:

Theorem 7.5. Let ζ r
i be complex numbers, r = 1,2, . . . ,m, |i|= κr. We assume that

almost everywhere in Ω ∈N0
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Re
m

∑
r,s=1

∑
|i|=κr,| j|=κs

ars
i j ζ

r
i ζ s

j ≥ c
m

∑
r=1

∑
|i|=κr

|ζ r
i |2, c > 0. (3.181c)

Then for λ sufficiently large, the form (3.181b) is ∏m
i=1 W κi,2(Ω)-elliptic.

Proof. Indeed: we have

Re
∫

Ω

m

∑
r,s=1

∑
|i|=κr,| j|=κs

ars
i j D

ivrD
jvs dx ≥ c

∫
Ω

m

∑
r=1

∑
|i|=κr

|Divr|2 dx, c > 0;

then we proceed as in Theorem 4.1.
�

Let us now consider the operators

Nlv =
m

∑
s=1

∑
|α |≤κs

alsα Dαvs, alsα ∈ L∞(Ω), l = 1,2, . . . ,h, (3.182)

and the forms

A(v,u) =
∫

Ω
(

h

∑
l=1

NlvNlu)dx. (3.183)

Such a form is called V -coercive if there exists λ ≥ 0 such that for all v ∈V

A(v,v)+λ
m

∑
s=1

(vs,vs)≥ c
m

∑
s=1

|vs|2W κs ,2(Ω). (3.184)

If Ω is sufficiently smooth, m = 1, V = W k,2(Ω), a necessary and sufficient
condition for V -coercivity was given in N. Aronszajn [2]; for m = 1 and V more
general see M. Schechter [1, 3]; for m = 1, h = 1 cf. also Sect. 5. For m ≥ 1 cf. M.S.
Agranovich, A.S. Dynin [1], S. Agmon, A. Douglis, L. Nirenberg [2]: V = ∏m

i=1 Vi

with Vi of the same type as in Sect. 5.
We consider the problem of ∏m

i=1 W κi,2(Ω)-coercivity for (3.183) in the case
Ω ∈N0,1.

We call the system Niv a complete system, if the form (3.183) is ∏m
i=1W κi,2(Ω)-

coercive.
Now we prove the following

Lemma 7.1. Let Ω ∈N0,1, l an integer, f ∈W−l,2(Ω). Then

| f |W−l,2(Ω) ≤ c

(
N

∑
i=1

∣∣∣∣ ∂ f
∂ xi

∣∣∣∣
W−l−1,2(Ω)

+ | f |W−l−1,2(Ω)

)
. (3.185)

Proof. If l < 0, the lemma is trivial. Let l ≥ 0; we use the same notations as in 1.2.4.
C∞

0 (Ω) is dense in W−l,2(Ω), and C∞
0 (Ω)⊂W−l,2(Ω) in the sense of distributions,
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hence it is sufficient to consider f ∈ C∞
0 (Ω). Let fr = f ϕr. For r = 1,2, . . . ,m+ 1,

we have obviously:

N

∑
i=1

∣∣∣∣∂ fr

∂xi

∣∣∣∣
W−l−1,2(Ω)

+ | fr|W−l−1,2(Ω) ≤ c1

(
N

∑
i=1

∣∣∣∣ ∂ f
∂ xi

∣∣∣∣
W−l−1,2(Ω)

+ | f |W−l−1,2(Ω)

)
.

(3.186)
Let us consider first fm+1; we have supp fm+1 ⊂Um+1, then

N

∑
i=1

∣∣∣∣∂ fm+1

∂xi

∣∣∣∣
W−l−1,2(RN)

+ | fm+1|W−l−1(RN)

≤ c2(Um+1)

(
N

∑
i=1

∣∣∣∣∂ fm+1

∂xi

∣∣∣∣
W−l−1,2(Ω)

+ | fm+1|W−l−1,2(Ω)

)
.

(3.187)

On the other hand:

| fm+1|2W−l,2(Ω)
≤ | fm+1|2W−l,2(RN )

≤ c3

∫
RN

| f̂m+1(ξ )|2(1+ |ξ |2)−l dξ

= c3

∫
RN

| f̂m+1(ξ )|2(1+ |ξ |2)(1+ |ξ |2)−l−1 dξ

≤ c4

(
N

∑
i=1

∣∣∣∣∂ fm+1

∂xi

∣∣∣∣
2

W−l−1,2(RN)

+ | fm+1|2W−l−1,2(RN )

)
,

(3.188)

hence, using (3.187), we obtain (3.185) for r = m+1.
Now let us put

ar(h,x
′
r) =

1
κhN−1

∫
Δr(α)

exp
|x′r −ξ ′

r |2
|x′r − ξ ′

r |2 −h2 ar(ξ ′
r)dξ ′

r .

We choose 0<α ′ <α , 0< β ′ < β , α−α ′, β −β ′ sufficiently small such that U ′
i ,

i = 1,2, . . . ,m, and Um+1 cover Ω and that ϕ ∈ C∞
0 (U

′
i ), i = 1,2, . . . ,m. We choose

0 < h < α −α ′. By simple computations, using the hypothesis ar ∈ C0,1(Δr(α)),
we obtain ar(h,x′r) ∈ C0((0,α −α ′)×Δr(α ′)), ar(h,x′r) infinitely differentiable in
(0,α −α ′)×Δr(α ′), and

∣∣∣∣∣
∂ |i|ar

∂xi1
r1 ∂ xi2

r2 . . .∂xiN−1
rN−1 ∂hiN

∣∣∣∣∣≤
c5

h|i| −1
, |i| ≥ 1. (3.189)

Let ε > 0 be sufficiently small such that for 0 < η < β ′

∣∣∣∣ ∂
∂η

ar(εη ,x′r)
∣∣∣∣≤ 1

2

(
β
β ′ −1

)
= c6.
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We denote Kr = (0,β ′)×Δr(α ′) and define T : Kr →V ∗
r = {x′r ∈ Δr(α ′), ar(x′r)<

xrN < ar(x′r)+ (1+2c6)β ′} setting:

y′r = x′r, ar(εyrN ,y
′
r)+ (1+ c6)yrN = xrN . (3.190)

We have T (Kr)⊃V ∗
r ,T is a one-to-one mapping such that the Jacobian,

dT
dy

= ε
∂ar

∂h
+1+ c6,

is infinitely differentiable in Kr.
If m = 0,1, . . . ,ψ ∈C∞

0 (Kr), and if we denote χ(x) = ψ(T−1(x)), we have

|χ |W m,2(V ∗
r )

≤ c7|ψ|W m,2(Kr)
. (3.191)

This result is a consequence of the following inequality which we must prove:

∫
V∗

r

|Dα ψ(T−1(x))|2(xrN −ar(x
′
r))

2(|α |−m) dx ≤ c8|ψ |2Wm,2(Kr)
, |α| ≤ m. (3.192)

According to Lemma 2.3.2:

∫
V ∗

r

|Dα ψ(T−1(x))|2(xrN −ar(x
′
r))

2(|α |−m) dx ≤ c9

∫
Kr

|Dαψ(y)|2y2(|α |−m)
rN dy,

and (3.192) follows by the Hardy inequality (cf. Lemma 2.5.1). Let us denote
fr(T (y)) = gr(y) and let us prove:

N

∑
i=1

∣∣∣∣ ∂gr

∂yri

∣∣∣∣
W−l−1,2(Kr)

+ |gr|W−l−1,2(Kr)
≤ c10

(
N

∑
i=1

∣∣∣∣∂ f r
∂xi

∣∣∣∣
W−l−1,2(Vr)

+ | f r|W−l−1,2(Vr)

)
.

(3.193)
Indeed, if ψ ∈W l+1,2

0 (Kr), we obtain:

∫
Kr

∂gr

∂yri
ψ(y)dy =

∫
V ′

r

N

∑
j=1

∂ fr

∂xr j

∂xr j

∂yri
χ(x)

(
dT
dy

)−1

dx.

But χ ∈W l+1,2
0 (V ∗

r ) by (3.191) and we have as in (3.192),

∣∣∣∣∣
∂ xr j

∂ yri

(
dT
dy

)−1

χ

∣∣∣∣∣
Wl+1,2(V∗

r )

≤ c11|χ |W l−1,2(V∗
r )
.

Then using (3.191), with the same argument for
∫

Kr
grψdy, we obtain (3.193).
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Let us denote Mr = {y,y′r ∈ Δr(α ′), |yrN | < β ′} and let λi, i = 1,2, . . . , l + 2, be
solutions of the linear system:

l+2

∑
i=1

(−i)hλi = 1, h = 0,1, . . . , l +1. (3.194)

If −β ′ < yrN < 0, let us put

gr(y
′
r,yrN) =

l+2

∑
i=1

λig
(

y′r,−
yrN

i

)
.

We have:

N

∑
i=1

∣∣∣∣ ∂gr

∂yri

∣∣∣∣
W−l−1,2(Mr)

+ |gr|W−l−1,2(Mr)
≤ c12

(
N

∑
i=1

∣∣∣∣∂gr

∂xi

∣∣∣∣
W−l−1,2(Kr)

+ |gr|W−l−1,2(Kr)

)
.

(3.195)
Indeed, if v ∈W l+1,2

0 (Mr), i = 1,2, . . . ,N −1, then

∫
Mr

∂gr

∂yri
vdy =

∫
Kr

∂gr

∂yri
(y′r,yrN)v(y)dy+

∫
Kr−

(
l+2

∑
i=1

λi
∂gr

∂yri

(
y′r,−

yrN

i

))
v(y)dy

=

∫
Kr

∂gr

∂yri
(y′r,yrN)

(
v(y′r,yrN)+

l+2

∑
i=1

λiiv(y
′
r,−iyrN)

)
dy

=

∫
Kr

∂gr

∂yri
(y′r,yrN)w(y

′
r,yrN)dy,

where w(y) = v(y′r, yrN) + ∑l+2
i=1 λiiv(y′r,−iyrN); by (3.194), w ∈ W l+1,2

0 (Kr) and
satisfies

|w|W l+1,2(Kr)
≤ c13|v|W l+1,2(Mr)

;

the same argument works for
∫

Mr
grvdy. Now we consider:

∫
Mr

∂gr

∂yrN
vdy =

∫
Kr

∂ gr

∂ yrN
(y′r,yrN)v(y)dy+

∫
Kr−

(
l+2

∑
i=1

−λi

i
∂gr

∂yrN

(
y′r,−

yrN

i

))
v(y)dy

=
∫

Kr

∂gr

∂yrN
(y′r,yrN)

(
v(y′r,yrN)−

l+2

∑
i=1

λiiv(y
′
r,−iyrN)

)
dy

=

∫
Kr

∂gr

∂yrN
(y′r,yrN)ω(y′r,yrN)dy.
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It follows again from (3.194) that ω ∈W l+1,2
0 (Kr) and that

|ω |W l+1,2(Kr)
≤ c14|v|W l+1,2(Mr)

;

these inequalities imply (3.195). The support of gr is compact in Mr, hence it follows
as for fm+1,:

|gr|W−l,2(Mr)
≤ c15

(
N

∑
i=1

∣∣∣∣ ∂gr

∂ yri

∣∣∣∣
W−l−1,2(Mr)

+ |gr|W−l−1,2(Mr)

)
. (3.196)

Obviously, we also have:

|gr|W−l,2(Kr)
≤ |gr|W−l,2(Mr)

,

then with the same approach as used in the proof of (3.193) we get the inequality:

| fr |W−l,2(V ′
r )
≤ |gr|W−l,2(Kr)

and (3.185) is a consequence of (3.186), (3.193), and (3.196). �
Arguing by recurrence, we obtain from Lemma 7.1

Lemma 7.2. Let Ω ∈N0,1, f ∈W−l,2(Ω), l and ν integers, ν ≥ 0. Then

| f |W−l,2(Ω) ≤ c

(
N

∑
|α |=ν

|Dα f |W−l−ν,2(Ω) + | f |W−l−ν,2(Ω)

)
. (3.197)

Now we come back to the properties of the operators (3.182). Let us put for
ξ ∈R

N

Nisξ = ∑
|α |=κs

aisα(x)ξ α .

We say that the operators (3.182) constitute at x a system algebraically complete,
it there exist positive integers νr, r = 1,2, . . . ,m, such that for all |β |= νr +κr we

can find homogenous polynomials of degree νr,Blξ , l = 1,2, . . . ,h, such that

h

∑
l=1

BlξNlrξ = ξ β ,
h

∑
l=1

Blξ Nlsξ = 0, s �= r. (3.198)

Theorem 7.6. Let Ω ∈N0,1, aisα constants and

Nlv =
m

∑
s=1

∑
|α |=κs

aisαDα vs,

an algebraically complete system. Then it is complete, i.e the form given in (3.183)
is ∏m

i=1 W κi,2(Ω)-coercive.



3.7 Elliptic Systems 191

Proof. Let v ∈ [
C∞

0 (R
N)
]m, and consider for ϕ ∈ C∞

0 (Ω), |γ|= κr |δ |= νr the
integral ∫

Ω
DγvrDδ ϕ dx.

We have:

∫
Ω

Dγ vrD
δ ϕ dx =

1
(2π)N

∫
RN

(i)κr−νr ξ γ+δ v̂r(ξ )ϕ̂(ξ )dξ

=
1

(2π)N

∫
RN

m

∑
s=1

(i)κr−νr (
h

∑
l=1

Blξ Nlsξ )v̂s(ξ )ϕ̂(ξ )dξ

=

∫
Ω
(

m

∑
l=s

h

∑
l=1

(Blϕ)Nlsvs)dx =
∫

Ω
(

h

∑
l=1

BlϕNlv)dx,

(3.199)

where Blξ are as in (3.198). Now using Lemma 7.2 with l = 0, ν = νr, r =
1,2, . . . ,m, for any γ, |δ |= νr, we obtain the inequalities:

|Dγvr|L2(Ω) ≤ c1(|Dγ vr|W−νr ,2(Ω) +
h

∑
l=1

|Niv|L2(Ω))

≤ c2(|vr|W κr−νr ,2(Ω) +
h

∑
l=1

|Nlv|L2(Ω)).

For γ arbitrary with length |γ |= κr, we obtain:

m

∑
s=1

|vs|2W κs ,2(Ω) ≤ c3(
m

∑
s=1

|vs|2W κs−νs,2(Ω) +
m

∑
s=1

|vs|2L2(Ω) +
h

∑
l=1

|Nlv|2L2(Ω)),

and the result follows from Lemma 2.6.1. �
Using Lemma 2.6.1 and the partition of unity given in Theorem 4.5, we prove:

Theorem 7.7. Let be Ω ∈N0,1, alsα ∈C0(Ω) for |α|= κs, and

Nlv =
m

∑
s=1

∑
|α|≤κs

alsαDα vs.

Let Nl(x0)v be algebraically complete for every x0 ∈Ω . Then the system is complete,
i.e. the form in (3.183) is ∏m

i=1 W κi,2(Ω)-coercive.

By definition, the operators in (3.182) constitute at x an algebraically complete
system, if for all ξ �= 0,ξi complex numbers, we have:

rank(Nlsξ ) = m. (3.200)



192 3 Properties of Solutions of Boundary Value Problems

We have (cf. J. Nečas [15]):

Theorem 7.8. Let Ω ∈N0,1, Nlv as in Theorem 7.6. Then the system is complete
if and only if condition (3.200) is satisfied. The definitions (3.198) and (3.200) are
equivalent.

Proof. (a) The condition is necessary: if for ξ �= 0, we have rank (Nlsξ ) < m,
then we can find numbers b1,b2, . . . ,bm such that ∑m

s=1 Nlsξ ·bs = 0, l = 1,2, . . . ,h,
∑m

s=1 |bs| �= 0.
For each complex λ �= 0 we define uλ by urλ (x) = λ−κrbreλ (ξ ,x). By (3.184), any
linear combination of uλ , say u, satisfies ∑m

r=1 |ur|2W κr ,2(Ω)
≤ c1 ∑m

r=1 |ur|2L2(Ω)
, which

is not possible because the set of such u is a finite dimensional space and the identity
imbedding W κr,2(Ω)→ L2(Ω) is compact (cf. Theorem 1.14).

(b)The condition is sufficient: Let us denote by Δiξ , i = 1,2, . . . ,τ , the m×m
determinants of the matrix Nlsξ and by Δi,rl the (m − 1)× (m − 1) associated
algebraic minors; if Δi,rlξ is not defined, we set Δi,rlξ = 0. The only common root of
Δiξ is 0. By the Hilbert theorem – cf. Van der Waerden [1] – we know that there exist
polynomials Pjξ such that ∑τ

j=1 Pjξ Δ jξ = ξ ρ
1 , ρ a positive integer. If we consider

Blξ = ∑τ
j=1 Δ j,rlξ Pjξ we obtain (3.198) with ξ ρ

1 , hence (3.198) in the general case.
�

Remark 7.2. A proof of Theorem 7.8 in Lp− spaces, 1< p<∞, is given in J. Nečas
[15].

If Ω = R
N , then Lemmas 7.2, 7.3 are obvious; as in Theorem 7.6 we can prove

with ϕ ∈C∞
0 (R

N)

Proposition 7.2. Let Ω ∈R
N be bounded, alsα constants,

Nlv =
m

∑
s=1

∑
|α |=κs

alsαDαvs

an algebraically complete system. Then the form (3.183) is ∏m
i=1 W κi,2

0 (Ω)-coercive.

3.7.5 Examples

Example 7.1. Let Ω ∈N0,1, N = 2, m = 1, N1v = ∂ kv/∂ xk
1, N2v = ∂ kv/∂xk

2, k ≥ 1.
Then N1,N2 form an algebraically complete system. For v ∈W k,2(Ω) we have:

∫
Ω

∑
|α|≤k

|Dα v|2 dx ≤ c1

∫
Ω

(
|v|2 +

∣∣∣∣∂ kv

∂ xk
1

∣∣∣∣
2

+

∣∣∣∣∂ kv

∂xk
2

∣∣∣∣
2
)

dx.



3.7 Elliptic Systems 193

Now, let us consider a particular case, called the system of elasticity:

3

∑
s=1

Arsu =−μ�ur − (λ + μ)
∂

∂xr
div u, μ > 0, λ ≥ 0. (3.201)

We immediately obtain:

Proposition 7.3. The system (3.201) is strongly elliptic. If we consider the Lapla-
cian written in the form −∑3

i=1
∂

∂ xi
[1 ∂

∂ xi
], we obtain immediately the condition

(3.181a) for the sesquilinear form A(v,u) generated by (3.201).

In elasticity problems we use another decomposition:

−λ
∂

∂ xr
divu−2μdivεr, εr = (εr1,εr2,εr3),

where

εrs =
1
2

(
∂ur

∂xs
+

∂us

∂ xr

)
. (3.202)

The V -ellipticity of the Dirichlet problem does not depend on the decomposition
of (3.201). For the investigation of coercivity of A(v,u) corresponding to (3.202)
cf. K.O. Friedrichs [1], D.M. Ejdus [1], S.G. Mikhlin [3], S. Campanato [1–4]; the
inequality

A(v,v)≥ c1

3

∑
s=1

3

∑
i=1

∣∣∣∣∂ vs

∂xi

∣∣∣∣
2

L2(Ω)

is known as Korn’s inequality.
We have for v ∈ ∏3

i=1 W 1,2(Ω) obviously

A(v,v) =
∫

Ω
(λ |div v|2 +2μ

3

∑
i, j=1

|εi j|2)dx. (3.203)

We prove without difficulty that the system εi j is algebraically complete. If we
neglect the term λ div v (λ = 0 is possible), we have h = 6 and

N1v =
∂v1

∂x1
, N2v =

1
2

(
∂ v1

∂ x2
+

∂v2

∂x1

)
, N3v =

1
2

(
∂v1

∂x3
+

∂v3

∂x1

)
,

N4v =
∂v2

∂x2
, N5v =

1
2

(
∂ v2

∂ x3
+

∂v3

∂x2

)
, N6v =

∂ v3

∂ x3
.

Let us consider the case r = 1 and let us write for ξ α the polynomials (B1ξ ,B2ξ , . . . ,
B6ξ ) from (3.198):
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ξ 2
1 ∼ (ξ1,0,0,0,0,0),

ξ1ξ2 ∼ (ξ2,0,0,0,0,0),

ξ1ξ3 ∼ (ξ3,0,0,0,0,0),

ξ 2
2 ∼ (0,2ξ2,0,−ξ1,0,0),

ξ2ξ3 ∼ (0,ξ3,ξ2,0,−ξ1,0),

ξ 2
3 ∼ (0,0,2ξ3,0,0,−ξ1).

Then we get:

Theorem 7.9. If Ω ∈N0,1, then the sesquilinear form (3.203) is ∏3
i=1 W 1,2(Ω)−

coercive.

If we solve one of the elasticity problems, for instance: given V , a closed
subspace in [W 1,2(Ω)]3, we look for u ∈V such that for all v ∈V ,

A(v,u) =
3

∑
i=1

(vi, fi), fi ∈ L2(Ω),

where A(v,u) is given by (3.203); then it is sufficient to apply the Fredholm
alternative. We find a finite dimensional subspace H ⊂V and the solution exists if

0 =
3

∑
r=1

(hr, fr), h = (h1,h2,h3), h ∈ H.

If this last condition is satisfied, the solution is unique if we require:

3

∑
r=1

(hr,ur) = 0 for h ∈ H.

We recover well-known results, cf. S.G. Mikhlin [3].
Let us observe, that for Ω ∈N0,1 the results obtained by S. Campanato [1, 2] are

a consequence of Theorem 7.8.
We close this chapter with a result of L. Nirenberg [1].

Example 7.2. Let N = 2, m = 2, κ1 = 1, κ2 = 3, L1,M1,L3,M3,N2 operators with
constant coefficients of orders indicated by the indices. Let us define:

A1u =−�u1 +L1u1 +
∂ 4u2

∂x4
2

+L3u2 +λu1,

A2u =−∂ 4u1

∂x4
2

−�3u2 +M3u1 +N2M1u1 +λu2.
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Using these operators we define the following corresponding sesquilinear form:

A(v,u) =
∫

Ω

(∂v1

∂x1

∂ u1

∂x1
+

∂ v1

∂ x2

∂u1

∂ x2
+ v1L1u1 − ∂ v1

∂ x2

∂ 3u2

∂x3
3

+ v1L3u2 +
∂ 3v2

∂x3
2

∂u1

∂x2

+
∂ 3v2

∂ x3
1

∂ 3u2

∂ x3
1

+
∂ 3v2

∂x3
2

∂ 3u2

∂x3
2

+3
∂ 3v2

∂x2
1∂x2

∂ 3u2

∂ 2x1∂x2
+3

∂ 3v2

∂x1∂x2
2

∂ 3u2

∂x1∂ 2x2

+M∗
3 v2u1 +N∗

2 v2M1u1 +λv1u1 +λv2u2

)
dx;

the system is strongly elliptic, moreover it is easy to see that A(v,u) is W 1,2(Ω)×
W 1,2(Ω)-coercive, for instance if Ω ∈N0. A delicate problem is the computation
of κ1,κ2. Let us observe that the term −∂ 4u1/∂ x4

2 in A2 “corresponds” to κ1 = 2.





Chapter 4
Regularity of the Solution

In Chap. 3, we have found the solution for a large class of problems. Here we
adapt the difference method, used by L. Nirenberg [1], E. Magenes, G. Stampacchia
[1], J.L. Lions [4], N. Aronszajn [1], M. Schechter [2, 4] and others to prove the
smoothness of the weak solution inside of the domain if the coefficients and the
right hand side of the equation are smooth; moreover we introduce the concept of a
very weak solution; cf. S.L. Sobolev [1], M.I. Vishik, G. Fichera [3–5], J.L. Lions
[4], J.L. Lions, E. Magenes [1–3, 5–8], E. Magenes [3],. . . and we prove for the very
weak solution some regularity theorems. The Green kernels are a particular case of
very weak solutions, cf. L. Schwartz [3], J.L. Lions [4]. For questions concerning
the regularity of solutions cf. also K.O. Friedrichs [2].

For other references cf. also: S.Agmon [2], S. Agmon, A. Douglis, L. Nirenberg
[1, 2], M.S. Agranovich [1], M.S. Agranovich, A.S. Dynin [1], M.S. Agranovich,
L.R. Volevich, A.S. Dynin [1], Ju.M. Berezanskii, S.G. Krein, Ja.A. Rojtberg
[1], S.N. Bernstein [1], M.S. Birman, T.E. Skvorcov [1], F.E. Browder
[3–5, 7, 8], R. Cacciopoli [1], A. Douglis, L. Nirenberg [1], A.S. Dynin [1],
V.V. Fufaev [2], I.M. Gelfand [1], G. Geymonat, P. Grisvard [1], D. Greco
[1], L. Hörmander [2, 3], F. John [1], J. Kadlec [2, 3], A.J. Koshelev
[1], O.A. Ladyzhenskaya [1], Ja.B. Lopatinskii [1], E. Magenes [2, 3, 5],
B. Malgrange [3], N.G. Meyers [1], C. Miranda [3], Ch.B. Morrey jr,
L. Nirenberg [1], A.L. Mullikin, K.T. Smith [1], J. Nečas [9], L. Nirenberg
[2, 3], J. Peetre [1, 3], Ja.A. Roitberg, Z.T. Sheftel [1], P.C. Rosenblum [1],
E. Shamir [1], M. Schechter [3, 5, 7–10], L.N. Slobodetskii [1–4], V.A. Solonnikov
[1], [2], S.L. Sobolev, M.I. Vishik [1], B.Ju. Sternin [1], Z.T. Sheftel [1], M.I. Vishik,
B.E. Shilov [1], A.I. Volpert [1], L.R. Volevich [1].

In this chapter, we also consider the behaviour of the solution in a neighborhood
of the boundary. We use the compensation method of N. Aronszajn and we prove
that this method can be used in all problems considered in Chap. 3.

We obtain also results concerning boundary value problems for properly elliptic
operators and boundary operators satisfying a covering condition, cf. Chap. 3,
Sect. 3.5. The reader will find the references for this topic in Sect. 4.3.

J. Nec̆as et al., Direct Methods in the Theory of Elliptic Equations,
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8 4,
© Springer-Verlag Berlin Heidelberg 201
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4.1 Interior Regularity

4.1.1 Regularity of the Weak Solution

Let us consider u ∈ W k,p(Ω), p ≥ 1, Ω ′ ⊂ Ω , Ω ′ ⊂ Ω . Let |h| < dist(∂Ω ,Ω ′
),

denote h(i) = (0, ...,0,h,0, ...,0) ∈R
N : i.e. the coordinate on the i-th place equals h,

the other coordinates are zero. Let us denote Δ i
hu = (u(x+h(i))−u(x))/h.

Lemma 1.1. Let Ω ′ ⊂ Ω , Ω ′ bounded, dist (∂Ω ,Ω ′
)> 0 and |h|< dist (∂Ω ,Ω ′

),
u ∈W k,p(Ω). Then

|Δ i
h|W k−1,p(Ω ′) ≤ c|u|W k,p(Ω), (4.1)

lim
h→0

∣∣∣∣Δ i
hu− ∂u

∂xi

∣∣∣∣
W k−1,p(Ω ′)

= 0. (4.2)

Proof. Without loss of generality, we can assume C∞(Ω) = W k,p(Ω); if not we

replace Ω by a subdomain Ω ∗ ⊂ Ω , with ∂Ω ∗ smooth, such that C∞(Ω∗) =
W k,p(Ω ∗). We use Theorem 2.3.1. Let u ∈C∞(Ω). We have:

Δ i
hu(x) =

∫ 1

0

∂u
∂xi

(x+h(i)t)dt.

Let α be a multi-index such that |α| ≤ k−1. Then

∫
Ω ′

∣∣∣∣
∫ 1

0

[
∂Dα u

∂xi
(x+h(i)t)− ∂Dα u

∂xi
(x)

]
dt

∣∣∣∣
p

dx

≤
∫ 1

0
dt
∫

Ω ′

∣∣∣∣∂Dαu

∂xi
(x+h(i)t)− ∂ Dα u

∂xi
(x)

∣∣∣∣
p

dx,

hence

∫
Ω ′

∣∣∣∣Δ i
hDαu− ∂

∂xi
Dα u

∣∣∣∣
p

dx ≤
∫ 1

0
dt
∫

Ω ′

∣∣∣∣∂Dα u
∂xi

(x+h(i)t)− ∂Dα u
∂xi

(x)

∣∣∣∣
p

dx.

(4.3)
By a limiting procedure, we obtain (4.3) for u ∈ W k,p(Ω), and Theorem 2.1.1
implies (4.2). The proof of (4.1) can be done in the same way. �
Theorem 1.1. Let Ω be a bounded domain, A an operator from 1.2.1 with the
associated sesquilinear form A(v,u)W k,2

0 (Ω)−elliptic. Assume that the coefficients
ai j of A belong to C0,1(Ω ). Let us consider f ∈W−k+1,2(Ω), and let u∈W k,2(Ω) be
a weak solution of Au = f , i.e. in the sense of distributions (cf. Remark 3.2.1). Then
for each subdomain Ω ′ ⊂ Ω ′ ⊂ Ω , u ∈ W k+1,2(Ω ′) and the following inequality
holds:

|u|W k+1,2(Ω ′) ≤ c(Ω ′)
(|u|Wk,2(Ω) + | f |W−k+1,2(Ω)

)
. (4.4)
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Proof. Let Ω ′ ⊂ Ω ′′ ⊂ Ω ′′ ⊂ Ω , ψ ∈C∞
0 (Ω

′′) be such that ψ(x) = 1 for x ∈ Ω ′
. Let

us denote w = ψu, δ > 0 sufficiently small such that if |h| < δ then x+ h(τ) ∈ Ω ,
1 ≤ τ ≤ N, for x ∈ Ω ′′

. Let ϕ ∈W k,2
0 (Ω ′′). Then

A(ϕ,Δ τ
h w) =

∫
Ω

∑
|i|,| j|≤k

ai jD
iϕD j(Δ τ

h w)dx

=−
∫

Ω
∑

|i|,| j|≤k

ai j(x)Δ τ
−h(D

iϕ(x))Djw(x)dx

−
∫

Ω
∑

|i|,| j|≤k

Δ (τ)
−h ai j(x)D

iϕ(x−h(τ))Djw(x)dx.

(4.5)

Moreover,

∫
Ω

∑
|i|,| j|≤k

ai j(x)Δ τ
−h(D

iϕ(x))Dj(u(x)ψ(x))dx

=
∫

Ω
∑

|i|,| j|≤k

ai j(x)Δ τ
−h(D

i(ϕ(x)ψ(x))D ju(x)dx+ I1(ϕ,u)

= f (Δ τ
−h(ϕψ))+ I1(ϕ ,u),

(4.6)

where I1(ϕ ,u) is a sum of terms of the following types:

∫
Ω

aΔ τ
−hDiϕD judx, |i| ≤ k, | j| ≤ k−1, a ∈C0,1(Ω), (4.7)

or ∫
Ω

aDiϕD judx, |i| ≤ k, | j| ≤ k, a ∈C0,1(Ω), (4.8)

or ∫
Ω

aΔ τ
−hDiϕD judx, |i| ≤ k−1, | j| ≤ k, a ∈C0,1(Ω). (4.8bis)

We integrate by parts and transpose (4.7) into (4.8 bis). Then Lemma 1.1 implies:

|I1(ϕ,u)| ≤ c1|ϕ |Wk,2(Ω)|u|Wk,2(Ω); (4.9)

moreover (4.5), (4.6), (4.9) lead to

|A(ϕ ,Δ τ
h w)| ≤ c2(|ϕ|W k,2(Ω)|u|Wk,2(Ω) + | f |W−k+1,2(Ω)|ϕ |W k,2(Ω)). (4.10)

We can choose δ sufficiently small such that Δ τ
h w ∈ W k,2

0 (Ω ′′), thus by (4.10)

and by the W k,2
0 (Ω)-ellipticity of A(v,u), taking ϕ = Δ τ

h w, we obtain:

|Δ τ
h w|W k,2(Ω) ≤ c3(|u|W k,2(Ω) + | f |W−k+1,2(Ω)). (4.11)
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Due to Lemma 1.1 limh→0 Δ τ
h w = ∂w/∂xτ in W k−1,2(Ω); the theorem follows by

(4.11) and by Proposition 2.2.4; we take τ = 1,2, . . . ,N. �
In L. Nirenberg [1] we have with more restrictive hypotheses:

Theorem 1.2. Let Ω be bounded, A the operator from 1.2.1 such that A(v,u)
is W k,2

0 (Ω)-elliptic. Let us assume that the coefficients ai j ∈ Cαi,1(Ω), αi =
max(0, |i|+ l − k − 1), l ≥ 0 an integer, and f ∈ W−k,2(Ω) such that Dα f ∈
W−k+1,2(Ω), |α| ≤ l−1. Let u∈W k,2(Ω) be a weak solution of the equation Au= f
in Ω . Then for all subdomains Ω ′ ⊂ Ω ′ ⊂ Ω , u belongs to W k+l,2(Ω ′) and the
inequality

|u|W k+1,2(Ω ′) ≤ c(Ω ′)
(|u|Wk,2(Ω) + ∑

|α|≤l−1

|Dα f |W−k+1,2(Ω)

)
(4.12)

holds.

Proof. We proceed by induction on l: if l = 1, we have the hypotheses of Theorem
1.1; let us assume that the theorem is proved for l − 1, l ≥ 2, hence we have the
inequality

|u|Wk+l−1,2(Ω ′′) ≤ c(Ω ′′)
(|u|W k,2(Ω) + ∑

|α |≤l−2

|Dα f |W−k+l,2(Ω)

)
(4.13)

with
Ω ′ ⊂ Ω ′′ ⊂ Ω ′′ ⊂ Ω .

If ϕ ∈C∞
0 (Ω), 1 ≤ τ ≤ N, then

A
(

ϕ ,
∂ u

∂xτ

)
=−

∫
Ω

∑
|i|,| j|≤k

∂ai j

∂xτ
DiϕD judx−

∫
Ω

∑
|i|,| j|≤k

ai jD
i ∂ϕ
∂xτ

Dj(u)dx

=− f
( ∂ϕ

∂xτ

)
− I(ϕ).

If |α| ≤ l−2, we have:

I(Dαϕ) =

∫
Ω

∑
|i|,| j|≤k

∂ai j

∂xτ
Dα+iϕDjudx.

Let us consider
∫

Ω
∂ai j
∂xτ

Dα+iϕD judx. In case |α + i| ≤ k− 1, we do not change
this form. If |α + i| ≥ k, we can write it in the following way

∫
Ω
(

∂ai j

∂ xτ
)Dα+iϕD judx =

∫
Ω

Dβ ϕDγ
(∂ai j

∂xτ
D ju

)
dx,
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where |β |= k−1, |γ|= |α + i|−k+1 ≤ l−1+ |i|−k; then by (4.13) I(ϕ) satisfies
the hypotheses of Theorem 1.2, playing the role of the right hand side for the case
l − 1 and Ω ′′. Then ∂u/∂xτ ∈W k+l−1,2(Ω ′). �
Remark 1.1. Theorems 1.1, 1.2 give local results. For Ω we can take a subdomain
of the given domain where the weak solution should exist.

Exercise 1.1. The results of Theorems 1.1, 1.2 hold if the sesquilinear form
A(v,u)+λ (v,u) is W k,2

0 (Ω)-elliptic for λ sufficiently large.

Obviously we have:

Proposition 1.1. Suppose f ∈ W−k+l,2(Ω), l ≥ 1 an integer. Then f satisfies the
hypotheses of Theorem 1.2.

Remark 1.2. If l = k, Theorem 1.2 implies that u ∈W 2k,2(Ω ′). The equation Au= f
holds almost everywhere. If l > k+ 1

2 N, Theorem 2.3.8 implies that u∈C2k(Ω) and
hence u is a classical solution of Au = f .

4.1.2 Regularity of the Very Weak Solution

Let us consider an operator A as in 1.2.1 with coefficients in Cκ ,1(Ω), κ ≥ 0 integer.
Let us consider f ∈ W−k−κ−1,2(Ω). The distribution u ∈ W k−1−κ,2(Ω) is called
a very weak solution of the equation Au = f if Au = f holds in the sense of distribu-
tions, i.e., for all ϕ ∈C∞

0 (Ω), 〈A∗ϕ,u〉= 〈ϕ, f 〉.
Theorem 1.3. Let Ω be a bounded domain, A an operator as in 1.2.1, with ai j ∈
Cκ ,1(Ω), κ ≥ 0 integer. The form A(v,u) is W k,2

0 (Ω)-coercive (cf. 3.4.1), moreover
we assume ai j ∈ Cαi,1(Ω), αi = max(0, |i|+ l − 1 − k), l > 0 an integer. Let us
consider f ∈W−k−κ−1+l,2(Ω) and let u ∈W k−κ−1,2(Ω) be a very weak solution of
Au = f . Then for each subdomain Ω ′ ⊂ Ω ′ ⊂ Ω , we have u ∈W k−κ−1+l,2(Ω ′) and
the following inequality holds:

|u|Wk−κ−1+l,2(Ω ′) ≤ c(Ω ′)
(|u|W k−κ−1,2(Ω) + | f |W−k−κ−1+l,2(Ω)

)
.

Proof. Let us consider s = κ+1 and let w ∈W k,2
0 (Ω) be the solution of the equation

(−1)s�sw = u; by Theorem 1.2 we have w ∈W k+s,2(Ω ′′), Ω ′ ⊂ Ω ′′ ⊂ Ω ′′ ⊂ Ω . If
v ∈W0

k,2(Ω ′′), then we obtain:

〈v,Au〉= 〈v,(−1)sA�sw〉

=(−1)s
∫

Ω ′′
[ ∑
|i|,| j|≤k

ai jD
ivDj( ∑

|γ|=|δ |=s

Dγ (Δγδ (D
δ w))]dx,

with Δγδ �= 0 only for γ = δ , �γγ = s!/γ!. We have
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B(v,w) = (−1)s
∫

Ω ′′
[ ∑
|i|,| j|≤k

ai jD
ivDj( ∑

|γ|=s

Dγ(Δγγ (D
γ w))]dx

=

∫
Ω ′′

( ∑
|i|,| j|≤k

∑
|γ|=s

ai jΔγγ Di+γvDj+γw)dx

+

∫
Ω ′′

( ∑
|μ |≤k+s−1
|ν|≤k+s

cμνDμvDν w)dx,

where cμν ∈ Cαμ ,1(Ω ′′
), αμ = max(0, |μ |+ l −1− k− s). But for v ∈ W k+s,2

0 (Ω ′′)
and λ0 sufficiently large we have:

Re
∫

Ω ′′
( ∑
|i|,| j|≤k

∑
|γ|=s

ai jΔγγ Di+γvDj+γv)dx

+λ0

∫
Ω ′′

( ∑
|γ|=s

|Dγv|2)dx ≥ c1|v|2W k+s,2(Ω ′′),

and according to Lemma 2.6.1, the form B(v,w) is W k+s,2
0 (Ω ′′)-coercive. We apply

Theorem 1.2, and obtain:

|w|W k+s+l,2(Ω ′) ≤ c1(Ω ′)
(|w|W k+s,2(Ω ′′) + | f |W−k−κ−1+l,2(Ω ′′)

)

≤ c2(Ω ′)
(| f |W−k−κ−1+l,2(Ω) + |u|Wk−κ−1,2(Ω)),

(4.14)

where (−1)s�sw = u which gives us the assertion of Theorem 1.3. �
Let A be an operator with infinitely differentiable coefficients in Ω . Let v ∈

D ′(Ω) be such that Av = f in Ω . The operator A is called hypoelliptic in Ω
if f ∈ C∞(Ω) implies v ∈ C∞(Ω). Each distribution is locally in W−m,2(Ω), cf.
L. Schwartz [1, 2], hence Theorem 1.3 implies that every W k,2

0 (Ω)-elliptic operator
with coefficients in C∞(Ω) is hypoelliptic. The converse is not necessarily true, the
heat operator is also hypoelliptic.

If A has constant coefficients, we have a necessary and sufficient condition for the
hypoellipticity, cf. L. Hörmander [1–3], where also the case of variable coefficients
is considered. For elliptic operators with coefficients in C∞(Ω) it is well known that
they are hypoelliptic, cf. L. Schwartz [3]; for these questions cf. also B. Malgrange
[4], A. Friedman [1], F. Trèves [1].

Following Hilbert we can ask whether the solution, being a distribution, is
analytic in the case where the right hand side f and the coefficients of A are analytic;
the answer is positive if A is elliptic, cf. for instance F. John [1]. In the papers of
C.B. Morrey, L. Nirenberg [1], E. Magenes, G. Stampacchia [1], the analyticity of
the solution is considered in a neighborhood of an analytic boundary.

We will end this section with the following theorem (cf. J.L. Lions [4]):
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Theorem 1.4. Let Ω be bounded, A elliptic in Ω , with coefficients in C∞(Ω), f ∈
C∞(Ω), u ∈W−m,2(Ω) the weak solution of Au = f . Then u ∈C∞(Ω).

Proof. Since A is elliptic it can be written as in (3.51); A∗A is uniformly strongly
elliptic in Ω , hence also W k,2

0 (Ω)-coercive. We can apply Theorem 1.3 and 2.3.8.
�

4.2 Regularity of the Solution in the Neighborhood
of the Boundary

4.2.1 The Second Order Operator

To give the reader the fundamental idea, we consider the case of a second order
equation and of the Dirichlet problem; then we shall prove the general case.

Theorem 2.1. Let Ω ∈N1,1,

A = ∑
|i|,| j|≤1

(−1)|i|Di(ai jD
j), ai j ∈C0,1(Ω), f ∈ L2(Ω), u0 ∈W 2,2(Ω),

where the form A(v,u) is W 1,2
0 (Ω)-elliptic. Let u ∈ W 1,2(Ω) be the solution of the

Dirichlet problem Au = f in Ω , u−u0 ∈W 1,2
0 (Ω). Then u ∈W 2,2(Ω) and:

|u|W2,2(Ω) ≤ c(| f |L2(Ω) + |u0|W 2,2(Ω)).

Proof. We use the notation 1.2.4. Let us set w = u − u0; w solves the Dirichlet
problem Aw = f −Au0 in Ω , w ∈ W 1,2

0 (Ω). Let us denote wr = wϕr. If r = M +1,
Theorem 1.1 implies:

|wM+1|W 2,2(Ω) ≤ c1(| f |L2(Ω) + |u0|W 2,2(Ω)). (4.15)

Now let us consider 1 ≤ r ≤ M. The function wr solves the Dirichlet problem Awr =
f ϕr +gr, wr ∈W 1,2

0 (Ω), with

|gr|L2(Ω) ≤ c2(| f |L2(Ω) + |u0|W2,2(Ω)). (4.16)

Using a linear mapping we transform the coordinate x into (x′r,xrN); the
W 1,2

0 -ellipticity of A(v,u) does not change if the coefficients are in C0,1(Ω ).
Without loss of generality, we can assume that the system (x′r,xrN) coincides
with the original system. Let K be the prism defined by: |yi|< α, i = 1,2, . . . ,N−1,
0 < yN < β and Λ = {y ∈ R

N , yN = 0, |yi|< α , i = 1,2, . . . ,N −1}. We define the
mapping T : K →Vr by:

x′r = y′r, xrN = yrN +ar(y
′
r). (4.17)
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T is one-to-one, regular, with Jacobian equal 1, the first derivatives of T are
lipschitzian in K. It follows from Lemma 2.3.4 that wr(T (y)) ∈ W 1,2

0 (K). The

operator A is changed to Ã, with Ã(v,u) W 1,2
0 (K)-elliptic, with coefficients in

C0,1(K). In K we have:
Ãwr = gr + f ϕr, (4.18)

where
Ã = ∑

|i|,| j|≤1

(−1)|i|Di(ãi jD
j).

After the mapping T we denote the functions wr, gr, f ϕr by the same symbols, for
simplicity. Let us remark that supp wr ⊂ K ∪Λ . We use the same approach as in
Theorem 1.1 with h(τ), τ = 1,2, . . . ,N −1. Let us denote fr = f ϕr, then:

|Dα wr|L2(K) ≤ c3(| fr|L2(K) + |gr|L2(K)) (4.19)

for
|α|= 2, α �= (0,0, . . . ,0,2).

From Theorem 3.4.5 it follows that c(0,0,...,0,2) �= 0 in K. Then (4.18) and (4.19)
imply inequality (4.19) also for α = (0,0, . . . ,0,2). �

4.2.2 The Regularizable Problem

Now we consider the general case for an operator of order 2k. We define the
regularizable problem in Ω̄ as follows:

The boundary ∂Ω is sufficiently smooth (the smoothness will be
specified later).

(4.20a)

There is given an operator A of order 2k with the associated
sesquilinear form A(v,u) and the boundary form a(v,u), with
sufficiently smooth coefficients.

(4.20b)

There are given boundary operators Bs, s = 1,2, . . . ,μ , μ ≥ k
written as in (1.34a), (1.34b), i.e.: let μ be an integer, 0 ≤ μ ≤ k,
a set of indices js, s = 1,2, . . . ,μ , 0 ≤ j1 < j2 < · · ·< jμ ≤ k−1;
this set can be empty, in this case we write μ = 0. We denote the
complementary indices by it , t = 1,2, . . . ,k − μ , i1 < i2 < · · · <
ik−μ ; 0 ≤ iτ ≤ k−1. Then

Bs =
∂ js

∂n js
− ∑

|α |≤ js

hsαDα ,

where hsα are sufficiently smooth,
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Dα =
∂ |α |

∂σα1
1 ∂σα2

2 . . .∂σαN−1
N−1 ∂nαN

,

where (σ ,n) are the local coordinates as in 1.2.4 with n = −t,
αN is one of the indices it . The space V is defined as usual by:
V = {v ∈W k,2(Ω), Bsv = 0 on ∂Ω , s = 1,2, . . . ,μ}.

(4.20c)

The sesquilinear form ((v,u)) = A(v,u)+ a(v,u) is assumed to be
V -elliptic.

(4.20d)

The problem is given by conditions (3.15f)–(3.15i), with the
boundary conditions sufficiently smooth.

(4.20e)

We prove similarly as in Lemma 1.1:

Lemma 2.1. Let u ∈W k,p(RN
+); (R

N
+ = {x ∈ R

N, xN > 0}). Then

|Δ τ
h u|W k−1,p(RN

+)
≤ c|u|W k,p(Ω)(RN

+)
,

lim
h→0

∣∣∣∣Δ τ
h u− ∂u

∂ xτ

∣∣∣∣
W k−1,p(RN

+)

= 0, τ = 1,2, . . . ,N −1.

We recall that for u,ϕ ∈C∞
0 (R

N):

Δ τ
h (u(x)ϕ(x)) = Δ τ

h u(x)ϕ(x+h(τ))+ u(x)Δ τ
h ϕ(x), (4.21a)

∫
RN

(Δ τ
h u(x))ϕ(x)dx =−

∫
RN

u(x)Δ τ
−hϕ(x)dx. (4.21b)

Let l ≥ 1 be an integer. We say that the boundary value problem (4.20a)–(4.20e)
satisfies k+ l conditions of regularity or that it is (k+l)-regularizable, if:

Ω ∈N2k+l,1, (4.22a)

ai j ∈Cαi,1(Ω ), αi = max(0, |i|+ l− k−1),

a(0,0,...,0,k)(0,0,...,0,k) ∈W l+k−1,∞(Ω),
(4.22b)

the coefficients biα of the boundary sesquilinear form belong to
C|α |+l−k,1(∂Ω) for |α|−k ≥ 0, and to Cl−1,1(∂Ω) for |α|−k < 0,

(4.22c)

the coefficients hsα of the boundary operators Bs belong to
Ck− js+l−1,1(∂Ω),

(4.22d)
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the right hand side f of the equation belongs to Q′ and if l < k
then

sup
v∈V,|v|

Wk−l,2(Ω)
≤1

| f v| ≡ | f |< ∞;

for k ≤ l let Q ⊂ L2(Ω), f ∈W k−l,2(Ω), | f |W l−k,2(Ω) = | f |.

(4.22e)

u0 ∈W k+l,2(Ω), (4.22 f )

giτ ∈W iτ+1/2+l−k,2(∂Ω). (4.22g)

Remark 2.1. The hypotheses (4.22a)–(4.22g) are almost the same as the necessary
conditions implying that the solution belongs to W k+l,2(Ω). We can make other
refinements. Briefly, the conditions (4.16a)–(4.16g) are satisfied if Ω , the coeffi-
cients and the data are sufficiently smooth. This is the case if Ω ∈N∞, ai j ∈C∞(Ω ),
biα ∈ C∞(∂Ω), hsα ∈ C∞(∂Ω), the form ((v,u)) is V -elliptic, f ∈ C∞(Ω), u0 ∈
C∞(Ω), giτ ∈C∞(∂Ω).

Lemma 2.2. Suppose Ω ∈Nl+k,1, g js ∈W l+k− js−1/2,2(∂Ω), hsα ∈ L∞(∂Ω). Then
there exists a mapping:

T ∈
[ μ

∏
s=1

W l+k− js−1/2,2(∂Ω)→W l+k,2(Ω)
]
,

such that T (g j1 ,g j2 , . . . ,g jμ ) = u0, Bsu0 = g js , s = 1,2, . . . ,μ .

Proof. We follow the same method as in the proof of Theorem 2.5.8: We are looking
for u0 ∈W k+l,2(Ω) such that ∂ jsu0/∂n js = g js on ∂Ω , s= 1,2, . . . ,μ , ∂ it u0/∂nit = 0
on ∂Ω , t = 1,2, . . . ,k− μ , ∂ iu0/∂ni = 0 on ∂Ω , i = k,k+ 1, . . .k+ l − 1. Clearly
we have Bsu0 = g js , which gives us the assertion of Lemma 2.2. �

4.2.3 Lemmas

Let us consider open sets Gi as in 1.2.4, with the same notations as in this section,
and denote Vi = {v ∈V, supp v ⊂ Gi ∩Ω}. We use the mapping T defined in (1.35),
T : K+ → Gi+ = Gi ∩Ω . We set: z(T (y)) = z•(y), V • = {v ∈ W k,2(K+),v(y) =
ω(T (y)),ω ∈ Vi}. If v ∈ V •, let v• ∈ Vi be such that (v•)• = v; we set f •v = f v•,
gv• = g•v•. If u ∈ W k,2(Ω), we define for v ∈ V • : ((v,u•))• = ((v•,u)). We have
the following lemma: �
Lemma 2.3. Suppose the boundary value problem is (l + k)-regularizable, let u
be the solution; for all v ∈ V • : ((v,u•))• = f

•
v+ g•v− ((v,u•0))

•, where for v,u ∈
W k,2(K+), we have:

((v,u))• =
∫

K+

( ∑
|i|,| j|≤k

a•i jD
ivD ju)dy+

∫
Δ

(
N

∑
i=1

∑
|α |≤2k−i−1

b
•
iα

∂ iv

∂yi
N

Dα u

)
dy′;

(4.23)
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a•i j ∈Cαi,1(K+), αi defined in (4.22b),

b•iα ∈C|α |+i+l−k,1(Δ) for |α|− k ≥ 0,

b•iα ∈Cl−1,1(Δ) for |α|− k < 0.

We have v ∈V • ⇔ v ∈W k,2(K+), supp v ⊂ K+∪Δ ,

∂ js v

∂y js
N

− ∑
|α|≤ js

h•sα
∂ |α |v

∂yα1
1 ∂yα2

2 . . .∂yαN
N

= 0,

where αN = it for well chosen t,h•sα ∈ Ck− js+l−1,1(Δ ). If v ∈ V •, then |((v,v))•| ≥
c|v|2

Wk,2(K+)
.

Proof: We must take into account the fact that up to order ≤ 2k + l − 1 the
derivatives of T (resp. T−1) are lipschitzian in K (resp. in G

+
). �

Now we give two lemmas concerning the “compensation”. We denote, for 0 <
ε < min(α,γ) :

V •
ε = {v ∈V •, supp v ⊂ Kε ∪Δε},

where
Δε = {y ∈ R

N ,yN = 0, |yi|< α − ε, i = 1,2, . . . ,N −1},
Kε = {y ∈R

N , |yi|< α − ε, i = 1,2, . . . ,N −1, 0 < yN < γ − ε}.
Lemma 2.4. Let us consider |h| < (1/2)ε, 1 ≤ τ ≤ N − 1. Then there exists Zτ

h ∈
[V •

ε →W k,2(Ω)(K+)] such that for all v ∈V •
s ,(Δ τ

h v−Zτ
hv) ∈V •

ε ′ , ε ′ > 0, |Zτ
h | ≤ c.

Proof. Setting

B•
s =

∂ js

∂y js
N

− ∑
|α |≤ js

h•sαDα

we have
B•

s (Δ
τ
h v) = ∑

|α |≤ js

Δ τ
h h•sα(x)D

α v(x+h(τ)).

We extend v(x) by zero to R
N
+ and use the operator Z defined in Theorem 2.5.4:

Z ∈
[ k−1

∏
i=0

W k−l−1/2,2(Δ)→W k,2(K+)
]
.

Let us set ϕiτ = 0 on Δ , ϕ js = B•
s Δ τ

h v, Z̃τ
h v = Z(ϕ0,ϕ2, . . . ,ϕk−1). Let ψ ∈ C∞

0 (R
N)

such that supp ψ ⊂ K, x ∈ Δε ⇒ ψ(x) = 1. and let us set:

Zτ
h v = ψ Z̃τ

h v. (4.23bis)
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Now Lemma 2.5.5 implies the assertion. �
Use (4.23 bis) to define Zτ

h for v ∈W k,2(K+) with supp v ⊂ K+
ε ∪Λε , and denote

Wk,ε = {v ∈W k,2(K+), supp v ⊂ K+
ε ∪Δs}. We have:

Lemma 2.5. Let us assume that the boundary value problem is (l + k)-regu-
larizable. Then the operator Zτ

h defined in (4.23 bis) has the following properties:

Zτ
h ∈ [Wk+μ,ε →Wk+μ,0], μ = 0,1, . . . , l −1,

and limh→0 Zτ
h = Zτ

0 in [Wk+μ,ε →Wk+μ,0]. If v ∈Wk+μ,ε , then for |α| ≤ μ , αN = 0 :

Zτ
h Dα v = ∑

|β |≤|α |
Dβ Zτ

h,β v, (4.24)

where
Zτ

h,β ∈ [Wk+μ,ε →W k+|β |,2(K+)]

and limh→0 Zτ
h,β = Zτ

0,β in this space. Let us consider |α| ≤ μ − 1, τ1 an integer,
1 ≤ τ1 ≤ N −1. If |h| is sufficiently small, v ∈Wk+μ,2ε then

Zτ
0 DαΔ τ1

h v = ∑
|β |≤|α |

Δ τ1
h DβYβ v+ ∑

|β |≤|α |
Dβ Γβ ,hv, (4.25)

with
Yβ ∈ [Wk+μ,2ε →Wk+|β |+1,ε ′ ], ε ′ > 0,

Γβ h ∈ [Wk+μ,2ε →Wk+|β |,ε ′ ],

and in this space limh→0 Γβ h = Γβ .

Proof. First, let us prove (4.24) for |α| = 1; the general case can be proved by
induction: let be i ≤ N −1, and

Zτ
h

∂v
∂xi

= ψ Z̃τ
h

∂ v
∂ xi

= ψZ(ψ0,ψ1, . . . ,ψk−1) with ψiτ = 0,

ψ js = ∑
|α|≤ js

Δ τ
h hsα(x)D

α ∂
∂xi

v(x+h(τ)),

∂
∂xi

ϕ js ≡ ψ js + ∑
|α|≤ js

Δ τ
h

∂
∂xi

hsα(x)D
α v(x+h(τ)).

We have:

Z

(
∂ϕ0

∂xi
, . . . ,

∂ϕk−1

∂ xi

)
=

∂
∂xi

Z(ϕ0, . . . ,ϕk−1),
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thus,

Zτ
h

∂v
∂xi

= ψ
∂

∂xi
Z̃τ

h v−ψZ(μ0,μ1, . . . ,μk−1) with μiτ = 0,

μ js = ∑
|α |≤ js

Δ τ
h

∂
∂xi

hsα(x)D
α v(x+h(τ)).

This implies:

Zτ
h

∂v
∂xi

=
∂

∂xi
Zτ

h v− ∂ψ
∂ xi

Z̃τ
h v−ψZ(μ0,μ1, . . . ,μk1),

and (4.24) follows. �
Lemma 2.6. Given a (k+ l)-regularizable problem, let χ ∈C∞

0 (R
N) with supp χ ⊂

K+∪Δ . Then there exists a mapping R ∈ [Wk,ε →Wk,0] such that for 0 ≤ μ ≤ l−1,
R ∈ [Wk+μ,ε →Wk+μ,0], for v ∈ V •

ε , R ∈ [V •
ε ∩W k+μ,2(K+)→ W k+μ+1,2(K+)], and

such that v ∈V •
ε ⇒ χv−Rv ∈V •, and for v ∈Wk,ε , supp Rv ⊂ M ⊂ M ⊂ K+∪Δ .

Proof. If v ∈ Wk,ε , let us set ϕit = 0, ϕ js = Bs(vχ) on Δ , and let ν ∈ C∞
0 (R

N) such
that supp ν ∩ (RN −K+ −Δ) = /0, with x ∈ supp χ ⇒ ν(x) = 1. Let us set Rv =
νZ(ϕ0,ϕ1, . . . ,ϕk−1) where Z is as in Lemma 2.4; clearly R satisfies the hypotheses
of Lemma 2.6. �

As in Lemma 2.5, we prove:

Lemma 2.7. Under the assumptions of the previous lemma and if v ∈ Wk+μ,ε , 0 ≤
μ ≤ l − 1, |α| ≤ μ ,αN = 0, we obtain:

RDαv = ∑
|β |≤|α |

Dβ Rβ v (4.26)

with
Rβ ∈ [Wk+|β |,ε →W k+|β |,2(K+)],

and
supp Rβ v ⊂ N ⊂ N ⊂ K+∪Δ .

Now we prove a lemma about density:

Lemma 2.8. The space V • ∩W k+l,2(K+) is dense in V •.

Proof. Let v ∈ V •; we extend v to K using (2.48); v ∈ W k,2(K), supp v ⊂ K. Now
using the regularizing operator we construct a sequence vn ∈C∞(K),
limn→∞ vn = v in W k,2(K). Let M be an open set such that supp v⊂M ⊂M ⊂K. If n
is sufficiently large we have supp vn ⊂ M; consequently B•

s vn ∈ W (k+l− js−1/2,2(Δ)
and limn→∞ B•

s vn = 0 in W k− js−1/2,2(Δ) hold. Applying Theorem 2.5.6 and assum-
ing wn ∈W k+l,2(K+) such that

∂ js wn

∂y js
N

= B•
s vn, s = 1,2, . . . ,μ ,

∂ it wn

∂ yit
N

= 0, t = 1,2, . . . ,μ ,
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we have limn→∞ wn = 0 in W k,2(K+). Moreover, let ψ ∈C∞
0 (K) be such that if x∈M,

then ψ(x) = 1. Denoting ωn = ψwn we have

∂ jsωn

∂y js
N

= B•
s vn,

∂ it ωn

∂yit
N

= 0

on Δ , limn→∞ ωn = 0 in W k,2(K+). Finally, if we set un = vn −ωn, we obtain un ∈
V • ∩W k+l,2(K+) and limn→∞ un = v in W k,2(K+). �

Also we get

Lemma 2.9. Let g ∈W 1/2,2(Δ), Δ = (−1,1)N−1, Δ1/2 = (−1/2,1/2)N−1. Then

sup
|v|

W 1/2,2(Δ)
≤1,suppv⊂Δ1/2

|〈Δ τ
h v,g〉| ≤ c|g|W 1/2,2(Δ ), |h|< 1/2.

Proof. Let be K = Δ × (0,1), g ∈ W 1,2(K) such that g(x′,0) = g(x′). By Theorem
2.5.6 we can find g such that |g|W 1,2(K) ≤ c1|g|W1/2,2(Δ ). Let T be the mapping as

in Theorem 2.5.6, i.e. T is an extension operator, T ∈ [W 1/2,2(Δ) → W 1,2(K)], let
ϕ ∈C∞

0 (R
N) be such that x ∈ Δ1/2 ⇒ ϕ(x) = 1, supp ϕ ⊂ K∪Δ ; for v ∈W 1/2,2(Δ),

let us set Zv = ϕTv. Denote Zv = v. Now we have:

∫
Δ

Δ τ
h vgdx′ =−

∫
K

∂
∂xN

(Δ τ
h vg)dx =−

∫
K

Δ τ
h v(x)

∂g
∂xN

(x)dx+
∫

K

∂v
∂ xN

Δ τ
−hgdx

and the result follows from Lemma 2.1. �

4.2.4 Lemmas (Continuation)

In K+ we define functionals Fl and Gl of the following type: Fl(v) is a sum of
integrals of the form

∫
K+

Dαvhdy, |α| ≤ k− 1, v ∈ W k,2(K+), h ∈ W l−k+|α |,2(K+)

for l−k+ |α| ≥ 0, h ∈ L2(K+) for l−k+ |α|< 0, and Gl(v) is a sum of integrals of
the form

∫
Δ Dα vhdy′, |α| ≤ k−1, v ∈W k,2(K+), h ∈W (l−k+1/2+|α |,2(Δ), supp v ⊂

K+∪Δ .
We prove now:

Lemma 2.10. Given a (k+ l)-regularizable problem, and with the same notation
as in Lemma 2.3, let ψ ∈C∞

0 (R
N), supp ψ ⊂ K. Then for v ∈V • :

((v,wψ))• = f
•
(vψ −Rv)+g•(vψ −Rv)+Fl(v)+Gl(v)+ ((Rv,u•))•, (4.27)

if we assume w = u• − u•0 ∈ W k+l−1,2(Kε ), ε > 0. Here Fl,Gl, are the functionals
defined above and R is the operator defined in Lemma 2.6.
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Proof. Let v ∈ V , then it is easy to see that ((v,wψ))• − ((vψ ,w))• is a linear
combination of the following terms:

∫
K+

a•i jD
ivDpwDqψ dx, p+q = j, |q| ≥ 1, (4.28)

∫
K+

a•i jD
pvDqψDiwdx, p+q = i, |q| ≥ 1, (4.29)

∫
Δ

b
•
iα

∂ iv
∂ni DpwDqψ dS, p+q = α, |q| ≥ 1, (4.30)

∫
Δ

b
•
iα

∂ pv
∂ np

∂ qψ
∂nq DαwdS, p+q = i, |q| ≥ 1. (4.31)

Let us consider (4.28); if |i| ≤ k−1, as |p| ≤ k−1, (4.28) is of type Fl . If |i|= k, by
integration by parts, we obtain:

∫
K+

a•i jD
ivDpwDqψ dx =

∫
Δ

a•i jD
ĩvDpwDqψnτ dx′ −

∫
K+

Dĩv
∂

∂xτ
(a∗i jD

pwDqψ)dx.

Here nτ = 0 for τ ≤ N − 1, nN = −1. The first integral on the right hand side is
obviously of Gl-type, the second is of Fl-type.

The integral in (4.29) is obviously of Fl-type.
The integral (4.30) is clearly of Gl-type: if |p| ≤ k−1, we see it immediately, if

|p| ≥ k, we integrate (|p|−k+1)-times by parts, which is possible because Dα is at
most (k−1)−transversal. After this integration we have our assertion.

Concerning (4.31), everything is clear if |α| ≤ k−1: the integral is of Gl-type; if
|α|> k−1, we integrate (|α|− k+1)-times by parts and obtain the result.

Let us observe that everywhere we have used Lemma 2.5.5.
We have now:

((vψ ,w•))• = ((vψ ,u• −u•0))
• = ((vψ ,u•))• − ((vψ,u•0))

•

= (vψ −Rv,u•))•+((Rv,u•))• − ((vψ,u•0))
•

= f
•
(vψ −Rv)+g(vψ −Rv)+ ((Rv,u•))• − ((vψ,u•0))

•.

We see, without difficulty, that ((vψ , u•0))
• is a sum of integrals of Fl and Gl-type.

�

4.2.5 A Modification of Lions’ Lemma

We give here a lemma playing the role of the “Lions’ lemma”, so called in
E. Magenes, G. Stampacchia [1]:
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Lemma 2.11. For u,v ∈W k,2(K+), suppose we are given the sesquilinear form:

[v,u] =
∫

K+
∑

|i|,| j|≤k

a•i jD
ivDjudy,

with a•i j smooth as in (4.29), a•(0,0,...,0,k),(0,0,...,0,k) ∈ W l+k−1,∞(K+); we assume also

that [v,u] is W k,2
0 (K+)-elliptic. Let F ∈W−k+l,2(K+), u ∈W k,2(K+) be such that for

all v ∈C∞
0 (K) with supp v ⊂ K+∪Δ ,

[v,u] = 〈v,F〉, (4.32)

and that Dαu ∈ L2(K+) for |α| ≤ l + k, α �= (0,0, . . . ,0, l + k) ≡ α l+k. Then u ∈
W k+l,2(K+) and we have the estimate

|u|Wk+l,2(K+)
≤ c(supp u)(|F |W−k+l,2(K+)

+ ∑
|α|≤l+k,α �=α l+k

|Dαu|L2(K+)
)

≡ c(supp u)M.

Proof. Let us prove, first, that for |β | ≤ l −1, |i|, | j| ≤ k, ϕ ∈C∞
0 (K+),

∣∣∣∣
∫

K+

Di+β ϕD judy

∣∣∣∣≤ c1M|ϕ|W k−1,2(K+)
. (4.33)

Indeed, for j+β + i− ĩ �= β (l), |i− ĩ| ≤ 1,

∫
K+

Di+β ϕD judy = (−1)|β |+1
∫

K+

DĩϕD j+β+i−ĩudy,

hence we have the result in this case. We must now consider the term
∫

K+

Dα(l+k−1)
ϕDα(k)

wdy.

From (4.32), we get:

∣∣∣∣
∫

K+

a•α(k)α(k)D
α(l+k−1)

ϕDα(k)
wdy

∣∣∣∣≤ c2M|ϕ|W k−1,2(K+)
. (4.34)

But a•α(k)α(k) ∈W l+k−1,∞(K+), thus (4.34) implies:

∣∣∣∣
∫

K+

Dα(l+k−1)
(a•α(k)α(k)ϕ)Dα(k)

wdy

∣∣∣∣≤ c3M|ϕ|W k−1,2(K+).
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According to Theorem 3.4.5, we have a•α(k)α(k) (y) �= 0 in K+, hence a•α(k)α(k)ϕ is

an isomorphism of and onto W k−1,2
0 (K+); this implies (4.33). Now we can apply

Lemma 3.7.2; for pedagogical reasons, we use again the same argument but from
another point of view. Let us set for yN < 0 :

u(y′,yN) =
2k+l−1

∑
r=1

λru
(

y′,−yN

r

)
,

where the numbers λr satisfy:

2k+l−1

∑
r=1

λr

(
−1

r

)h

= 1, h = 0,1, . . . ,2k+ l−2.

Now we consider the sesquilinear form

(v,u)k =
∫

K
∑
|i|=k

DivDiudy, v ∈W k,2
0 (K).

We have for |β | ≤ l−1,v ∈C∞
0 (K):

∣∣∣(Dβ v,u)k

∣∣∣≤ c4M|v|W k−1,2(K). (4.35)

Indeed: the term ∫
K

Di+β vDiudy

can be estimated as (4.33), if β +2i− ĩ �= β (l). Now we consider the term

∫
K

Dβ (l+k−1)
vDβ (k)

udy.

We get:

∫
K

Dβ (l+k−1)
v(y′,yN)D

β (k)
u(y′,yN)dy =

∫
K+

Dβ (l+k−1)
v(y′,yN)D

β (k)
u(y′,yN)dy

+
∫

K−

k+l−1

∑
r=1

Dβ (l+k−1)
v(y′,yN)λr

(
−1

r

)k

Dβ (k)
u(y′,−yN

r
)dy

=

∫
K+

(
Dβ (l+k−1)

v(y′,yN)−
2k+l−1

∑
r=1

Dβ (2l+k−1)
v(y′,−ryN)λr

(
−1

r

)k−1
)
×

×Dβ (k)
u(y′,yN)dy.
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Now if we set:

ω(y′,yN) = v(y′,yN)−
2k+l−1

∑
r=1

λr

(
−1

r

)l+2k−2

v(y′,−ryN),

we obtain ω ∈W k+l−1,2
0 (K+), and

Dβ (k+l−1)
ω(y′,yN) = Dβ (k+l−1)

v(y′,yN)−
k+l−1

∑
r=1

λr

(
−1

r

)k−1

Dβ (l−1)
v(y′,−yN

r
),

hence (4.35) follows. With u ∈W k,2(K), we are in the framework of Theorem 1.2.
�

4.2.6 A Fundamental Lemma

Now we prove a lemma which will play a fundamental role:

Lemma 2.12. Let us define a sesquilinear form on W k,2(K+)×Wk,2(K+):

[v,u] =
∫

K+
∑

|i|,| j|≤k

a•i jD
ivDjudy+

∫
Δ

k−1

∑
i=0

∑
|α |≤2k−i−1

b•iα
∂ iv

∂yi
N

Dα udy′

with coefficients satisfying

a•i j ∈Cαi,1(K
+
), αi = max(0, |i|+ l− k−1), a•(0,0,...,k)(0,0,...,k) ∈W l+k−1,∞(K+),

b•iα ∈C|α |+l−k,1(Δ) for |α|− k ≥ 0, b•iα ∈Cl−1,1(Δ) for |α|− k < 0.

Moreover we assume that for v ∈V •

|[v,v]| ≥ c1|v|2W k,2(K+)
. (4.36)

Let F be a functional on W k,2(K+), |F | ≤M, such that for |α| ≤ l−1, v∈C∞
0 (K+)

sup
|v|

W k−1,2(K+)
≤1

|FDαv| ≤ M, (4.37)

and for |α| ≤ l − 1, αN = 0, τ ≤ N −1, v ∈Wk+|α |,0,

sup
|v|

Wk,2(K+)
≤1

|FDαΔ τ
h v| ≤ M. (4.38)
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Let u ∈V • be such that v ∈V • =⇒ [v,u] = Fv. Then u ∈W k+l,2(K+) and

|u|W k+l,2(K+)
≤ c(supp u)M. (4.39)

Proof. In this proof we use induction with respect to l. Let l = 1. For τ =
1,2, . . . ,N − 1, v ∈V •, we have:

[v,Δ τ
h u] =−[Δ τ

−hv,u]−
∫

K+
∑

|i|,| j|≤k

Δ τ
−ha′i j(y)D

iv(y−h(τ))Djudy

−
∫

Δ

k−1

∑
i=0

∑
|α |≤2k−1−i

Δ τ
−hb

•
iα(y)

∂ iv

∂yi
N

(y−h(τ))Dα udy′. (4.40)

Let |h| < ε and Zτ
h from Lemma 2.4 such that Zτ

h ∈ [Wk,5ε → W k,2(K+)] and for
v ∈V •

5ε , Zτ
h v−Δ τ

h v ∈Wk,3ε . Let Xτ
h be an another compensation operator such that

for |h|< ε X τ
h ∈ [Wk,3ε →W k,2(K+)],

for v ∈V •
3ε , Xτ

h v−Δ τ
h v ∈V •

ε .
We have for |h|< ε,v ∈V •

3ε :

[Δ τ
−hv,u] = [Δ τ

−hv−X τ
−hv,u]+ [X τ

−hv,u] = F(Δ τ
−hv−X τ

−hv)+ [X τ
−hv,u]. (4.41)

Moreover
[v,Δ τ

h u−Zτ
hu] = [v,Δ τ

h u]− [v,Zτ
hu] (4.42)

and if we put v = Δ τ
h u−Zτ

hu, it follows from (4.36), (4.40), (4.41), that

c1|Δ τ
h u−Zτ

hu|2Wk,2(K+)
≤ M|Δ τ

h u−Zτ
hu|W k,2(K+)

+ c2|Δ τ
h u−Zτ

hu|W k,2(K+)
|u|Wk,2(K+)

,

and hence
|Δ τ

h u|W k,2(K+)
≤ c4(supp u)(|u|Wk,2(K+)

+M). (4.43)

As a consequence of Lemma 2.1, Proposition 2.2.4 and (4.43), we get:

|Dα u|L2(K+)
≤ c5(supp u)(|u|W k,2(K+)

+M), |α|= k+1,α �= α(k+1). (4.44)

On the other hand, using Lemma 2.11 and (4.36) we deduce:

|u|W k+1,2(K+)
≤ c6(supp u)(|u|Wk,2(K+)

+M),

and our lemma is proved for l = 1.
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Assuming that the lemma has been proved for l ≥ 1, we consider the case l +1.
We have again (4.40) and set:

∫
K+

∑
|i|,| j|≤k

Δ τ
−ha•i j(y)D

iv(y−h(τ))Djudy+

∫
Δ

k−1

∑
i=0

∑
|α |≤2k−1−i

Δ τ
−hb•iα(y)

∂ iv

∂yi
N
(y−h(τ))Dα udy′ = Ihv.

If ω = Δ τ
h u− Zτ

h u, |h| < ε, we obtain ω ∈ V •
3ε ; for v ∈ V •

3ε and by (4.40), (4.42),
we get

[v,ω ] = [v,Δ τ
h u]− [v,Zτ

hu] =−F(Δ τ
−hv−X τ

−hv)− [X τ
−hv,u]− Ihv− [v,Zτ

hu]. (4.45)

Let us denote: Fhv=−F(Δ τ
−hv−X τ

−hv). We have limh→0 Fhv=F1v, v∈Wk,3ε , |F1| ≤
c7M. Indeed: if we consider FΔ τ

−hv, then by (4.38) |FΔ τ
−hv| ≤ M|v|W k,2(K+)

. On the

other hand the set of v ∈ C∞(K
+
) with supp v ⊂ K3ε ∪Δ3ε is dense in Wk,3ε (cf.

Lemma 2.8), and we have:

lim
h→0

FΔ τ
−hv =

∂ v
∂xτ

;

then
lim
h→0

FΔ τ
−hv = F2v for v ∈Wk,3ε and |F2| ≤ M.

Finally, using Lemma 2.5, we obtain;

lim
h→0

FXτ
−hv = FX τ

0 v.

The functional F1 satisfies (4.37) with l and M;F1 satisfies (4.38) with l: it is
sufficient to consider again v ∈C∞(K+), supp v ⊂ K3ε ∪Δ3ε , and we obtain:

|F1Dα Δ τ1
h1

v| ≤
∣∣∣∣FDα ∂

∂xτ
Δ τ1

h1
v

∣∣∣∣+ |FX τ
0 DαΔ τ1

h1
v| ≤ (M + c8)|v|W k,2(K+)

; (4.46)

this is a consequence of (4.38) applied to F and of Lemma 2.5.
If v ∈Wk,3ε , then

lim
h→0

[X τ
−hv,u] = F3v; (4.47)

due to Lemma 2.5, F3 satisfies the hypotheses (4.37), (4.38) with

| sup
v∈Wk+|α|,ε ,|v|W k,2(K+)

≤1
F3DαΔ τ

h v| ≤ c10|u|W k+l,2(K+)
. (4.48)
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Moreover if v ∈C∞
0 (K+) then F3Dα v = 0. We obtain (4.48) considering integrals of

following types:

∫
K+

aDiDα Δ τ
h vDjudy,

∫
Δ

b
∂

∂yl
N

Dα Δ τ
h vDβ udy′,

with |i| ≤ k, | j| ≤ k, l ≤ k−1, |β | ≤ 2k− l −1, βN ≤ k−1, a,b are smooth as a•i j,
b•iα for l +1. By successive integrations by parts with respect to y′ the first integral
can be rewritten into the following form:

∫
K+

DγvΔ τ
−hDλ (aDju)dy with |λ |+ | j|+1 ≤ l + k, |γ| ≤ k,

which is possible. The second integral will be treated similarly.
We can use the same method to obtain the existence of

lim
h→0

Ihv = I0v, lim
h→0

[v,Zτ
h u] = [v,Zτ

0 u] = F4v, v ∈Wk,3ε ,

with the conditions

sup
v∈C∞

0 (K+),|v|Wk−1,2(K+)
≤1

|IhDαv| ≤ c11|u|W k+l,2(K+)
, |α| ≤ l −1, (4.49)

sup
v∈Wk+|α|,3ε ,|v|W k,2(K+)

≤1
|I0Dα Δ τ

h v| ≤ c12|u|W k+l,2(K+)
, |α| ≤ l −1,αN = 0. (4.50)

According to Lemma 2.5 we obtain the condition:

sup
v∈Wk+|α|,3ε ,|v|Wk,2(K+)

≤1
|[Dα Δ τ

0 v,Zτ
0 u]| ≤ c13|u|W k+l,2(K+)

, |α| ≤ l −1. (4.51)

If h → 0 in (4.45) we obtain for v ∈V •
3ε :

[
v,

∂u
∂ xτ

−Zτ
0u

]
= F1v−F3v− I0v−F4v. (4.52)

But
∂u
∂xτ

−Zτ
0 u ∈V •

3ε ,

and F1 −F3− I0−F4 is a bounded functional on Wk,3ε satisfying (4.37), (4.38), thus
we get:

∂ u
∂ xτ

−Zτ
0 u ∈W k+l,2(K+);
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but Zτ
0 u ∈W k+i,2(K+), and we have:

∂ u
∂xτ

∈W k+l,2(K+)

and the following inequality:

∣∣∣∣Dα ∂u
∂xτ

∣∣∣∣
L2(K+)

≤ c(supp u)(|u|W k+l,2(K+)
+M), |α| ≤ k+ l.

Now we apply Lemma 2.11 and Lemma 2.12 is proved for l +1. �

4.2.7 Regularity of the Solution in a Neighborhood
of the Boundary

Theorem 2.2. Let us consider a boundary value problem satisfying the conditions
of (k+ l)-regularity. Then the solution u is in W k+l,2(Ω) and we have:

|u|W k+l,2(Ω) ≤ c(| f |Q′ + | f |+ |u0|W k+l,2(Ω) +
k−μ

∑
t=1

|git |W it+1/2+l−k,2(∂Ω)),

where
| f |= sup

v∈V, |v|
Wk−l,2(Ω)

≤1
| f v| for l < k,

and | f |= | f |W l−k,2(Ω) for l ≥ k (here we assume Q ⊂ L2(Ω)).

Proof. Using Theorem 1.2, we have u ∈ W k+l,2(Ω ′) for Ω ′ ⊂ Ω ′ ⊂ Ω and the
estimate

|u|W k+l,2(Ω ′) ≤ c1(Ω ′)(| f |Q′ + | f |). (4.53)

First let us apply Lemma 2.3 and then Lemma 2.10; we obtain using the notation
introduced in Lemmas 2.3, 2.10 and 2.6, for v ∈V •,

((v,w•ψ −Rw•))• = f
•
(vψ −Rv)+g•(vψ −Rv)

+Flv+Glv+((Rv,u•))• − ((v,Rw•))•.
(4.54)

We claim: if u• ∈ W k+μ−1,2(K+), 1 ≤ μ ≤ l, then the right hand side of the last
equality (4.54) satisfies the hypotheses of Lemma 2.12 where μ is in the place
of l. Let us consider f

•
(vψ −Rv); if l < k, f • is defined on the closure of V • in

W k−l,2(K+). By the Hahn-Banach theorem we extend f • to W k−l,2(K+) with the
same norm. Let v ∈C∞

0 (K+), |α| ≤ μ −1. Then

f •((Dα v)ψ) = f •( ∑
|β |≤|α |

Dβ (ψβ v)), ψβ ∈C∞
0 (R

N).
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We have the estimate:

| f •(Dβ (ψβ v))| ≤ c1|Dβ (ψβ v|W k−l,2(K+)
≤ c2|v|W k−1,2(K+)

,

which implies (4.37) with c2. If l ≥ k, we have:

f •(Dβ (ψβ v)) =
∫

K+

Dβ (ψβ v) f dy, f ∈W l−k,2(K+);

integrating by parts (|β |− k+1) times, if |β |− k+1 > 0, we obtain (4.37) with c3.
Let us assume v ∈ Wk+|α |,0, |α| ≤ μ − 1; first let us consider the case k− l > 0.

We have:

f •(ψDαΔ τ
h v) = ∑

|β |≤|α |
f •(Dβ Δ τ

h ψβ ,hv), ψβ ,h ∈C∞
0 (R

N),

ψβ ,h bounded in C∞
0 (R

N) for |h| sufficiently small. Then we have:

| f •(ψDα Δ τ
h v)| ≤ c4|v|W k,2(K+)

. (4.55)

If k− l ≤ 0 we obtain (4.55) with another constant.
We must consider the terms f •(RDαΔ τ

h v), |α| ≤ μ −1; according to Lemma 2.5
we finally have:

| f •(ψDα Δ τ
h v−RDαΔ τ

h v)| ≤ c5|v|W k,2(K+)
. (4.56)

Now we consider the term g•(vψ −Rv); we have:

g•(vψ −Rv) =
k−μ

∑
t=1

〈 ∂ it

∂ yit
N

(vψ −Rv),gt〉, gt ∈W it+1/2+l−k,2(Δ).

Let us consider v ∈Wk+|α|,0, |β | ≤ μ −1, 1 ≤ μ ≤ l. By the same method as above
we must estimate terms of the following type:

〈 ∂ it

∂ yit
N

Dβ Δ τ
h (vχ1),gt〉, 〈 ∂ it

∂ yit
N

Dβ (vχ2),gt〉,

χ1,χ2 ∈C∞
0 (R

N) with supports in K. Let us consider for instance a term of the first
type. If it + l− k < 0,

∂ it

∂yit
N

Dβ Δ τ
h (vχ1)

is bounded in W k−l−it−1/2,2
0 (Δ) and independent on h, hence (4.38) holds with

M ≤ c6|gt |W it+l+1/2−k,2(Δ ).
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If it + l − k ≥ 0, |β | ≥ it + l − k+ 1, we integrate by parts l + it − k+ 1 times and
arrive at the same situation as above. If |β | < is + l − k+ 1, we integrate by parts
|β | times. If k− 1 > it we are in the previous case; if k− 1 = it , we apply Lemma
2.9. With the same approach we estimate the term of second type: finally we obtain
(4.38) for g•(vψ −Rv), with:

M ≤ c7

k−μ

∑
t=1

|gt |Wl+it+1/2−k(Δ ).

Concerning Fl ,Gl , we obtain the conditions of Lemma 2.12 for μ ≤ l after
integration by parts, and using Lemma 2.9 if necessary. Finally we have:

M ≤ c7|u|W k+μ−1,2(K+)
.

In the same way we estimate the term ((Rv,u•))•. We must take into account Lemma
2.7. For the term ((v,Rw•))• we use Lemma 2.6, i.e.

R ∈ [V • ∩Wk+μ−1,ε →Wk+μ,0], μ ≤ l.

Then we have the estimate of all terms.
Now let μ = 1; then

|Rw•|W k+1,2(K+)
≤ c8

(|u|W k,2(K+)
+ |u0|W k,2(K+)

)
.

Let us set ω = w•ψ −Rw•. According to Lemma 2.12, we get ω ∈W k+1,2(K+) and

|ω |W k+l,2(K+)
≤ c9

(| f |Q′ + | f |+ |u0|W k+l,2(Ω) +
k−μ

∑
t=1

|git |W it+1/2+l−k,2(∂Ω)

)
.

Then we deduce (4.48) for l = 1. We apply again Lemma 2.12 for (4.54), with μ = 2;
this finishes the proof of Theorem 2.2; it is sufficient to take ψ(y) = 1 in Kε , with ε
sufficiently small, for each Gi. �

4.2.8 Strong Solutions

Lemma 2.7 can be interpreted as a property of regularity for w, the solution of
a boundary value problem. It is interesting to observe that the boundary conditions
do not play any role in the results.

Exercise 2.1. Let V be a closed subspace of W k,2(Ω) such that

• 1. we have: ϕ ∈C∞
0 (Ω), v ∈V =⇒ ϕv ∈V ,

• 2. using local coordinates y, v ∈V • =⇒ Δ τ
h v ∈V •, with h sufficiently small.
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Prove Theorem 2.2 directly. Compensation and regularizing operators are equal to
zero.

Theorem 2.3. Let us assume that the boundary value problem satisfies for l ≥ k
the (l + k)− regularity conditions. Then the equation Au = f is satisfied almost
everywhere in Ω , and all boundary conditions are satisfied in the sense of traces:
we have Bsu = Bsu0 = g js on ∂Ω , s = 1,2, . . . ,μ , Ctu = git , t = 1,2, . . . ,k− μ on
∂Ω , where the operators Ct are the operators obtained by formal interpretation in
1.2.6.

We have the converse: let u ∈ W k,2(Ω) be an arbitrary function such that
Bsu = g js , s = 1,2, . . . ,μ , Ctu = git , t = 1,2, . . . ,k− μ on ∂Ω ,Au = f in Ω . Then
u is the unique solution of the corresponding problem. Altogether, the operator
(A,B1,B2, . . . ,Bμ ,
C1,C2, . . . ,Ck−μ) is an isomorphism of W k+l,2(Ω) onto

W l−k,2(Ω)×Wk+l− j1−1/2,2(∂Ω)×·· ·×W k+l− jμ−1/2,2(∂Ω))×

W i1+1/2+l−k,2(∂Ω)×·· ·×Wik−μ+l−k+1/2,2(∂Ω).

Proof. Using integration by parts, which is perfectly justified here, we have by
Green’s formula:

v ∈V, ((v,u)) =
∫

Ω
vAudx+

∫
∂Ω

k−μ

∑
t=1

∂ it v
∂nit

CtudS. (4.57a)

On the other hand,

v ∈V, ((v,u)) =
∫

Ω
v f dx+

∫
∂Ω

k−μ

∑
t=1

∂ it v
∂nit

git dS. (4.57b)

If we use ϕ ∈C∞
0 (Ω), we obtain:

∫
Ω
(Au− f )ϕ dx = 0, hence Au = f almost everywhere.

If v ∈V , we have ∫
∂Ω

k−μ

∑
t=1

∂ it v
∂ nit

(Ctu− git )dS = 0.

Now let ϕit ∈ W k−it−1/2,2(∂Ω), v ∈ W k,2(Ω) such that ∂ it v/∂ nit = ϕit on ∂Ω , t =
1,2, . . .k − μ , and Bsv = 0 on ∂Ω , s = 1,2, . . .μ . This is always possible: indeed
we must have ∂ jsv/∂n js −Fsv = Bsv = 0; if we know ∂ it v/∂nit we also know Fsv,
and we have Fsv ∈W k− js−1/2,2(∂Ω). According to Theorem 2.5.8, there exists v ∈
W k,2(Ω) such that ∂ it v/∂nit = ϕit , ∂ js v/∂n js = Fsv. It follows that Ctu = git on ∂Ω .
Using again Lemma 2.3, the proof is complete. �
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Remark 2.2. It is possible to give a precise interpretation of nonstable boundary
conditions also for k ≤ l < 2k. In some sense we have

Ctu → git in W l−k+it+1/2,2(∂Ω),

cf. J.L. Lions, E. Magenes [5].

The solution u ∈W 2k,2(Ω) of a boundary value problem for an operator of order
2k is called a strong solution.

We have the following lemmas:

Lemma 2.13. Let V ⊂ Q ⊂ L2(Ω), V a closed subspace of W k,2(Ω), Q a reflexive
Banach space. Then the functionals of type < v, f >, f ∈ L2(Ω) are dense in Q′.

Proof. If we assume that the conclusion is not true, there should exist v ∈ Q, v �= 0,
such that

f ∈ L2(Ω) =⇒
∫

Ω
v f dx = 0,

which is impossible. �
We prove analogously the following:

Lemma 2.14. Let s be an integer, 0 ≤ s ≤ k−1, Ω ∈N2k,1. Then the functionals of
type 〈v,g〉∂Ω , g ∈W s+1/2,2(∂Ω) are dense in W s+1/2−k,2(∂Ω).

From Theorem 2.3.1 we deduce that if Ω ∈N0, W 2k,2(Ω) is dense in W k,2(Ω);
consequently we have:

Theorem 2.4. Suppose we are given a 2k-regularizable problem, Q a normal
Banach space as in Lemma 2.13, G the Green operator from 3.3.1. Then G is the
continuous extension of (A,B1, . . .Bμ ,C1, . . .Ck−μ)

−1 introduced in Theorem 2.3.

Remark 2.3. If l ≥ N/2 + k, the solution of an (l + k)-regularizable problem is
in C2k(Ω ); this is a consequence of Theorem 2.3.8. The solution is the classical
solution. If l = ∞, u ∈C∞(Ω ).

Remark 2.4. Condition (4.20d) can be replaced by the V -ellipticity of ((v,u)) +
λ (v,u), λ sufficiently large. If Q ⊂ L2(Ω) algebraically and topologically, the
conclusion of Theorem 2.2 follows with

|u|Wk+l,2(Ω) ≤ c(| f |Q′ + | f |+ |u0|W k+l,2(Ω) +
k−μ

∑
t=1

|git |Wit+1/2+l−k,2(∂Ω) + |u|L2(Ω)).

(4.58)

Exercise 2.2. Prove (4.58).



4.2 Regularity of the Solution in the Neighborhood of the Boundary 223

4.2.9 Local Regularity in a Neighborhood of the Boundary

We prove a theorem concerning the local regularity in a neighborhood of the
boundary.

A boundary value problem is (l + k)-times regularizable in a neighborhood
of a point y ∈ ∂Ω , l ≥ 1, if there exists a neighborhood of G-type, cf. 1.2.4,
containing y and such that ∂Ω ∩G can be described by a function from C2k+l,1(Δ ),
the coefficients satisfying the conditions of (l + k)-regularity in Ω ∩G, on ∂Ω ∩G
respectively, with f ∈ Q′, and for l < k and v ∈V such that supp v ⊂ G∩Ω ,

sup
|v|

Wk−l,2(Ω∩G)
≤1

| f v| ≡ | f | < ∞,

for l ≥ k,
Q ⊂ L2(Ω), | f |W l−k,2(Ω∩G) ≡ | f |< ∞.

Concerning u0, we assume u0 ∈W k+l,2(Ω ∩G), and

git ∈W it+1/2+l−k,2(∂Ω ∩G).

We have

Theorem 2.5. Let u ∈W k,2(Ω) be a solution of a problem (l + k)-regularizable in
a neighborhood of y ∈ ∂Ω . Then for every compact subset K ⊂ G∩Ω , we have:

|u|Wk+l,2(K) ≤ c(K)(| f |Q′ + | f |+ |u0|Wk+l,2(Ω∩G) +
k−μ

∑
t=1

|git |W it+1/2+l−k,2(∂Ω∩G).

The proof is the same as in Lemma 2.8 proving that the functions wn = wψn

belong to W k+l,2(Ω).

4.2.10 Dependence of the Solution on the Coefficients

In relation with theorems proved in Sect. 4.2, there are many open problems; in
some sense the situation is the same as in Chap. 3, Sect. 3.4.

We shall prove a theorem concerning the dependence of the solution on the
coefficients ai j, biα , hsα and on f , g js , git .

Theorem 2.6. Suppose we are given a sequence of (l + k)-regularizable problems,
l ≥ k. We assume:

Bsν =
∂ js

∂n js
− ∑

|α |≤ js

h(ν)sα Dα ,

Dα =
∂ |α |

∂σα1
1 . . .∂σαN−1

N−1 ∂σαN
N

,
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where αN is one of the indices it (the indices js, it don’t depend on ν), ν =

1,2, ... We assume that limν→∞ a(ν)i j = ai j in Cαi,1(Ω), αi = max(0, |i|+ l − k− 1),

limν→∞ a(ν)
i(h)i(h)

= ai(h)i(h) in W k+l−1,∞(Ω), limν→∞ b(ν)iα = biα in C|α |+l−k,1(∂Ω) for

|α| ≥ k, and in Cl−1,1(∂Ω) for |α| < k; limν→∞ h(ν)sα = hsα in Ck− js−l,1(∂Ω).

Finally we assume that limν→∞ f (ν) = f in W l−k,2(Ω), limν→∞ g(ν)js = g js in

W l− js−1/2(∂Ω), and limν→∞ g(ν)it
= git in W is+1/2+l−k,2(∂Ω).

Then if u(ν),u are the solutions of the corresponding problems, limν→∞ u(ν) = u
weakly in W l+k,2(Ω), and limν→∞ u(ν) = u strongly in W l+k−1,2(Ω).

Proof. If ν ≥ ν0, v∈Vν , we have |((v,v))ν | ≥ c1|v|2Wk,2(Ω)
, where c1 does not depend

on ν . If v ∈V , |((v,v))| ≥ c2|v|2Wk,2(Ω)
. In W k,2(Ω)×Wk,2(Ω) we have uniformly:

lim
ν→∞

((v,u))ν = ((v,u))

hence if ν ≥ ν0, v ∈V,

|((v,v))|ν ≥ c2

2
|v|2Wk,2(Ω)

. (4.59)

Suppose now v ∈Vν . There exists w ∈V such that

|v−w|Wk,2(Ω) ≤ dν |v|W k,2(Ω), lim
ν→∞

dν = 0. (4.59bis)

To prove this, it is sufficient to verify:

|(Bs −Bsν)v|Wk− js−1/2,2(∂Ω) ≤ εν |v|W k,2(Ω), lim
ν→0

εν = 0;

thus let ω ∈ W k,2(Ω) be a function such that ∂ it ω/∂nit = 0 on ∂Ω , t = 1,2, . . . ,
k− μ , ∂ js ω/∂ n js = (Bs −Bsν)v. Using Theorem 2.5.8 we can construct a function
such that

|ω |W k,2(Ω) ≤ c3

μ

∑
s=1

|(Bs −Bsν)v|W k− js−1/2,2(∂Ω ).

We obtain (4.59 bis) from (4.58), (4.59), with w = v−ω , ν ≥ ν1 ≥ v0, v ∈Vν :

|((v,v))ν | ≥ c2

3
|v|2Wk,2(Ω)

.

According to Theorem 2.2 for ν ≥ ν1, we have:

|uν |Wk+l,2(Ω) ≥ c4(| fν |W k−l,2(Ω)

+
μ

∑
s=1

|g js |W k+l− js−1/2,2(∂Ω ) +
k−μ

∑
s=1

|git |W it+1/2+l−k,2(∂Ω )).
(4.60)
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We have limν→∞ uν = u weakly in W k+l,2(Ω). If not, there would exist a subse-
quence uνr such that limr→∞ uνr = u∗ weakly, u∗ �= u. Due to the compactness of the
imbedding of W k+l,2(Ω) in W k+l−1,2(Ω), limr→∞ uνr = u∗ strongly in W k+l−1,2(Ω).
Clearly, we have Bsu∗ = g js . Let v ∈V be L; as above we can find vν ∈Vν such that
limν→∞ vν = v strongly in W k,2(Ω). We have:

((vν ,uν))ν = 〈vν , f ν〉+ gν vν ;

we deduce,
((v,u∗)) = 〈v, f 〉+gv,

thus, by uniqueness of the solution, u = u∗ and this is a contradiction to u∗ �= u. �
Theorem 2.3 gives us the existence of a classical solution of the boundary value

problem satisfying all the given conditions. We can formulate the following:

Problem 2.1. Find all the boundary value problems such that there exists
a sequence of 2k-regularizable problems whose solutions converge, in some sense,
to the solution of the initial problem.

We have seen in Chap. 3, Sect. 3.6, the possibility to construct such a sequence
regularizing the domain, coefficients, and data. This is for example the case of the
Dirichlet and Neumann problem.

Example 2.1. Let N = 2, Ω a triangle, A =�2 +1. Let us put f = 0, V =W 2,2(Ω),
gv = v(x0), where x0 is a vertex of the triangle Ω . Let u ∈W 2,2(Ω) be such that for
all v ∈W 2,2(Ω):

∫
Ω

(
∂ 2v

∂x2
1

∂ 2u

∂x2
1
+2

∂ 2v
∂x1∂x2

∂ u
∂x1∂x2

+
∂ 2v

∂x2
2

∂ 2u

∂x2
2
+ vu

)
dx = v(x0).

There exists a unique solution to this problem; due to Theorem 3.2.1, and according
to Theorem 2.5, we have using the same notation as in Chap. 1, Example 1.2.15 on
the sides of the triangle, except the vertices, Mu = 0, Tu = 0. We have also Au = 0
in Ω . It is easy to see that a weak solution u is not determined by the values of non-
stable boundary conditions on smooth parts of the boundary ∂Ω , u being smooth
almost everywhere.

4.3 Boundary Value Problems for Properly Elliptic Operators

4.3.1 The Operator A Properly Elliptic, Bs Cover A

The boundary value problems defined in 3.2.3 represent a large class of problems
related to phenomenas in physics.

We can formulate and solve boundary value problems in the framework and with
the hypotheses given in Sect. 3.3, Chap. 3. We shall prove particular results found
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in M. Schechter [2, 4]; we don’t try to give a complete overview. For completeness
we add some results and also some algebraic lemmas, cf. M. Schechter [2, 4], N.
Aronszajn, A. Milgram [1], G. Geymonat, P. Grisvard [1]. For ∂Ω in any dimension
we refer to cf. B. Ju. Sternin [1]. For simplicity here we assume that Ω and the
coefficients are infinitely differentiable.

Example 3.1. Let Ω be a domain in N∞, N = 2, f ∈ L2(Ω) and let us find u ∈
W 4,2(Ω) such that �2u = f almost everywhere in Ω , u = ∂ 3u/∂ n3 = 0 on ∂Ω .
This problem cannot be solved by the variational method and a decomposition in
two auxiliary problems �u = v, �v = f does not work. On the other hand �2 is
properly and uniformly elliptic; indeed, for two linearly independent vectors ξ ,η ,
we have:

(ξ1+τη1)
4+2(ξ1+τη1)

2(ξ2+τη2)
2+(ξ2+τη2)

4 =((ξ1+τη1)
2+(ξ2+τη2)

2)2,

this algebraic expression has two roots, each with multiplicity 2,

τ1 =−ξ1η1 + ξ2η2 + i(ξ2η1 −ξ1η2)

η2
1 +η2

2

, τ2 =−ξ1η1 + ξ2η2 − i(ξ2η1 −ξ1η2)

η2
1 +η2

2

.

The operators B1 = 1, B3 = ∂ 3/∂n3 form a covering of �2: we can change
coordinates, the Laplace operator is invariant, and we can take ξ1 = 1, η1 = 0,
ξ2 = 0, η2 = 1. By trivial computation the result follows.

It is natural to formulate the problem in following terms: Let Ω ∈ N∞, A =

∑|i|≤2k aiDi a uniformly elliptic operator in Ω , with coefficients in C∞(Ω). We

assume A properly elliptic in Ω . Suppose we are given operators of order ms ≤
2k−1, s = 1,2, . . . ,k, Bs = ∑|α |≤ms bsα Dα with coefficients in C∞(∂Ω) covering A.

Moreover assume f ∈ L2(Ω), gs ∈ W 2k−ms−1/2,2(∂Ω). We are looking for u ∈
W 2k,2(Ω) such that almost everywhere in Ω

Au = f , (4.61a)

and on ∂Ω in the sense of traces

Bsu = gs. (4.61b)

Before finding sufficient conditions for the existence of a solution, let us observe:

Proposition 3.1. Consider a 2k-regularizable problem in the sense of the definition
in 4.2.2, N ≥ 3. Denote by B1,B2, . . .Bμ ,C1,C2, . . . ,Ck−μ a system of boundary
operators. Then the operator A considered is properly elliptic in Ω and the
boundary system covers A.
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Proof. By Theorem 2.2 we have the following inequality:

|u|W2k,2(Ω) ≤ c(| f |L2(Ω) +
μ

∑
s=1

|g js |W 2k− js−1/2,2(∂Ω) +
k−μ

∑
t=1

|git |W 2k−it−1/2,2(∂Ω)),

(4.61bis)
thus the result follows from Theorem 3.4.5 and Remark 3.5.2.1 �

In some sense we can see that the new definition of boundary value problems is
a generalization of the definition from 3.2.2.

4.3.2 An Existence Theorem

A system of boundary operators Bs, s = 1,2, . . . ,k, of orders ms ≤ 2k − 1, Bs =

∑|α |≤ms bsαDα is called normal if for s �= r one has ms �=mr and if ∑|α |=ms bsαnα �= 0
for x ∈ ∂Ω .

A normal system is called canonical if there exist indices 0 ≤ j1 < j2 < · · · <
jk ≤ 2k−1 such that in the local coordinates from 1.2.4,

Bs =
∂ js

∂ t js
− ∑

|α |≤ms

bsαDα ,

where

Dα =
∂ |α|

∂σα1
1 ∂σα2

2 . . .∂σαN−1
N−1 ∂ tαN

, αN �= jl , l = 1,2, . . . ,k.

Let Bs, B∗
s , s = 1,2, . . . ,k, be two systems and of boundary operators; we say

that these two systems equivalent if for u ∈ W 2k,2(Ω), Bsu = 0 ⇐⇒ B∗
s u = 0, s =

1,2, . . . ,k.

Lemma 3.1. Let Bs, s = 1,2, . . . ,k be a normal system. Then there exists another
canonical normal system B∗

s , s = 1,2, . . . ,k, equivalent to Bs, s = 1,2, . . . ,k.

Proof. Without loss of generality we can assume m1 < m2 < · · · < mk; B1 is
not characteristic with respect to the boundary, since it contains the coefficient
a∂ m1/∂nm1 , a �= 0 on ∂Ω . We set B∗

1 = (1/a)B1. Let us assume that we have already
constructed B∗

1,B
∗
2, . . . ,B

∗
l ; the operator Bl+1 is not characteristic, hence we can write

in local coordinates:

(1/a)Bl+1 =
∂ ml+1

∂ tml+1
− ∑

|α |≤ml+1

hl+1,α
∂ |α |

∂σα1
1 . . . .∂σαN−1

N−1 ∂ tαN
,

a �= 0 on ∂Ω .

1As in Theorem 3.5.4 we prove that (4.61 bis) implies A properly elliptic for N ≥ 2. Thus
Proposition 3.1 holds for N ≥ 2.
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Using B∗
1, . . . ,B

∗
l we compute ∂ αN/∂ tαN for αN equal to one of m1,m2, . . . ,ml and

we obtain B∗
l+1.

It is easy to see that all hypotheses of Lemma 3.1 are satisfied for B∗
1, . . . ,B

∗
k

obtained in this manner. �
Now, let Bs, s=1,2, . . . ,k be a normal canonical system, Ω ∈ N∞, u,v ∈

W 4k,2(Ω), Bsv=0 on ∂Ω , s=1,2, . . .k, A=∑|i|≤2k aiDi properly elliptic, with coef-

ficients in C∞(Ω). By Green’s formula, we obtain with A∗ = ∑|i|≤2k(−1)|i|Di(ai):

∫
Ω

vA∗Audx =
∫

∂Ω

(
k

∑
t=1

∂ μt v
∂ nμt

B′
t Au

)
dS+

∫
Ω

AvAudx, (4.62)

where the numbers μt are complement to the set of numbers m1,m2, . . . ,mk with
respect to the set 0,1,2, . . . ,2k−1.

At the same time let us define the “adjoint” problem: find v ∈ W 2k,2(Ω) such
that we have almost everywhere in Ω ,

A∗v = g in Ω , g ∈ L2(Ω), (4.63a)

B′
t v = 0 on ∂Ω , t = 1,2, . . . ,k. (4.63b)

Let us set

N = {u ∈W 2k,2(Ω), Bsu = 0 on ∂Ω , s = 1,2, . . . ,k, Au = 0 in Ω},
N∗ = {v ∈W 2k,2(Ω),B′

t v = 0 on ∂Ω , t = 1,2, . . . ,k, A∗v = 0 in Ω}.

Theorem 3.1. Let us assume N∗ = {0}; this corresponds to the uniqueness of the
solution of Problem (4.63). Hence (4.61) has a solution for each f ∈ L2(Ω), gs = 0.
The space N is finite dimensional and the solution u of (4.61) is defined modulo
a linear combination of functions from N. If we choose u such that

(v,u) = 0, v ∈ N, (4.64)

then u is unique and we have:

|u|W 2k,2(Ω) ≤ c| f |L2(Ω). (4.65)

Proof. If the system Bs, s = 1,2, . . . ,k is not canonical, we can construct an equiv-
alent canonical system, thus we assume Bs canonical. Due to Theorem 3.5.3, if
λ is big enough, the sesquilinear form

∫
Ω AvAudx + λ

∫
Ω vudx is V -elliptic with

V = {v ∈ W 2k,2(Ω),Bsv = 0,s = 1,2, . . . ,k}. Let f ∈ C∞
0 (Ω); we want to find

u ∈ W 2k,2(Ω), u ∈ V such that for v ∈ V ,
∫

Ω AvAudx = (v,A∗ f ); this means that
A∗Au = A∗ f in Ω , Bsu = 0 on ∂Ω , s = 1,2, . . . ,k and formally B′

t Au = 0 on
∂Ω , t = 1,2, . . . ,k. This problem is selfadjoint, and by Theorem 3.3.1 or Theorem
1.6.1, the solution exists if and only if (v,A∗ f ) = 0 for all v such that Av = 0.



4.3 Boundary Value Problems for Properly Elliptic Operators 229

But if v is such a function, by Theorem 2.2 v ∈ W 4k,2(Ω) and by Theorem 2.3
the conditions B′

tAv = 0 are satisfied in the sense of traces. Let us set Av = h,
so h ∈ N∗, i.e. h ≡ 0. We have v ∈ N, and (v,A∗ f ) = (Av, f ) = 0. Moreover we
have Au− f ∈ N∗, hence Au = f . Now we choose u such that (4.64) is satisfied.
We can say that for f ∈ C∞

0 (Ω) (4.65) is true: Assuming the converse, there exists
a sequence un ∈W 2k,2(Ω), |un|W 2k;2(Ω) = 1, such that Aun = fn ∈C∞

0 (Ω), Bsun = 0
on ∂Ω ,1 > n| fn|L2(Ω). Now by Theorem 3.5.3, we have:

|un|W2k,2(Ω) ≤ c1(| fn|L2(Ω) + |un|L2(Ω)). (4.66)

By Theorem 3.6.1 we can extract from the sequence un a subsequence converging
to u in L2(Ω). As a consequence of (4.66) limn→∞ un = u weakly in W 2k,2(Ω);
moreover we have Au = 0 in Ω and Bsu = 0 on ∂Ω , hence u ∈ N and u ≡ 0 by
(4.64) which is a contradiction.

Let now f ∈ L2(Ω); as C∞
0 (Ω) = L2(Ω) the result follows by continuous

extension. �
Corollary 3.1. Let the hypotheses of the previous theorem be satisfied and suppose
also gs ∈ W 2k−ms−1/2,2(∂Ω), f ∈ L2(Ω). Then there exists a solution u of (4.61);
Au = f in Ω , Bsu = gs on ∂Ω , which is unique modulo a linear combination of
functions from N. If u satisfies (4.64), u is uniquely determined and we have:

|u|W2k,2(Ω) ≤ c(| f |L2(Ω) +
k

∑
s=1

|gs|W 2k−ms−1/2,2(∂Ω)). (4.67)

Proof. From Theorem 2.5.8 it follows that we can construct u0 ∈W 2k,2(Ω) such that
Bsu0 = gs on ∂Ω if we set ∂ ms u0/∂nms = gs on ∂Ω , s = 1,2, . . . ,k, ∂ μt u0/∂nμt = 0
on ∂Ω , t = 1,2, . . . ,k, cf. (4.62). The problem can be solved as a homogeneous
problem with right hand side f −Au0. �
Remark 3.1. In the paper of S. Agmon, A. Douglis, L. Nirenberg [1], it is proved
that problem (4.61) in the Dirichlet case has a unique solution if N = {0}. The
converse is also true: if the Dirichlet problem has a solution for every f ∈ L2(Ω),
then N = {0}, cf. M. Schechter [2, 4]; this question is connected with the notion of
index, cf. below.

Remark 3.2. M. Schechter in [4] has proved the existence of a system equivalent to
B′

t which is normal and covers A∗. It follows by our previous results that dimN∗ <∞
and the Problem (4.61) has a solution with gs = 0 if and only if (v, f ) = 0 for v ∈ N∗
and the Problem (4.63) has a solution if and only if (u,g) = 0 for u ∈ N. Then it is
possible to consider the problem A∗Au = f in Ω , Bsu = 0, B′

tAu = 0 on ∂Ω . Let us
set WB = {u ∈W 2k,2(Ω),Bsu = 0}; WB′ = {v ∈W 2k,2(Ω),B′

t v = 0}; we obtain that
AWB is a closed subspace in L2(Ω), dim(L2(Ω)−AWB)≡ codim AWB = dimN∗, for
the same reason A∗WB′ is closed in L2(Ω), dim(L2(Ω)−A∗WB′)≡ codim A∗WB′ =
dimN. We define the index of A as ind A = dimN − codim AWB; if ind A = 0 we
say that A with Bs is of Fredholm type. For all these questions cf. M.S. Agranovich,
L.R. Volevich, A.S Dynin [1, 2], L. Hörmander [1], A.I. Volpert [1].
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4.3.3 Dependence with Respect to a Parameter

To find the solution of Problem (4.61) a “homotopical” approach of J. Schauder is
useful, cf. C. Miranda [1], A.J. Koshelev [1], etc.:

Theorem 3.2. Let Ω ∈N∞, Aλ , Bλ s, 0 ≤ λ ≤ 1 a family of operators. We assume
that all coefficients are continuous with respect to λ in the norms Cμ with μ
arbitrary (or μ sufficiently large) and that independently of λ the following a priori
estimates for u ∈W 2k,2(Ω) hold:

|u|W 2k,2(Ω) ≤ c(|Aλ u|L2(Ω) +
k

∑
s=1

|Bλ su|W 2k−ms−1/2,2(∂Ω)). (4.68)

Moreover, we assume that the operator (A0,B01,B02, . . . ,B0k) is an isomorphism of
W 2k,k(Ω) onto the product L2(Ω)×W 2k−m1−1/2,2(∂Ω)×·· ·×W 2k−mk−1/2,2(∂Ω).
Then the isomorphism holds for 0 ≤ λ ≤ 1.

Proof. Let κ be the upper bound of λ ∈ [0,1] such that (Aλ ,Bλ 1,Bλ 2, . . . ,Bλ k) is an
isomorphism of W 2k,k(Ω) onto

M = L2(Ω)×W2k−m1−1/2,2(∂Ω)×·· ·×W2k−mk−1/2,2(∂Ω).

Using the perturbation method, we can see that 0 < κ ≤ 1. Indeed if we assume
κ < 1 then (Aκ ,Bκ1,Bκ2, . . . ,Bκk) is such an isomorphism; by (4.68) the image of
W 2k,2(Ω) by this transformation is closed in M.

The coefficients are continuous with respect to λ with the corresponding norms,
the image of W 2k,2(Ω) is dense in M. Now, by perturbation we have a contradiction.
Therefore κ = 1 and the last properties hold for κ = 1. �
Remark 3.3. Theorem 3.1 is based on the estimates obtained in Sect. 3.3, Chap. 3.
If the domains, the coefficients are sufficiently smooth we obtain, without difficulty,
using the method of Sect. 1.3, Chap. 1, the following estimates:

|u|Wk+l,2(Ω) ≤ c(|Au|W l−k,2(Ω) +
k

∑
s=1

|Bsu|W k+l−ms−1/2,2(∂Ω) + |u|L2(Ω)), l ≥ k.

(4.69)
Using the theory of multipliers, cf. for instance S.G. Mikhlin [1], B. Malgrange [2],
P.I. Lizorkin [2], we obtain estimates of the following type:

|u|Wk+l,p(Ω) ≤ c(|Au|W l−k,p(Ω) +
k

∑
s=1

|Bsu|W k+l−ms−1/p,p(∂Ω) + |u|Lp(Ω)), (4.70)

p > 1, l ≥ k,
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cf. S. Agmon, A. Douglis, L. Nirenberg [1], F. Browder [3–5],. . . . By interpolation
we can consider the case l ≥ k, l any real number, and by transposition we can
modify (4.70) for the case l ≤ −k and using again the interpolation consider the
case −k ≤ l ≤ k. There are exceptional values of l, the values for which k+ l−1/p
is an integer, p �= 2. Cf. works by J.L. Lions, E. Magenes [1,2, . . . ,8], and also
M. Schechter [10].

Remark 3.4. In Sects. 4.2 and 4.3, we have proved results on the regularity of the
solution in a neighborhood of a smooth boundary. It is of interest to know something
about regularity of solutions for non-smooth boundaries. We will prove such results
in Chaps. 5, 6 and 7, using a method introduced by the author and based on Rellich’s
equalities and using weights, and by methods analogous to the methods of E. De
Giorgi [1], G. Stampacchia [2], G. Fichera [5].

Finally we mention that in the particular case k = 1, l = 1, Ω bounded and in
some sense convex, the estimate (4.69) for the homogeneous Dirichlet problem was
obtained by J. Kadlec [1].

4.4 Very Weak Solutions of Boundary Value Problems

4.4.1 Very Weak Solutions, the Homogeneous Case

For an elliptic operator of order 2k we have defined in 3.2.3 the weak solution
for a boundary value problem. We use this notion hereafter. If the solution is in
W 2k,2(Ω), we called this solution in 2.8 a strong solution. In the present section,
we introduce the notion of a very weak solution for a boundary value problem: it is
a distribution from W−l,2(Ω), l ≥−k+1, l an integer.

In this section we use a well known approach based on “duality” or “trans-
position”, as the methods used by M.I. Vishik, S.L. Sobolev [1], E. Magenes,
G. Stampacchia [1], J.L. Lions [4], G. Fichera [3–5], etc.

Let us consider a boundary value problem as defined in 3.2.3 and let us assume
the sesquilinear form ((v,u)) is V -elliptic. Let v be the solution of the adjoint
problem, cf. 3.2.4, with homogeneous boundary conditions, and with the right hand
side F ∈W m,2

0 (Ω). Let u be the solution corresponding to f ∈Q′, with homogeneous
boundary conditions. By definition we have ((v,u)) = 〈v, f 〉 = ((u,v))∗ = (F,u),
hence

(F,u) = 〈v, f 〉. (4.71)

Now we denote by G∗ the Green operator from [L2(Ω)→W k,2(Ω)], associated
with the adjoint problem. Then we have:

〈F,u〉= 〈G∗F, f 〉. (4.72)
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We assume the hypotheses of Theorem 1.2, i.e. ai j ∈ Cαi,1(Ω) with αi =
max(0, |i|+m− 1). Let Ω ′ ⊂ Ω ′ ⊂ Ω be a subdomain of Ω and let us consider
the space P =W 2k+m,2(Ω ′)∩Q, with the topology defined by the norm

(| f |2W 2k+m,2(Ω ′) + | f |2Q)1/2.

We assume:
P =W 2k+m,2(Ω ′)∩Q is a normal space, (4.73)

Q′ is dense in P′. (4.74)

Consider a boundary value problem satisfying the hypotheses mentioned, and let be
f ∈ P′. A functional u ∈ W−m,2(Ω) is called a very weak solution of the problem
Au = f in Ω with homogeneous boundary conditions if for every F ∈W m,2

0 (Ω) we
have (4.72).

The following is a consequence of Theorem 1.2:

Theorem 4.1. There exists a unique very weak solution of the problem mentioned
and the Green operator G ∈ [Q′ → W k,2(Ω)] can be extended by continuity to a
mapping from [P′ →W−m,2(Ω)].

4.4.2 Regularity of the Solution

We now describe some properties of very weak solutions:

Theorem 4.2. Let K be an open set, K ⊂ Ω , K ∩Ω ′ = /0. We keep the hypotheses
of the previous theorem, and moreover let us assume ai j ∈ Ck−1+m,1(Ω). Then u ∈
W k,2(K) and |u|W k,2(K) ≤ c| f |P′ .

Proof. Let fn ∈ Q′ be such that limn→∞ fn = f in P′. Let Ω ′ ⊂ Ω ′′ ⊂ Ω ′′ ⊂ Ω ′′′ ⊂
Ω ′′′ ⊂ Ω . The very weak solution of the problem corresponding to fn is a weak
solution; then by Theorem 1.3 there exists a constant such that

|un|Wk,2(Ω ′′′−Ω ′′
)
≤ c1(| fn|W−k,2(Ω−Ω ′

)
+ |un|W−m,2(Ω)); (4.75)

starting from this inequality and using Proposition 2.2.4 we get:

|u|W k,2(Ω ′′′−Ω ′′
)
≤ c1(| f |W−k,2(Ω−Ω ′

)
+ |u|W−m,2(Ω)), (4.76)

obviously | f |
W−k,2(Ω−Ω ′

)
≤ c2| f |P′ .

If K ⊂ Ω , the theorem is proved. Let us consider the case ∂ K ∩∂Ω �= /0. Let ψn

be a function such that ψn ∈C∞
0 (R

n), supp Ψ ∩Ω ′
= /0, ψ(x) = 1 in a neighborhood

of ∂Ω . Let us consider unψ . We have unψ ∈V , and

((unψ ,unψ)) = ((un|ψ |2,un))+ ((unψ ,unψ))− ((un|ψ |2,un)). (4.77)
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It follows from (4.75) that

|((unψ ,unψ))− ((un|ψ |2,un))| ≤ c3| fn|P′ |unψ |W k,2(Ω). (4.78)

Moreover we have: ((un|ψ|2,un)) = 〈unψψ , fn〉= 〈unψ , fnψ〉; obviously | fnψ|Q′ ≤
c4| fn|P′ , hence it follows from (4.77) and (4.78) due to the V -ellipticity of ((v,u)):

|unψ |2W k,2(Ω)
≤ c5|unψ |W k,2(Ω)| fn|P′ .

Now the results follows if n → ∞. �
Moreover we have

Theorem 4.3. Let l ≥ 1 be an integer. We keep the hypotheses of the previous
theorem and assume ai j ∈ Cβi,1(Ω) with βi = max(0, |i|+ l − k− 1). Let K be an

open subset of ∀K̄ ⊂Ω , K∩Ω ′
= /0, and assume Dα f ∈W−k+1,2(K) for |α| ≤ l−1.

Then if K′ ⊂ K
′ ⊂ K we obtain:

|u|W l+k,2(K′) ≤ c(| f |P′ + ∑
|α|≤l−1

|Dα f |W−k+1,2(K)).

Proof. As a consequence of the previous theorem, u ∈W k,2(K). Let ϕ ∈C∞
0 (K); we

have: ∫
K

∑
|i|,| j|≤k

ai jD
iϕD judx = 〈ϕ, f 〉,

and the result follows from Theorem 1.2. �

4.4.3 Very Weak Solutions (Continuation)

Now we shall define the very weak solution of a boundary value problem with
homogeneous boundary conditions for the case P = Q∩W s,2(Ω ′), k < s < 2k. We
assume (4.73), (4.74), ai j ∈Cαi,1(Ω) with αi = max(0, |i|+s−2k−1); on P we put
the topology associated with the norm (| f |2Q′ + | f |2

W s,2(Ω ′))
1/2.

Let us consider the boundary value problem 3.2.3 with ((v,u)) V -elliptic. Let
f ∈ P′. A function u ∈ L2(Ω) is called a very weak solution of the problem Au = f
in Ω , with homogeneous boundary conditions, if for every F ∈ L2(Ω) (4.72) holds.

Theorem 4.4. There exists a unique very weak solution of the given problem and
the Green operator G∈ [Q′ →W k,2(Ω)] can be extended by continuity to a mapping
G ∈ [P′ → L2(Ω)], and, if ai j ∈Ck,1(Ω), to G ∈ [P′ →W 2k−s,2(Ω)].

Proof. First of all, by Theorem 1.2, v being the solution of the problem with
homogeneous boundary conditions, we have: A∗v = F , F ∈ L2(Ω), v ∈ W s,2(Ω ′),
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|v|Ws,2(Ω ′) ≤ c1|F |L2(Ω). This implies the existence and uniqueness of a solution

in L2(Ω). Now we apply Theorem 1.3 with κ = k − 1, and we obtain for every
Ω ∗ ⊂ Ω ∗ ⊂ Ω ,

|u|W2k−s,2(Ω∗) ≤ c2(| f |P′ + |u|L2(Ω)). (4.79)

Then we obtain, as in Theorem 4.2, for every Ω ′ ⊂ Ω ′ ⊂ Ω ′′ ⊂ Ω ′′ ⊂ Ω

|u|
W k,2(Ω−Ω ′′

)
≤ c3| f |P′ . (4.80)

Now the result follows from (4.79) and (4.80). �
By the same argument as in Theorem 4.3, we prove:

Theorem 4.5. With the same hypotheses as in Theorem 4.4, let be l ≥ 1, ai j ∈
Cβi,1(Ω), βi =max(0, |i|+ l−k−1). Let K be an open set in Ω , K ⊂Ω , K∩Ω ′

= /0,
and for |α| ≤ l − 1, Dα f ∈W−k+1,2(K). Then for K′ ⊂ K

′ ⊂ K,

|u|W l+k,2(K′) ≤ c(| f |P′ + ∑
|α|≤l−1

|Dα f |W 1−k,2(K)).

Exercise 4.1. Using the hypotheses given in Theorem 4.1, except the V -ellipticity
of ((v,u)) replaced by the V -ellipticity of ((v,u))+λ (v,u), λ sufficiently large, and
assuming that 0 is not an eigenvalue, prove Theorem 4.1.

Hint: Begin with the problem (A+ λ )u = f and then solve the problem Au =
−λ u.

Example 4.1. We assume k = 1, N ≥ 3, 1/q= 1/2−1/N and set Q= Lq(Ω), which
is possible according to Proposition 3.2.5. Let us set P = Lq(Ω)∩W s,2(Ω ′), k+1≤
s. Let us assume Ω ′ ∈N0. Then P is normal: if f ∈ P, let f1 = f in Ω −Ω ′

, f1 ≡ 0
otherwise, f2 = f in Ω ′, f2 ≡ 0 otherwise. Now we can find f n

1 ∈ C∞
0 (Ω) with

support in Ω −Ω ′
such that limn→∞ f n

1 = f1 in Lq(Ω), hence limn→∞ f n
1 = f in P.

Using the same method as in the proof of Theorem 2.3.1 we can find for every ε > 0,
f ε
2 ∈ L2(Ω ′′)∩Ws,2(Ω ′′), Ω ′ ⊂ Ω ′′ ⊂ Ω ′′ ⊂ Ω such that

| f ε
2 − f2|Lq(Ω ′)∩Ws,2(Ω ′) < ε, | f ε

2 |Lq(Ω ′′−Ω ′) < ε.

We set f ε
2 = 0 outside of Ω ′′; using a regularising process we construct f ε

2h ∈C∞
0 (Ω)

such that for h sufficiently small:

| f2 − f ε
2h|Lq(Ω ′)∩Ws,2(Ω ′) < ε, | f ε

2h|Lq(Ω ′′−Ω ′) < ε,

and the result follows. P as a closed subset of a reflexive space is also reflexive,
hence Q′ is dense in P′.



4.4 Very Weak Solutions of Boundary Value Problems 235

4.4.4 The Green Kernel

Let δy be the Dirac functional on C0(Ω ), y ∈ Ω , defined by δyv = v(y), and for
fixed y, let G(x,y) be the solution of the problem AG = δy in Ω with homogeneous
boundary conditions; G(x,y) is called Green’s kernel.

Existence and fundamental properties of the kernel G(x,y) are consequences of
the results from 4.1–4.3. If we take into account the partial result given in Theorem
2.3.8 and if we assume s > 2N, Ω ′ ∈ N0,1, then algebraically and topologically
W s,2(Ω ′)⊂C0,μ(Ω), 0 < μ ≤ 1. Thus we get:

Corollary 4.1. Let us consider a boundary value problem with ((v,u)) V-elliptic
and let s = [N/2]+ 1. We have the following assumptions: for s ≤ k, ai j ∈ L∞(Ω);

for s > k, ai j ∈Cαi,1(Ω), αi = max(0, |i|+s−2k−1). Let y ∈Ω , and Ω ′ ⊂ Ω ′ ⊂Ω
a subdomain of Ω such that y ∈ Ω ′ and Ω ′ ∈N0,1. Set P = L2(Ω)∩W s,2(Ω ′). Then
δy ∈ P′ and the Green kernel exists and is unique. We have G(x,y) in W 2k−s,2(Ω) if
s > k (if s < 2k, we assume ai j ∈Ck,1(Ω )) and in W k,2(Ω) if s ≤ k. Let z ∈ Ω ′. Then
we get:

|G(x,y)−G(x,z)|W 2k−s,2(Ω) ≤ c|y− z|μ , (4.81)

where μ is the Hölder exponent introduced by Theorem 2.3.8 for p = 2, k = s.

Proof. Indeed it is sufficient to prove (4.81); we have:

|G(x,y)−G(x,z)|W2k−s,2(Ω) ≤ c(Ω ′)|δy −δz|P′ ≤ c1(Ω ′) sup
|v|

W s,2(Ω ′)≤1
|δyv− δzv|

≤ c2(Ω ′) sup
|v|

C0,μ (Ω ′
)
≤1

|δyv− δzv| ≤ c2(Ω ′) sup
|v|

C0,μ (Ω ′
)
≤1

|v(y)− v(z)| ≤ c2(Ω ′)|y− z|μ .

�
We have the regularity result:

Corollary 4.2. Let K be a subdomain of Ω such that K ∩ {y} = /0. Under the
hypotheses of Theorem 4.1 or Theorem 4.4 if s > k, we have G(x,y) ∈ W k,2(K)
and for all z ∈ Ω ′, z /∈ K,

|G(x,y)−G(x,z)|W k,2(K) ≤ c|y− z|μ (4.82)

holds, where the exponent μ is the same as in Corollary 4.1.

Corollary 4.3. Let l ≥ 1. Under the hypotheses of Theorem 4.3 (s≥ 2k) or Theorem
4.6 (s < 2k), and for K a subdomain of Ω such that K ⊂ Ω , K ∩Ω ′ = /0, we have
that G(x,y) ∈W l+k,2(K) and for z ∈ Ω ′:

|G(x,y)−G(x,z)|W l+k,2(K) ≤ c|y− z|μ , (4.83)

where μ is the same as in Corollary 4.1.
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Remark 4.1. It follows from Corollaries 4.2, 4.3 that the Green kernel is a continu-
ous function on Ω ×Ω , x �= y, if the coefficients ai j of the operator are sufficiently
smooth. In this case, we can compute Dα

x G(x,y) and we obtain the same result.

But we can prove the existence of Dβ
y G(x,y) and also of Dα

x Dβ
y G(x,y) for x �= y,

x,y ∈ Ω , if ai j are sufficiently smooth; this derivative is a continuous function on
Ω ×Ω , x �= y. In particular if ai j ∈ C∞(Ω), G(x,y) is infinitely differentiable in
Ω ×Ω , x �= y. We consider only the case (∂/∂ y1)G(x,y): the general case is left to
the reader, cf. L. Schwartz [3].

Lemma 4.1. Let Ω be a domain such that y ∈ Ω , and denote yh = y+H, H =
(h,0, . . . ,0). Then in (C1(Ω ))′ there exists limh→0(1/h)(δyh −δy)(v) for v ∈C1(Ω)
denoted ∂δy/∂y1. We have (∂δy/∂ y1)(v) = (∂v)/∂x1)(y). If 0 < μ ≤ 1, we have:

lim
h→0

1
h
(δyh − δy) =

∂δy

∂y1

in the norm of (C1,μ(Ω))′.

Proof. Let v ∈C1,μ(Ω) we have

lim
h→0

1
h
(δyh − δy)v = lim

h→0

v(yh)− v(y)

h
=

∂v

∂ y1
(y).

Finally,

sup
|v|

C1,μ (Ω )
≤1

1
h
(v(yh)− v(y))− ∂v

∂ y1
(y)≤ c|yh − y|μ . (4.84)

�
Corollary 4.4. Let us consider a boundary value problem with ((v,u))
V-elliptic, and assume that ai j ∈ C∞(Ω), y, yh as in Lemma 4.1. Then
limh→0(1/h)(G(x,yh)−G(x,y)) exists in W 2k−s,2(Ω), where s = [N/2]+2 if s > k,
and in W k,2(Ω), if s ≤ k. Let us denote this limit by ∂G/∂y1(x,y), which is a
solution of the problem Au= ∂δy/∂y1 in Ω with homogeneous boundary conditions.

∂G/∂y1(x,y) ∈ W k,2(Ω −Ω ′), where Ω ′ ⊂ Ω ′ ⊂ Ω ,y ∈ Ω ′. Dα
x (∂G/∂ y1)(x,y) is

a continuous function in Ω ×Ω , x �= y, with |α| ≥ 0. If s > k, we again have:

∣∣∣∣1h (G(x,yh)−G(x,y))− ∂G
∂ y1

(x,y)

∣∣∣∣
W 2k−s,2(Ω ′)

≤C(Ω ′)|h|μ , (4.85)

and the inequalities corresponding to (4.82), (4.83) with μ as in Theorem 2.3.8 for
p = 2,k = s−1.
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Proof: We set P = L2(Ω)∩W s,2(Ω ′). By Lemma 4.1, we have in P′:

lim
h→0

1
h
(δyh − δy) =

∂δ
∂y1

,

hence (4.84) implies (4.85); the other properties follow from the previous theorems.
�

Exercise 4.2. Consider Dβ
y G(x,y) and prove the same result as in Corollary 4.4 for

s = [N/2]+ 1+ |β |.

4.4.5 The Green Operator and the Green Kernel

Now, we consider the relation between the Green operator and the Green kernel.

Theorem 4.6. Under the same hypotheses as in Corollary 4.4, let Q = L2(Ω) and
G ∈ [L2(Ω)→W k,2(Ω)] be the Green operator. Let ϕ ∈C∞

0 (Ω) and let us define

∫
Ω

G(x,y)ϕ(y)dy = lim
h→0

1
hN

l

∑
i=1

G(x,yi)ϕ(yi), (4.86)

in W 2k−s,2(Ω), if s > k, and in W k,2(Ω), if s ≤ k, with s= [N/2]+1. (The right hand
side of (4.86) is a Riemann sum, the lattice is given by cubes of side h,yi is a point
in the corresponding cube). Then

∫
Ω

G(x,y)ϕ(y)dy

exists, and ∫
Ω

G(x,y)ϕ(y)dy = Gϕ . (4.87)

Proof. First of all let us consider the case s ≥ 2k, and let ψ ∈C∞
0 (Ω). It is sufficient

to prove:

lim
h→0

⎛
⎜⎝ sup

|ψ |
Ws−2k,2

0 (Ω)
≤1

∣∣∣∣∣
1

hN

l

∑
i=1

〈G(x,yi)ϕ(yi),ψ〉− 〈Gϕ,ψ〉
∣∣∣∣∣

⎞
⎟⎠= 0. (4.88)

From (4.72), it follows:

1
hN

l

∑
i=1

〈G(x,yi)ϕ(yi),ψ〉= 1
hN

l

∑
i=1

ϕ(yi)(G∗ψ)(yi). (4.89)
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Indeed: Theorem 1.2 implies that for Ω ′ ⊂ Ω ′ ⊂ Ω ,

|G∗ψ|W s,2(Ω ′) ≤ c1(Ω ′)|ψ |W s−2k,2(Ω),

and applying Theorem 2.3.8, we obtain:

|G∗ψ |C0,μ (Ω ′
)
≤ c2(Ω ′)|ψ |W s−2k,2(Ω).

We have 〈Gϕ,ψ〉= 〈ϕ,G∗ψ〉 and (4.89) follows.
Now let us consider the case s < 2k. We must prove:

lim
h→0

∣∣∣∣∣
1

hN

l

∑
i=1

G(x,yi)ϕ(yi)−Gϕ

∣∣∣∣∣
W 2k−s,2(Ω)

= 0 if s > k,

and

lim
h→0

∣∣∣∣∣
1

hN

l

∑
i=1

G(x,yi)ϕ(yi)−Gϕ

∣∣∣∣∣
W k,2(Ω)

= 0 if s ≤ k.

We know that
1

hN

l

∑
i=1

G(x,yi)ϕ(yi)

is the very weak solution of the problem with homogeneous boundary conditions
and with the right hand side

1
hN

l

∑
i=1

ϕ(yi)δyi .

Now let us set Q = L2(Ω)∩W s,2(Ω ′), where Ω ′ ⊂ Ω , supp ϕ ⊂ Ω ′. Then we have
in Q′:

lim
h→0

1
hN

l

∑
i=1

ϕ(yi)δyi = ϕ,

hence (4.88) follows for s < 2k. �
From our definition we have G(x,y) ∈ W−m,2(Ω) with m ≥ −k for y fixed; then

G(x,y) ∈ D ′(Ω). If we fix x ∈ Ω , we can extend G(x,y) in D ′(Ω) using Theorem
4.6 and if we define, by (4.86):

∫
Ω

G(x,y)ϕ(y)dy = 〈ϕ ,G(x, .)〉.

Starting from this we have

Theorem 4.7. For a boundary value problem 3.2.1 with ((v,u))V-elliptic and ai j ∈
C∞(Ω), denote G∗(x,y) the Green kernel for the adjoint problem. Then, for y fixed
in Ω ,G∗(x,y) = G(y,x) in D ′(Ω). If ((v,u)) is a hermitian form, we have in this
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case: G(x,y) = G(y,x); G∗(x,y), G(x,y) are continuous in Ω ×Ω , x �= y (in fact
infinitely continuously differentiable with respect to x and y) and G∗(x,y) = G(y,x).

Proof. For ϕ ∈C∞
0 (Ω), y fixed in Ω :

〈ϕ ,G(y,x)〉 = (Gϕ)(y) = δy(Gϕ) = 〈Gϕ ,δy〉= 〈ϕ,G∗(x,y)〉. (4.90)

�
We can ask: If ai j ∈C∞(Ω), y fixed, does the Green kernel have a singularity for

x = y of the same type as the elementary solution? It is true, but we consider only
the following example:

Example 4.2. Let us assume N = 3, Ω ∈ N0,1. Let us set for x,y ∈ Ω , x �= y,
E(x,y) = −(1/4π)|x− y|−1. It is easy to see, that in the sense of distributions
�E(x,y) = δy. Let y be fixed, let F(x,y) be the function in W 1,2(Ω), which solves
the Dirichlet problem �F = 0 in Ω , F = E on ∂Ω in the sense of traces. Clearly
G(x,y) = E(x,y)−F(x,y); but F ∈C∞(Ω), thus the singularity of E coincides with
the singularity of G. From Corollary 4.4, we have for y fixed, G(x,y) ∈ L2(Ω). But
F(x,y) ∈ W 1,2(Ω) and E(x,y) ∈W 1,p(Ω), p < 3/2, hence G(x,y) ∈W 1,p(Ω), and
by Theorem 2.3.4, G(x,y) ∈ Lq(Ω),q < 3, etc.

4.5 Very Weak Solutions (Continuation)

In this section we shall use the results obtained in Sect. 4.2; of course we shall
assume ∂Ω sufficiently smooth.

4.5.1 Very Weak Solutions, the Nonhomogeneous Case

We consider the boundary value problem 3.2.1 and assume the sesquilinear form
((v,u)) V -elliptic. Let F ∈ W m,2

0 (Ω), m a nonnegative integer, and v the solution
of the adjoint problem A∗v = F in Ω with homogeneous boundary conditions. We
assume for this problem (l + k)-regularity with l = k+m, m ≥ 0. Now let u be the
weak solution of the problem: Au = f in Ω , f ∈ Q′, Bsu = Bsu0 = g js , Ctu = git on
∂Ω . By definition, we have:

((v,u)) = 〈v, f 〉+ gv. (4.91)

On the other hand, by integration by parts, here completely justified, using Theorem
2.2, we obtain:

((u,v))∗ =
∫

Ω
uF dx+

∫
∂Ω

k−1

∑
i=1

∂ iu
∂ni NivdS. (4.91bis)
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On ∂Ω we have for s = 1,2, . . . ,μ : Bsu = ∂ js u/∂n js −Fsu = g js , thus it follows
from (4.91 bis):

((u,v))∗ =
∫

Ω
uF dx+

∫
∂Ω

μ

∑
s=1

g jsNjs vdS+
∫

∂Ω

k−μ

∑
t=1

∂ it u

∂nit
Mit vdS.

As in Theorem 2.3 we get that Mit v = 0 on ∂Ω for t = 1,2, . . . ,k − μ , hence we
obtain

(F,u) = 〈v, f 〉+gv−
∫

∂Ω

μ

∑
s=1

Njsvg js dS. (4.92)

We define a very weak solution with nonhomogeneous boundary conditions as
follows: Consider Ω , ((v,u)) V -elliptic, the problem satisfying the (k+m)-regular-
ity. Let Q be a normal space, V ⊂ Q algebraically and topologically, and P another
normal space such that V ∩W2k+m,2(Ω) ⊂ P ⊂ Q algebraically and topologically.
We assume Q′ dense in P′. (It holds for P reflexive.) Let us consider f ∈ P′, g js ∈
W− js−1/2−m,2(∂Ω), s = 1,2, . . . ,μ , git ∈ W it+1/2−2k−m,2(∂Ω), t = 1,2, . . . ,k− μ .
A functional u ∈W−m,2(Ω) is a very weak solution of the boundary value problem
Au = f in Ω , Bsu = g js , Ctu = git on ∂Ω , if for every solution v of the adjoint
problem A∗v = F in Ω , F ∈W m,2

0 (Ω), Bsv = 0, C∗
t v = 0 on ∂Ω , we have:

〈F,u〉= 〈v, f 〉−
μ

∑
s=1

〈Njs v,gjs〉∂Ω +
k−μ

∑
t=1

〈
∂ it v
∂nit

,git

〉
∂Ω

. (4.93)

Theorem 5.1. There exists a unique very weak solution of the problem and the
Green operator:

G ∈ [Q′ ×W k− j1−1/2,2(∂Ω)× . . .×Wk− jμ−1/2,2(∂Ω)

×W i1+1/2−k,2(∂Ω)× . . .×Wik−μ+1/2−k,2(∂Ω)→W k,2(Ω)],

can be extended to an operator from

[P′ ×W−m− j1−1/2,2(∂Ω)×·· ·×W−m− jμ−1/2,2(∂Ω)

×W i1+1/2−2k−m,2(∂Ω)× . . .×W ik−μ+1/2−2k−m,2(∂Ω)→W−m,2(Ω)].

Proof. The result is a direct consequence of (4.93) and Theorem 2.3 and of the
property of density of

Q′ ×W k− j1−1/2,2(∂Ω)× . . .×W k− jμ−1/2,2(∂Ω)

×W i1+1/2−k,2(∂Ω)× . . .×W ik−μ+1/2−k,2(∂Ω)
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in
P′ ×W−m− j1−1/2,2(∂Ω)× . . .×W−m− jμ−1/2,2(∂Ω)

×W i1+1/2−2k−m,2(∂Ω)× . . .×Wik−μ+1/2−2k−m,2(∂Ω).

�
Moreover, using Theorem 1.3, if f is locally regular, we obtain theorems about

the regularity in Ω .

Exercise 5.1. Let Ω ′ ⊂Ω ′ ⊂Ω ′′ ⊂Ω ′′ ⊂Ω , f ∈W s,2(Ω ′′), s≥ 0 an integer. Let us
assume ai j ∈C∞(Ω). Then the very weak solution u of problem mentioned belongs
to W 2k+s,2(Ω ′), and we have the estimate:

|u|W2k+s,2(Ω ′) ≤ c(| f |W s,2(Ω ′′) + |u|W−m,2(Ω)).

Remark 5.1. Moreover one can prove, cf. E. Magenes [3], a “trace theorem”: let
D(P′) be the subspace of L2(Ω) of functions u such that Au ∈ P′ equipped with
the graph norm (|u|2

L2(Ω)
+ |Au|2P)1/2 (m = 0, ∂Ω ,ai j sufficiently smooth). Let us

assume C∞(Ω) dense in P′. The mapping [C∞(Ω)→ [C∞(∂Ω)]k] defined by

[
B1,B2, . . .Bμ ,C1,C2, . . .Ck−μ

]
,

can be extended by continuity onto the mapping:

[D(P′)→W− j1−1/2,2(∂Ω)×·· ·×W− jμ−1/2,2(∂Ω)

×W i1+1/2−2k,2(∂Ω)× . . .×W ik−μ+1/2−2k,2(∂Ω)].

Cf. also L. Hörmander [6]. Taking this point of view we can say as in Theorem 2.3,
that the operator

(
A,B1,B2, . . .Bμ ,C1,C2, . . .Ck−μ

)
is an isomorphism of D(P′) onto

W− j1−1/2,2(∂Ω)× . . . ; the same result holds for m > 0.

Example 5.1. Let us assume k= 1, N ≥ 3. Let us take Q= Lq(Ω), 1/q= 1/2−1/N,
let us consider m > N/2− 2, P = Lq1(Ω) with arbitrary q1 < ∞. This works for
instance in the case of the Neumann problem. In the case of the Dirichlet problem
we must have W 2+m,2(Ω)∩W 1,2

0 (Ω)⊂ P. If m > N/2−1, we have for every q ≥ 2:

W 2+m,2(Ω)⊂W 1,q(Ω) and due to Theorem 2.4.10 W 1,q(Ω)∩W 1,2
0 (Ω) =W 1,q

0 (Ω).

We can take P =W 1,q
0 (Ω).

Example 5.2. We are looking for the solution of the problem �u = 0 in Ω , u = g
on ∂Ω , with g ∈ L2(∂Ω). We have g ∈ W−1/2,2(∂Ω), we take m = 0 and obtain
a unique solution in L2(Ω). We get again a result given in G. Cimmino [1]. It follows
from Theorem 2.5.5 for N ≥ 3 for instance that Lp(∂Ω) ⊂W−1/2,2(∂Ω), p = 2−
2/N. Hence we can take g ∈ Lp(∂Ω), etc.
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Remark 5.2. Every distribution on ∂Ω (Ω ∈ N∞) is in W−λ+1/2,2(∂Ω) with λ
sufficiently large. Theorem 5.1 guaranties the existence of the solution for the
boundary value problem with any given distributions on ∂Ω : g js ,git . In this case,
by Theorem 1.3, we have u ∈C∞(Ω) if f ∈C∞(Ω) (ai j ∈C∞(Ω)).

In a series of papers by J.L. Lions, E. Magenes [1–8], more precise results
have been obtained: the solution is found in W k,p(Ω), p > 1, k any real number.
They use the estimates (4.70), the dual process and interpolation methods (the
details can be found in papers by E. Magenes [3] or [4] and references in these
papers). We obtain Theorem 5.1 for any real m and p > 1 (i.e. we work in spaces
W−m− j1−1/p,p(∂Ω) . . . ). For p �= 2, there are some exceptions; we must eliminate
the cases where m−1/p is an integer; in these cases the results are weaker.

4.5.2 Very Weak Solutions, the Nonhomogeneous Case
(Continuation)

Let us consider a boundary value problem as in 4.5.1 and let us assume that the
conditions of 2k-regularity are satisfied, cf. 4.2.1. Let k < n < 2k, Q, P two normal
spaces such that V ∩W n,2(Ω) ⊂ P ⊂ Q algebraically and topologically. Let us
assume that Q′ is dense in P′ (for reflexive P it holds). Let

f ∈ P′, g js ∈W 2k− js−1/2−n,2(∂Ω), s = 1,2, . . . ,μ ,

git ∈W it+1/2−n,2(∂Ω), t = 1,2, . . . ,k− μ .

A function u ∈ L2(Ω) is a very weak solution of the boundary value problem Au = f
in Ω , Bsu = g js, s = 1,2, . . . ,μ , Ct u = git , t = 1,2, . . . ,k − μ , on ∂Ω , if for each
solution v of the adjoint problem A∗v = F in Ω , Bvv = 0, s = 1,2, . . . ,μ , C∗

t v = 0,
t = 1,2, . . . ,k−μ , on ∂Ω , with F ∈ L2(Ω), we have (4.93).

For this given problem we intend to find the solution u ∈W 2k−n,2(Ω); existence
and uniqueness were proved in Theorem 5.1. To prove that the solution is in
W 2k−n,2(Ω) we shall assume:

Bs,C
∗
t are a canonical normal system. (4.94)

Theorem 5.2. Let us assume (for simplicity) ∂Ω , ai j, bsα , hsα infinitely continu-
ously differentiable and (4.94). Then the Green operator, corresponding to the given
problem as:

G ∈ [Q′ ×Wk− j1−1/2,2(∂Ω)×·· ·×Wk− jμ−1/2,2(∂Ω)

×W i1−k+1/2,2(∂Ω)×·· ·×W ik−μ+1/2−k,2(∂Ω)→W k,2(Ω)]
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can be extended by continuity to

G ∈ [P′ ×W 2k− j1−1/2−n,2(∂Ω)×·· ·×W2k− jμ−1/2−n,2(∂Ω)× . . .

×Wi1+1/2−n,2(∂Ω)×·· ·×Wik−μ+1/2−n,2(∂Ω)→W 2k−n,2(Ω)],

when k < n < 2k.

Proof. The solution of this problem is very weak belonging to L2(Ω). Let
ω ∈ W 2k,2(Ω) be a function such that Bsω = 0, s = 1,2, . . . ,μs, C′

t ω = 0,
t = 0,1,2, ....,k−μ , on ∂Ω . It results from (4.93) that for u we have:

(u,A∗ω) = 〈ω , f 〉+
k−μ

∑
t=1

〈
∂ it ω
∂ nit

,git

〉
∂Ω

−
μ

∑
s=1

〈Njs ω ,g js〉∂Ω . (4.95)

Let w ∈W 2k,2(Ω) be the solution of the problem A∗w = u in Ω , Bsw = 0, C∗
t w = 0

on ∂Ω . This solution exists and is unique by Theorem 2.2. Using (4.95) it follows
that

(A∗ω ,A∗w) =< ω , f >+
k−μ

∑
t=1

〈
∂ it ω
∂nit

,git

〉
∂Ω

−
μ

∑
s=1

< Njs ω ,g js >∂Ω . (4.96)

The differential operators Njs are of orders not bigger than 2k− 1− js. We can
find μ indices, say ik−μ+1, ik−μ+2, . . . , ik, such that with complementary indices
j1, j2, . . . , jμ , jμ+1, . . . , jk to the set {0,1,2, . . . ,2k − 1}, the conditions Bsω = 0,
C∗

t ω = 0 can be written in local coordinates as

∂ jsω
∂ t js

= ∑
|α |≤ js

hsα
∂ |α|ω

∂σα1
1 . . .∂σαN−1

N−1 ∂ tαN
, (4.97)

with αN = it for t well chosen, t = 1,2, . . . ,k. Using (4.96) in Njs to compute
∂ js ω/∂n js (n =−t) and after an integration by parts over ∂Ω , we get:

μ

∑
s=1

< Njsω ,g js >=
k

∑
t=1

〈
∂ it ω
∂nit

,et

〉
,

where et ∈W−n+it+1/2,2(∂Ω ,) and

k

∑
t=1

|et |W−n+it+1/2,2(∂Ω) ≤ c1

μ

∑
s=1

|g js |W 2k− js−1/2−n,2(∂Ω ). (4.98)

If we denote W = {v ∈ W 2k,2(Ω), Bsv = 0, C∗
t v = 0 on ∂Ω}, the sesquilinear

form (A∗ω ,A∗w), ω ,w ∈ W , is W -elliptic, according to Theorem 2.2. We can use
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Theorem 2.2 to solve the problem AA∗w = f in Ω , w ∈ W , with non stable, non
homogeneous boundary conditions, given in (4.96). All conditions of (4k − n)-
regularity are satisfied and by (4.97), we have:

|w|W 4k−n,2(Ω) ≤ c2(| f |P′ +
μ

∑
s=1

|g js |W 2k− js−1/2−n,2(∂Ω) +
k−μ

∑
t=1

|git |W it−n+1/2,2(∂Ω)).

�
Example 5.3. Let Ω be a domain in R

2 with ∂Ω sufficiently smooth, f ∈
W 1,2(∂Ω), g ∈ L2(∂Ω) and let us find the very weak solution of the problem
�2u = 0, in Ω ; u = f , ∂ u

∂ n = g on ∂Ω . We have f ∈W 1/2,2(∂Ω), g ∈W−1/2,2(∂Ω),
hence a unique solution u exists and belongs to W 1,2(Ω). It follows from results of
J.L. Lions, E. Magenes [2], that u ∈W 3/2,2(Ω).

Example 5.4. Let

A =−
N

∑
i, j=1

∂
∂ xi

(
ai j

∂
∂ x j

)
+1,

with the followings hypotheses: Ω ∈N∞, ai j real functions, ai j ∈C∞(Ω ),

N

∑
i, j=1

ai jξiξ j ≥ c
N

∑
i=1

ξ 2
i .

For g ∈W−1/2,2(∂Ω) there exists a unique solution of the problem Au = 0 in Ω ,

N

∑
i, j=1

ai j
∂u
∂ x j

ni = g on ∂Ω .

Due to Theorems 2.2, 5.1, 5.2, if g∈W−1/2+n,2(∂Ω), n an integer (n< 0 is possible)
then a unique solution exists in W 1+n,2(Ω).

Example 5.5. Let us consider

A =−
N

∑
i, j=1

∂
∂xi

(
ai j

∂
∂x j

)

with the same hypotheses as in the previous example. Let us assume g ∈
W−1/2+n,2(∂Ω), n ≥ −1, 〈1,g〉∂Ω = 0. Let u1 be the solution of the problem
from Example 5.4, n ≥ −1. We have 〈1,u1〉 = 0; indeed, by (4.93) for F ≡ 1, we
have v = 1, 〈1,u1〉 = 〈1,g〉∂Ω = 0. Then, using 3.2.1 we find u2 ∈ W 1,2(Ω) such
that Au2 = u1 in Ω ,

N

∑
i, j=1

ai j
∂u2

∂ x j
ni = 0 on ∂Ω .
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We have u1 ∈ W 1+n,2(Ω), which implies u2 ∈ W 3+n,2(Ω) and u = u1 + u2 solves
the problem Au = 0 in Ω ,

∂u
∂ν

=
N

∑
i, j=1

ai j
∂ u
∂x j

ni = g on ∂Ω .

Exercise 5.2. Keep the hypotheses of Example 5.5 except for n ≥ −1; take an
integer n<−1. Prove the existence of a very weak solution. To prove it, we consider
the adjoint problem A∗v = F in Ω ,F ∈W−n−1,2

0 (Ω),(1,F) = 0, and

∂ v
∂ν∗ =

N

∑
i, j=1

a ji
∂ v
∂x j

ni = 0 on ∂Ω .

Let M = {v ∈ W−n−1,2
0 (Ω), (1,v) = 0}. Prove the isomorphism of M′ and the

quotient space W 1+n,2(Ω)/const.

4.5.3 The Green and Poisson Kernels

We can refine the theorems concerning the Green kernel when we replace Theorem
1.2 by Theorem 2.2.

Corollary 5.1. Let us consider s = [N/2] + 1, Ω ∈ N∞, ai j, biα , hsα infinitely
continuously differentiable, ((v,u)) V-elliptic. Let us fix y ∈ Ω . Then G(x,y) ∈
W 2k−s,2(Ω) is a continuous function on Ω ×Ω , x �= y (indeed infinitely continuously
differentiable) and if y,z ∈ Ω , we have:

|G(x,y)−G(x,z)|W 2k−s,2(Ω) ≤ c|y− z|μ

(cf. Corollary 4.1).

Let us keep the hypotheses given in Corollary 5.1, and let u ∈ C∞(Ω) be the
solution of the problem: Au= 0 in Ω , Bsu= g js , Ctu= git on ∂Ω , g js , git ∈C∞(∂Ω),
and ϕn such that limn→∞ ϕn = δy, y ∈ Ω , the convergence taking place in (C(Ω))′
and vn the solutions of A∗vn = ϕn in Ω , Bsvn = 0,C∗

t vn = 0 on ∂Ω . By (4.93) we
have:

(u,ϕn) =
k−μ

∑
t=1

〈
∂ iτ vn

∂ niτ
,git

〉

∂Ω

−
μ

∑
s=1

〈
Njs vn,g js

〉
∂Ω . (4.99)

Let K ⊂ Ω be a domain such that dist(K,y)> 0. According to Theorem 1.3,

lim
n→∞

vn = G∗(x,y)
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in W k+l,2(K), with l any real number, thus G∗(x,y) ∈ W k+l,2(K), and by (4.99) it
follows (y fixed):

u(y) =
k−μ

∑
t=1

〈
∂ it G∗

∂nit
,git

〉

∂Ω

−
μ

∑
s=1

〈
NjsG∗,g js

〉
∂Ω

=
k−μ

∑
t=1

∫
∂Ω

∂ it G∗(x,y)
∂ nit

git dSx −
μ

∑
s=1

∫
∂Ω

Njs G∗(x,y)g js dSx.

(4.100)

We obtain the so called Poisson kernels: ∂ it G∗(x,y)/∂ nit , Njs G∗(x,y).
If we use the results obtained in Theorems 5.1, 5.2 and construct the Green kernel

setting P =V ∩W s,2(Ω) with s = [N/2]+1, f = δy, we obtain regularity results for
G(x,y) and then for the Poisson kernels in Ω . If we consider a particular Poisson
kernel, for its existence, it is sufficient that the condition of max(s,κ)-regularity of
the problem holds for κ = it +1 or js +1.

Remark 5.3. We define the Dirac functional δ∂Ω ,y on C0(∂Ω) by δ∂Ω ,yv = v(y). It

is easy to see (proved in Exercise 5.3) that ∂ it G∗(x,y)/∂nit and Njs G∗(x,y) are, for
fixed x, the solutions of the problem A∗u = 0 in Ω ,C∗

t1 u = δ∂Ω ,x, Bsu = 0, C∗
t u = 0,

t �= t1, and respectively Bs1u = δ∂Ω ,x, C∗
t u = 0, Bsu = 0, s �= s1.

Example 5.6. Let Ω = K(1) be the unit disc and let us try to find the Poisson kernel
P(y,x) for the Laplacian � with the Dirichlet condition. For this we must take l = 3.
For a fixed x, we have P(y,x) ∈W−1,2(Ω),P(y,x) ∈C∞(Ω),

P(y,x) = (1/2π)(1−|y|2)[1+ |y|2 −2(y,x)]−1.

Indeed: let ϕ ∈C∞
0 (Ω), −�v = ϕ in Ω , v = 0 on ∂Ω ; we have:

1
2π

∫
K(1)

1−|y|2
1+ |y|2 −2(y,x)

ϕ(y)dy =− lim
ρ→1

1
2π

∫
K(ρ)

1−|y|2
1+ |y|2−2(y,x)

�v(y)dy

=− lim
ρ→1

1
2π

∫
∂K(ρ)

1−|y|2
1+ |y|2 −2(y,x)

∂v
∂n

(y)dSy

=− lim
ρ→1

1
2π

∫ 2π

0

(1−ρ2)ρ
1+ |ρ |2−2ρ2 cos(α −β )

∂v
∂ρ

(ρ ,α)dα

(we use polar coordinates). It is easy to see that on ∂K(1) :

lim
ρ→1

1
2π

(1−ρ2)ρ
1+ |ρ |2−2ρ2 cos(α −β )

= δβ .



Chapter 5
Applications of Rellich’s Equalities and Their
Generalizations to Boundary Value Problems

The results obtained in Chap. 4 dealing with the existence of very weak solutions
of non-homogeneous boundary value problems are based on regularity theorems,
which are true only if ∂Ω , the boundary of the domain Ω , is smooth enough; if
this is not the case, then the corresponding estimates do not hold. To eliminate this
hypothesis, it turns out that the Rellich equality is very useful; F. Rellich proved this
type of equality for the Laplace operator in [1], and a generalization of this equality
for second-order operators was given by Hörmander [5]. A technique is extended
to the second order systems, which can be found in L.E. Payne, H.F. Weinberger
[2]. All results are of the type of a priori estimates which must be proved for real
solutions. Using these results and proving a new Rellich equality for operators of
fourth order, the author has obtained various regularity theorems and, by the dual
method, also existence theorems; cf. J. Nečas [1–4, 6, 8, 13]. A generalization of
theses results for the second order Dirichlet problem was obtained by J. Kadlec [1].

For connected questions cf. also G. Adler [1–3], P. Doktor [1], [2], G. Fichera [5,
8, 9], E. Magenes [5], L.G. Magnaradze [1], C. Miranda [2], J. Nečas [10], B. Pini
[1–5], C. Pucci [1, 3], G. Cimmino [1, 2].

5.1 The Rellich Equality for a Second Order Equation

5.1.1 The Rellich Equality

Let us consider Ω ∈N∞, A a second order operator,

A =−
N

∑
i, j=1

∂
∂ xi

(
ai j

∂
∂x j

)
+

N

∑
i=1

bi
∂

∂xi
+d.

J. Nec̆as et al., Direct Methods in the Theory of Elliptic Equations,
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8 5,
© Springer-Verlag Berlin Heidelberg 201
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Let the coefficients ai j,bi,d be real functions satisfying ai j,bi ∈ C0,1(Ω), d ∈
L∞(Ω). Let v ∈ W 2,2(Ω) be a real function and hi ∈ C∞(Ω), i = 1,2, . . . ,N, N real
functions.

In this chapter we shall use the usual convention: We omit the symbol Σ ; every
summation is taken over indices which appear twice.

Let us denote A′ = −∂/∂xi(ai j∂/∂x j). We have almost everywhere in Ω the
following identity:

∂
∂xk

[hkai j −hiak j −h jaik]
∂v

∂xi

∂v

∂x j
= bi j

∂ v

∂xi

∂v

∂x j
+2hi

∂v

∂ xi
A′v, (5.1)

where

bi j =
∂hk

∂xk
ai j − ∂ hi

∂xk
ak j − ∂h j

∂xk
aik +hk

∂ai j

∂ xk
−h j

∂aik

∂xk
+h j

∂ aki

∂xk
.

Applying Green’s formula we get the Rellich equality

∫
∂Ω

(hkai j −hiak j −h jaik)
∂v
∂xi

∂v
∂x j

nk dS =
∫

Ω
bi j

∂ v
∂ xi

∂ v
∂x j

dx+2
∫

Ω
hi

∂v
∂xi

A′vdx.

(5.2)

5.1.2 Lemmas, Regularity of the Dirichlet Problem

Hereafter we shall work with domains of the type N0,1, cf. 2.1.1.
We shall say that Ω ∈M if Ω ∈N0,1 and there exists a sequence of subdomains

Ωs ⊂ Ω , Ωs ∈N∞ such that lims→∞ Ωs = Ω in N0,1, cf. 2.4.2. The author proved in
[4] that N0,1 ≡M;

We have the following lemma:

Lemma 1.1. Let Ω ∈ M, g ∈ W 1,2(∂Ω). Then there exists a linear operator
extending g to Ω , g ∈W 1,2(Ω) such that

|g|W1,2(Ω) ≤ c|g|W 1,2(∂Ω), (5.3)

|g|W 1,2(∂Ωs)
≤ c|g|W1,2(∂Ω ). (5.4)

Indeed: using a partition of unity as in 1.2.4 and setting in Vr

gr(x
′
r,xrN) = g(x′r,ar(x

′
r))ϕr(x),

then obviously

g(x) =
m

∑
r=1

gr(x) (5.5)

is the desired extension with properties (5.3, 5.4). �
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Clearly we have

Lemma 1.2. Let Ω ∈N∞, g ∈W 1,2(∂Ω). Then C∞(∂Ω) is dense in W 1,2(∂Ω).

We formulate a fundamental lemma:

Lemma 1.3. Let Ω ∈ N∞, A∗ be the adjoint operator of A, f ∈ L2(Ω), g ∈
W 1,2(∂Ω). We assume that λ = 0 is not an eigenvalue for the operator A∗ with
Dirichlet conditions. Let G∗ be the Green operator corresponding to the Dirichlet
problem A∗u = f in Ω , u = g on ∂Ω , G∗ ∈ [L2(Ω)×W 1,2(∂Ω)→W 1,2(Ω)]. If g ∈
C∞(∂Ω), then we have G∗( f ,g) = v ∈W 2,2(Ω), ∂v/∂xi ∈ L2(∂Ω), i = 1,2, . . . ,N,
and the following inequality holds:

(
N

∑
i=1

∣∣∣∣ ∂v
∂xi

∣∣∣∣
2

L2(∂Ω)

)1/2

≤ c1(| f |2L2(Ω) + |g|2W1,2(∂Ω))
1/2. (5.6)

The operator T defined by

T ( f ,g) =
∂v

∂ν∗ = ai j
∂v
∂xi

n j, f ∈ L2(Ω),g ∈C∞(∂Ω),

has an extension to [L2(Ω)×W1,2(∂Ω)→ L2(∂Ω)], and

|T ( f ,g)|L2(∂Ω ) ≤ c2(| f |2L2(Ω) + |g|2W1,2(∂Ω))
1/2. (5.7)

If ∂Ω is described in the system of charts (x′r,xrN), r = 1,2, . . . ,m, by xrN = ar(x′r)
on Δ r ≡ |xri| ≤ α , i = 1,2, . . . ,N −1, then c1 depends only on

|ai j|C0,1(Ω), |bi|C0,1(Ω ), |d|L∞(Ω), |G∗|[L2(Ω)×W 1,2(∂Ω)→L2(∂Ω)], |ar|C0,1(Δ r)
.

Proof. By Theorems 3.2.1, 3.3.1, 3.4.1, the Green operator G∗ exists. Using
Theorem 4.2.2 we prove ( f ,g) ∈ L2(Ω) ×C∞(∂Ω) ⇒ v ∈ W 2,2(Ω). Now we
construct a vector h = (h1,h2, . . .hN) putting h(r) = (0, . . . ,0,−ϕr) in the chart
(x′r,xrN) and h = ∑m

r=1 h(r). We have

(n,h(r)) = ϕr

(
1+

N−1

∑
i=1

(
∂ar

∂xri

)2
)−1/2

≥ c2ϕr,

where c2 > 0 depends only on |ar|C0,1(Δ r)
. Then we get (n,h) ≥ c2 > 0. Now

according to (5.2), we obtain:

∫
∂Ω

(hkai j −hiak j −h jaik)
∂v
∂ xi

∂v
∂ x j

nk dS

=

∫
Ω

b∗i j
∂ v
∂xi

∂v
∂x j

dx−2
∫

Ω
hi

∂v
∂xi

(
A∗v+

∂
∂xi

(biv)−dv

)
dx.

(5.8)
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Moreover we have

∫
∂Ω

(hkai j −hiak j −h jaik)
∂v
∂ xi

∂ v
∂x j

nk dS

=−
∫

∂Ω
[(hia jk −hka ji)+ (h jaki −hka ji)+ hka ji]

∂ v
∂ xi

∂ v
∂x j

nk dS.

(5.9)

For j (resp. i) fixed, the vector (hia jk − hkai j)nk (resp. (h jaki − hka ji)nk) is
orthogonal to the normal vector n. Then (hia jk − hkai j)nk(∂ v/∂ xi) and (h jaki −
hka ji)nk(∂v/∂ xi) are the derivatives of v in the tangent plane. As nkhk ≥ c1 > 0 it
follows from (5.8), (5.9) and Theorem 3.4.5 (this theorem guarantees the existence
of c3 > 0 such that ξ ∈ R

N ⇒ ai jξiξ j ≥ c3|ξ |2):

N

∑
i=1

∣∣∣∣ ∂v
∂xi

∣∣∣∣
2

L2(∂Ω )

≤ c4

⎡
⎣|g|W 1,2(∂Ω)

(
N

∑
i=1

∣∣∣∣ ∂v
∂xi

∣∣∣∣
2

L2(∂Ω)

)1/2

+ | f |2L2(Ω) + |g|2W1,2(∂Ω)

⎤
⎦ .

(5.10)
Now using the inequality 2ab ≤ ε2a2 +(1/ε2)b2, a ≥ 0, b ≥ 0, ε > 0 we obtain

N

∑
i=1

∣∣∣∣ ∂ v
∂ xi

∣∣∣∣
2

L2(∂Ω )

≤ c5(| f |2L2(Ω) + |g|2W1,2(∂Ω )). (5.11)

�
Now, let us consider Ω ∈M, and let Ωs be the corresponding sequence such that

lims→∞ Ωs = Ω . By Lemma 3.1.2 we have for Ωs, Ω independently of s and for
h ∈ L2(∂Ωs) or h ∈ L2(∂Ω):

c1|h|L2(∂Ωs)
≤
(

m

∑
r=1

∫
Δr

|h(x′r,ars(x
′
r))|2 dx′r

)1/2

≤ c2|h|L2(∂Ωs)
. (5.12)

This last inequality allows us to identify L2(∂Ωs) and L2(∂Ω) with a closed
subspace of ∏m

r=1 L2(Δr). Hereafter in this chapter we shall always use this
identification. We have

Lemma 1.4. Let Ω ∈ M, A = −(∂/∂xi)(ai j∂/∂ x j) + bi∂/∂xi + d be an elliptic
operator with ai j,bi ∈ C0,1(Ω), d ∈ L∞(Ω). We assume that u ∈ W 1,2(Ω), the
uniquely determined solution of the Dirichlet problem Au= 0 in Ω with u= 0 on ∂Ω
satisfies u ≡ 0. Let us suppose that f , g are such that f ∈ L2(Ω), g ∈W 1,2(∂Ω). We
extend g into Ω as in Lemma 1.1 and let Ωs be a sequence such that lims→∞ Ωs =Ω
(cf. the definition of M). Then for s ≥ s0, there exists a unique solution vs of the
problem A∗vs = f in Ωs, vs = g on ∂Ωs and a unique solution v of the problem
A∗v = f in Ω , v = g on ∂Ω such that
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|vs|W 1,2(Ωs)
≤ c1(| f |2L2(Ωs)

+ |g|2W1,2(∂Ωs)
)1/2, (5.13)

|v|W 1,2(Ω) ≤ c1(| f |2L2(Ω) + |g|2W1,2(∂Ω ))
1/2. (5.14)

Let ∂vs/∂ν∗ = ai j(∂vs/∂ xi)n j on ∂Ω as in Lemma 1.3. Then

∣∣∣∣ ∂vs

∂ν∗

∣∣∣∣
L2(∂Ωs)

≤ c2(| f |2L2(Ωs)
+ |g|2W1,2(∂Ωs)

)1/2, (5.15)

where c2 does not depend on s, and lims→∞ ∂vs/∂ν∗ = w weakly in ∏m
r=1 L2(Δr).

Proof. According to Theorems 3.2.1, 3.3.1, 3.4.1, the Green operator

G∗ ∈ [L2(Ω)×W 1,2(∂Ω)→W 1,2(Ω)]

exists. It is also the case for s ≥ s0; if not, then there would exist a sequence, vst ∈
W 1,2

0 (Ωst ), t → ∞, such that

∫
Ωst

ai j
∂vst

∂xi

∂vst

∂ x j
dx = 1

and A∗vst = 0 in Ωst . From the sequence vst we could extract a subsequence called
for simplicity vst again, such that limt→∞ vst = v weakly in W 1,2

0 (Ω). By Theorem
2.6.1, vst converges strongly to v in L2(Ω). Then we have:

1 = lim
t→∞

∫
Ωst

(
−vst bi

∂ vst

∂xi
−dv2

st

)
dx =

∫
Ω

(
−vbi

∂ v
∂xi

−dv2
)

dx.

v is obviously a weak solution of the problem A∗v = 0 in Ω with v = 0 on ∂Ω , and

∫
Ω

ai j
∂v
∂xi

∂v
∂x j

dx = 1.

Then v is an eigenfunction, which is impossible. In the same way we can conclude
that limsups→∞ |G∗

s |< ∞. Then (5.13) follows.
Now let us construct h as in the proof of Lemma 1.3. If s is big enough, we have

on ∂Ωs, hini ≥ c3, c3 independent of s, hence (5.15) follows from Lemma 1.3. Now
from Lemma 1.1 we have:

∣∣∣∣ ∂vs

∂ν∗

∣∣∣∣
L2(∂Ωs)

≤ c4(| f |2L2(Ω) + |g|2W1,2(∂Ω))
1/2, (5.16)

where c4 does not depend on s. Let ψ ∈ C∞
0 (Δr), w ∈ C∞

0 (Ur), cf. 1.2.4, such that
ψ(x′r)w(x′r, ars(x′r)) = ψ(x′r), for s big enough.
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We denote ψw = h. By Theorem 3.6.7 vs can be extended to g, and converges
to v ∈ W 1,2(Ω). Indeed, by Theorem 2.6.1, we easily get lims→∞ vs = v in L2(Ω);
if we consider the sesquilinear form ((v,u))+λ (v,u), λ big enough, we are in the
setting of the hypotheses of Theorem 3.6.7. Then we have:

∫
Ωs

(
a ji

∂ h
∂xi

∂vs

∂x j
+bi

∂h
∂xi

vs +dhvs

)
dx

=

∫
Δr

a ji
∂vs

∂x j
niψ

(
1+

N−1

∑
i=1

(
∂ars

∂xri

)2
)1/2

dx′r +
∫

∂Ωs

binihvs dS+
∫

Ωs

h f dx.

(5.17)
Now using Theorem 2.4.5, we get the existence of the limit

lim
s→∞

∫
Δr

a ji
∂vs

∂x j
niψ

(
1+

N−1

∑
i=1

(
∂ars

∂xri

)2
)1/2

dx′r,

and also the existence of the limit

lim
s→∞

∫
Δr

a ji
∂vs

∂x j
niψ

(
1+

N−1

∑
i=1

(
∂ ar

∂xri

)2
)1/2

dx′r.

But the set of functions

ψ

(
1+

N−1

∑
i=1

(
∂ars

∂xri

)2
)1/2

is dense in L2(Δr), and the conclusion of the lemma follows from (5.16) �
We denote by wr the corresponding weak limit in L2(Δr) and define:

∂v
∂ν∗ ≡

m

∑
r=1

ϕrwr. (5.18)

We have the following regularity theorem for the Dirichlet problem in domains
of the type M:

Theorem 1.1. Let Ω ∈ M, A be the operator given in Lemma 1.4, f ∈ L2(Ω),
g∈W 1,2(∂Ω), v the solution of the problem A∗v= f in Ω , v= g on ∂Ω . Let T be the
mapping of L2(Ω)×W 1,2(∂Ω) into L2(∂Ω) defined by (5.18): T ( f ,g) = ∂v/∂ν∗.
Then T is a linear and bounded mapping, and we have for u ∈W 1,2(Ω):

∫
Ω

u f dx =−
∫

∂Ω
u

(
∂v

∂ν∗ +biniv

)
dS+

∫
Ω

(
a ji

∂u
∂xi

∂v
∂x j

+bi
∂u
∂xi

v+duv

)
dx.

(5.19)
The mapping T for which (5.19) holds is unique.
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Proof. Let u∈W 1,2(Ω) and set ur = uϕr. With the same notations as in the previous
lemma, with s big enough, we have

∫
Ω

(
a ji

∂ur

∂xi

∂vs

∂ x j
+bi

∂ ur

∂xi
vs +durvs

)
dx

=
∫

∂Ωs

ur
∂vs

∂ν∗ dS+
∫

∂Ωs

urbinivs dS+
∫

Ωs

ur f dx;

(5.20)

but we can write:

∫
∂Ω

∂vs

∂ν∗ ur dS =

∫
Δr

∂vs

∂ν∗ uϕr

(
1+

N−1

∑
i=1

(
∂ars

∂xri

)2
)1/2

dx′r,

and according to Lemma 1.4:

lim
s→∞

∫
∂Ωs

∂vs

∂ν∗ ur dS =

∫
Δr

wruϕr

(
1+

N−1

∑
i=1

(
∂ars

∂xri

)2
)1/2

dx′r.

Using again Theorem 3.5.7, letting s → ∞ in (5.20) and taking the summation of
(5.10) for r = 1,2, . . . ,m, we get (5.19). The uniqueness of T is a direct consequence
of Theorem 2.4.9. �
Remark 1.1. We can prove Theorem 1.1, cf. Nečas [8], under the condition f ∈
L2N/(N+1)(Ω). Also we can show that

|v|W 1,2N/(N+1)(Ω) ≤ c(| f |L2N/(N+1)(Ω) + |g|W1,2(∂Ω )).

We can give an example proving that ∂v/∂ν∗ /∈ Lp(∂Ω), p > 2. We can also
introduce on ∂Ω logarithmic weights denoted by σ , and show that (cf. O. Horáček
[1]):

∂v
∂ν∗ ∈ L2

σ (∂Ω), L2
σ (∂Ω) = { f ,

∫
∂Ω

| f |2σ dS < ∞}.

5.1.3 Very Weak Solutions

Let u ∈ W 1,2(Ω) be a weak solution of the equation Au = 0 in Ω . It follows from
Theorem 1.1 that for v defined by A∗v = f with g ≡ 0, we have:

∫
Ω

u f dx =−
∫

∂Ω
u

(
∂v

∂ν∗ +biniv

)
dS. (5.21)
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Formally, this is the formula (4.5.2) for the Dirichlet problem with k = 1. According
to Theorem 1.1, we get the inequality:

|u|L2(Ω) ≤ c|u|L2(∂Ω). (5.22)

Taking into account Theorems 2.4.9, 2.5.7, and (5.22) we get

Theorem 1.2. Let Ω ∈M, A be the operator defined in Lemma 1.4. Then the Green
operator G : W 1/2,2(∂Ω)→W 1,2(Ω) which determines the solution of the problem
Au = 0 in Ω , u = g on ∂Ω , can be extended by continuity as a mapping from
[L2(∂Ω)→ L2(Ω)].

This gives a very weak solution of the second order Dirichlet problem with
a boundary condition in L2(∂Ω).

Remark 1.2. It possible to construct a counterexample showing that for Ω ∈N0,1

we cannot replace L2(∂Ω) by Lp(∂Ω), p < 2, in the Dirichlet boundary conditions.

Exercise 1.1. Construct the example just mentioned in the case Ω ⊂ R
2, Ω =

{x,0 < r < 1, |ϕ|< π − ε,ε > 0} using a conformal mapping.

It follows from Theorem 4.1.2 that for Ω ′ ⊂ Ω ′ ⊂ Ω the solution u obtained in
Theorem 1.2 belongs to W 2,2(Ω ′); if ai j ∈C∞(Ω), then u ∈C∞(Ω).

Results concerning the role of boundary data on ∂Ω are proved in a paper of the
author [3], cf. also Chap. 6.

We say that u is a classical solution of the Dirichlet problem if u ∈ C2(Ω) and
Au = 0 in Ω . Prove:

Exercise 1.2. Let Ω ∈ M, A as in Lemma 1.4, u the classical solution of the
Dirichlet problem. Then u = Gu, G as in Theorem 1.2. Hint: Apply Lemma 1.4.

Remark 1.3. In J. Nečas [8] it is proved that for g∈L2(∂Ω), u=Gg∈L2N/(N−1)(Ω),
etc.

Exercise 1.3. Let Ω ∈ M, A the operator from Lemma 1.4, u ∈ W 1,2N/(N+1)(Ω)
a weak solution of the equation Au = 0 in Ω . Let lims→∞ |u|L2(∂Ωs)

= 0. Then u ≡ 0.
Hint: Use Lemma 1.4.

Example 1.1. Let Ω be as in Exercise 1.1, p < 4/3. Let ε > 0 be such that α =
π/2(π−ε)< (2/p)−1. Set u0 = r−α cosαϕ in polar coordinates. We have�u0 = 0
in Ω . Let u ∈W 1,2(Ω) be a weak solution of �u = 0 in Ω such that u = u0 on ∂Ω :
such a solution is uniquely determined. u0 /∈ W 1,2(Ω), hence u− u0 �= 0. We have
u−u0 ∈W 1,p

0 (Ω).

Corollary 1.1. The hypotheses of Theorem 1.2 being satisfied, let W be the closed
subspace of W 1,2(Ω) of weak solutions of the equation Au = 0 in Ω . Let un, n =
1,2, . . . , be a basis of W. Let us denote by un the trace of un on ∂Ω . Let ωn be
the sequence obtained by the orthonormalization procedure with the scalar product∫

∂Ω vudS. Let g ∈ L2(∂Ω),
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g =
∞

∑
n=1

gnωn,

its Fourier series. Then in Ω

Gg = u =
∞

∑
n=1

gnωn.

Remark 1.4. Let Ω ∈M and consider the Dirichlet problem Au = 0 in Ω , u = g on
∂Ω , g ∈ W 1,2(∂Ω). We can justify the approach used by M. Picone and compute
∂u/∂ν ∈ L2(∂Ω). Then we obtain u using a fundamental solution. Cf. P. Doktor
[1].

Theorem 1.3. Let Ω ∈ M, A be as in Lemma 1.4. Let us consider the operator
T (0,g), g ∈W 1,2(∂Ω), corresponding to the Dirichlet problem Au = 0 in Ω , u = g
on ∂Ω , and the conormal derivative ∂u/∂ν = ai j(∂u/∂x j)ni as in Theorem 1.1.
Then T can be extended continuously to a mapping from [L2(∂Ω)→W−1,2(∂Ω)].

Proof. The space W 1,2(∂Ω) is dense in L2(∂Ω). Let g ∈W 1,2(∂Ω), u given by the
theorem, and h ∈ W 1,2(∂Ω),v the solution of the problem A∗v = 0 in Ω , v = h on
∂Ω . According to Theorem 1.1, we have by (5.19)

∫
∂Ω

g

(
∂v

∂ν∗ +biniv

)
dS =

∫
∂Ω

∂u
∂ν

hdS,

hence |∂u/∂ν|W−1,2(∂Ω ) ≤ c1|g|L2(∂Ω). �

Problem 1.1. This doesn’t make sense that for Ω ∈ M (in fact Ω ∈ N0,1), G as
in Theorem 1.2 maps L2(∂Ω) in W 1/2,2(∂Ω); moreover if we denote M = {u ∈
W 1/2,2(Ω), Au = 0 in Ω}, is it possible to define traces on ∂Ω of functions from
M? Is G an isomorphism of L2(∂Ω) onto M?

In the paper of the author [3], there is given another point of view concerning the
regularity of a very weak solution. In the case of convex domains, the solution of
the problem Au = 0 in Ω , u = g on ∂Ω with g ∈ L2(∂Ω) is such that

∫
Ω

[
N

∑
i=1

(
∂ u

∂xi

)2
]

ρ dx < ∞,

where ρ is the distance ρ(x) = dist(x,∂Ω). If

M = {u ∈ L2(Ω),
∫

Ω

[
N

∑
i=1

(
∂u
∂xi

)2
]

ρ dx < ∞, Au = 0 in Ω},

then u ∈ M has a trace on ∂Ω in L2(∂Ω). Cf. also Chap. 6.
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5.2 The Neumann and Newton Problems

5.2.1 Lemmas, Regularity of the Solution

Lemma 2.1. Let Ω ∈ M, g ∈ L2(∂Ω). Suppose the sequence gs ∈ L2(∂Ωs) is
constructed by the following procedure:

hr(x
′
r,ar(x

′
r)) = hrs(x

′
r,ars(x

′
r)) = g(x′r,ar(x

′
r))ϕ(x′r,ar(x

′
r)), gs =

m

∑
r=1

hrs.

Then lims→∞ gs = g in ∏m
r=1 L2(Δr).

Proof. Let us consider hrs and let us prove that lims→∞ hrs = hr in ∏m
i=1 L2(Δi).

In L2(Δr) we obviously have hrs = hr. Let i �= r. According to (5.12) and by
Lemma 3.1.1 applied to the domain Ωs, we get

|hrs|L2(Δi)
≤ c1|hrs|L2(Δr)

. (5.23)

If g is continuous on ∂Ω , the conclusion is clear. Then approximating g by
a continuous function, (5.23) gives the result. �

If Ω ∈N∞, C∞(∂Ω) is obviously dense in L2(∂Ω).
We can prove the following lemma which is analogous to Lemma 1.3:

Lemma 2.2. Let Ω ∈N∞, A be the differential operator A=−(∂/∂xi)(ai j∂/∂x j)+
bi∂/∂xi + d, ai j,bi ∈ C0,1(Ω), d ∈ L∞(Ω), ai j, bi, d real functions, ai j = a ji, A
elliptic: ai jξiξ j ≥ c|ξ |2, ξ ∈ R

N. Let σ ∈ C0,1(∂Ω) (σ can be ≡ 0) be a real
function. The sesquilinear form A(v,u)+ λ (v,u)+

∫
∂Ω σvudS is W 1,2(Ω)-elliptic

for λ big enough, and it is assumed that λ = 0 is not an eigenvalue for A with
the boundary condition ∂ u

∂ν +σu = 0 on ∂Ω .1 Let v be the solution of the problem
A∗v = f in Ω , ∂v/∂ν + biniv+ σv = g on ∂Ω , f ∈ L2(Ω), g ∈ C∞(∂Ω). Then
v ∈W 2,2(Ω), ∂v/∂xi ∈ L2(∂Ω), and

(
N

∑
i=1

∣∣∣∣ ∂v
∂xi

∣∣∣∣
2

L2(∂Ω)

)1/2

≤ c1(| f |2L2(Ω) + |g|2L2(∂Ω))
1/2; (5.24)

more precisely v ∈ W 1,2(∂Ω), and by continuous extension, we find the solution v
of A∗v = f in Ω , ∂v/∂ν +σv+biniv = g on ∂Ω , f ∈ L2(Ω), g ∈ L2(∂Ω), and we
have the following estimate:

|v|W 1,2(∂Ω ) ≤ c(| f |2L2(Ω) + |g|2L2(∂Ω))
1/2. (5.25)

The dependence of c2 on the coefficients is the same as in Lemma 1.3.

1This is true if bi ≡ 0, d ≥ 0, σ ≥ 0 except the case where we should have at the same time d ≡ 0,
σ ≡ 0. The case bi ≡ 0, d ≡ 0, σ ≡ 0 will be considered later.
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Proof. By Theorems 3.2.1, 3.3.1, 3.4.1 the problem has a uniquely determined
solution in W 1,2(Ω). It follows from Theorem 4.2.2 that for f ∈ L2(Ω), g∈C∞(∂Ω)
we have v ∈W 2,2(Ω). Let h be as in the proof of Lemma 1.3. We have (5.8), and

∂v

∂ν
= ai j

∂v

∂xi
n j,

hence

hia jk
∂v
∂xi

∂v
∂ x j

nk = hi
∂v
∂xi

∂v
∂ν

, h jaki
∂ v
∂xi

∂v
∂x j

nk = h j
∂v
∂xi

∂v
∂ν

,

and from (5.8) we get the inequality (5.24) as in Lemma 1.3. �
We now have

Lemma 2.3. Let Ω ∈M, A be the operator from Lemma 2.2, σ ∈ C0,1(Ω). Let us
assume that λ =0 is not an eigenvalue of A with boundary condition ∂u/∂ν+σu=0
on ∂Ω . We consider the following class of regularity for the data: f ∈ L2(Ω), g ∈
L2(∂Ω). We define gs on ∂Ωs as in Lemma 2.1. Let v be the solution of the problem
A∗v = f in Ω , ∂v/∂ν + biniv+σv = g on ∂Ω , and vs the solution of the problem
A∗vs = f in Ωs, ∂ vs/∂ν + binivs +σvs = 0 on ∂Ωs. The existence and uniqueness
are clear if s is big enough. Then vs ∈W 1,2(∂Ωs), and we have

|vs|W 1,2(∂Ωs)
≤ c(| f |2L2(Ωs)

+ |gs|2L2(∂Ωs)
)1/2, (5.26)

where c does not depend on s;vs converges weakly to v in ∏m
i=1 W 1,2(Δi).

Proof. There exist extension operators Ps from W 1,2(Ωs) onto W 1,2(Ω), with |Ps|<
c2, and which satisfy (3.6.38). It is sufficient to apply Theorem 2.3.9. Let G∗ be
the Green operator G∗ : L2(Ω)×L2(∂Ω)→ W 1,2(Ω) associated with the problem
A∗v = f in Ω , ∂v/∂ν + biniv+σv = g on ∂Ω . Such an operator exists for s ≥ s0

with |G∗
s | ≤ c3. If not there will exist a sequence vst ∈W 1,2(Ωst ) satisfying A∗vst = 0

in Ωst , ∂vst/∂ν +binivst +σvst = 0 on ∂Ωst , and such that

∫
Ωst

ai j
∂vst

∂xi

∂vst

∂ x j
dx+

∫
Ωst

v2
st

dx = 1.

If we set vst = Pst vst outside of Ωst in Ω , we have:

1 ≤
∫

Ω
ai j

∂vst

∂ xi

∂vst

∂x j
dx+

∫
Ω

v2
st

dx ≤ c4.

We can extract from vst a subsequence converging weakly in W 1,2(Ω); we denote
this subsequence again vst . Let limt→∞ vst = v. We have
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∫
Ωst

(
ai j

∂v
∂xi

∂ vst

∂x j
dx+ vvst

)
dx =

∫
Ωst

vvst dx−
∫

Ωst

bi
∂v
∂xi

vst dx

−
∫

Ωst

dvvst dx−
∫

∂Ωst

σvvst dS.

On the other hand we have limt→∞ vst = v in L2(Ω) due to Theorem 2.6.1 and it
follows by Theorems 2.4.5 and 2.6.2, that limt→∞ vst = v in L2(∂Ω). Thus

1 =

∫
Ω

v2 dx−
∫

Ω
bi

∂v
∂xi

vdx−
∫

Ω
dv2 dx−

∫
∂Ω

σv2 dS =

∫
Ω

(
ai j

∂v
∂xi

∂v
∂x j

+ v2
)

dx.

But v is clearly an eigenfunction of the operator A∗ with the boundary condition
∂v/∂ν + biniv+σv = 0 on ∂Ω , which is impossible. With the same proof we can
also show that |G∗

s | ≤ c4. Now we use the function h introduced in Lemma 1.3 and
we get the inequality (5.26) according to the previous lemma. The sequence Psvs

converges weakly to v in W 1,2(Ω). (Theorem 3.6.8 implies that lims→∞ Psvs = v
strongly in W 1,2(Ω).)

We get lims→∞ vs = v in ∏m
i=1 L2(Δi). �

We also have the following consequence:

Theorem 2.1. Let Ω ∈M, A be the operator from Lemma 2.2, σ ∈ C0,1(∂Ω). We
consider for A the same hypotheses as in Lemma 2.3. Let f ∈ L2(Ω), g ∈ L2(∂Ω),
v the solution of the problem A∗v = f in Ω , with ∂ v/∂ν + biniv+σv = g on ∂Ω .
Then v ∈W 1,2(∂Ω), and the following inequality holds:

|v|W 1,2(∂Ω) ≤ c2(| f |2L2(Ω) + |g|2L2(∂Ω ))
1/2. (5.27).

Remark 2.1. Under the hypotheses of Theorem 2.1, cf. J. Nečas [8], we can prove
the inequalities

|v|W 1,2(∂Ω ) ≤ c(| f |2
L2N/(N+1)(Ω)

+ |g|2L2(∂Ω))
1/2,

and
|v|W 1,2N/(N+1)(Ω) ≤ c(| f |2

L2N/(N+1)(Ω)
+ |g|2

L2(∂Ω)1/2.

It follows from Theorem 2.1 that the solution of the Neumann-Newton problem

with g ∈ L2(∂Ω) is a solution of the Dirichlet problem with the boundary value in
W 1,2(∂Ω).
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5.2.2 Lemmas, Regularity of the Solution (Continuation)

Now we can consider the case of the operator

A =− ∂
∂xi

(
a ji

∂
∂ x j

)
, (5.28)

with
ai j = a ji, ai j ∈C0,1(Ω), ξ ∈ R

N =⇒ ai jξiξ j ≥ c|ξ |2. (5.29)

We have
Theorem 2.2. Let Ω ∈M, A be the operator defined by (5.28), (5.29) and let

f ∈ L2(Ω), g ∈ L2(∂Ω),

∫
Ω

f dx+
∫

∂Ω
gdS = 0.

Then there exists a unique solution of the problem A∗v = f in Ω , ∂v/∂ν = g on ∂Ω
such that

∫
Ω vdx = 0 and

|v|W 1,2(Ω) ≤ c1(| f |2L2(Ω) + |g|2L2(∂Ω ))
1/2. (5.30)

Indeed: According to Theorem 1.6.1, the solution v is defined and is unique and
we have

|v|W 1,2(Ω) ≤ c2(| f |2L2(Ω) + |g|2L2(∂Ω ))
1/2. (5.31)

We have A∗v+v= f +v; f +v satisfies the hypotheses of Theorem 2.1, hence (5.31)
implies (5.30). �

We can also consider Lemma 2.3 for the operator (5.28), (5.29), cf. Nečas [8].

Exercise 2.1. Prove the following proposition: Let Ω ∈M, A from (5.28), (5.29).
Let f ∈ L2(Ω), g ∈ L2(∂Ω),

∫
Ω f dx+

∫
∂Ω gdS = 0. There exists a unique solution

of the problem Av = f in Ω , ∂ v/∂ν = g on ∂Ω ,
∫

Ω vdx = 0. Let us define the
sequence fs = f + cs such that

∫
Ωs

fs dx+
∫

∂Ωs
gs dS = 0, gs as in Lemma 2.1. Then

there exists a unique solution vs of the problem Avs = fs in Ωs, ∂vs/∂ν = gs on
∂Ωs,

∫
Ωs

vs dx = 0. Moreover if we extend vs by Psvs on Ω , we have lims→∞ vs = v
in W 1,2(Ω), vs ∈W 1,2(∂Ωs), and lims→∞ vs = v in ∏m

i=1 W 1,2(Δi).

Problem 2.1. Let Ω ∈ M, v given by Theorems 2.1 or 2.2. Does v belong to
W 3/2,2(Ω), satisfying the estimate |v|W 3/2,2(Ω) ≤ c(| f |2L2(Ω)

+ |g|2L2(∂Ω)
)1/2?

5.2.3 Very Weak Solutions

Now we consider the operator

A =− ∂
∂xi

(
ai j

∂
∂x j

)
+bi

∂
∂ xi

+d, (5.32)
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with the following assumptions:

ai j,bi ∈C0,1(Ω), d ∈ L∞(Ω), ai j = a ji, ξ ∈R
N =⇒ ai jξiξ j ≥ c|ξ |2. (5.33)

If, moreover, v satisfies

v ∈W 1,2(Ω), Av = 0 in Ω ,
∂v
∂ν

+σv = 0 on ∂Ω with σ ∈C0,1(∂Ω),

(5.34)
then v = 0.

Using duality, we can prove

Theorem 2.3. Let Ω ∈ M, A be the operator defined by (5.32)–(5.34), u the
solution of the problem Au = 0 in Ω , ∂u/∂ν +σu = h on ∂Ω with h ∈ L2(∂Ω).
Then

|u|L2(Ω) ≤ c|h|W−1,2(∂Ω). (5.35)

Moreover, the Green operator G : L2(∂Ω)→W 1,2(Ω) can be extended by continuity
to G ∈ [W−1,2(∂Ω)→ L2(Ω)].

Proof. Let f ∈ L2(Ω),v be the solution of the problem A∗v = f in Ω , ∂ v
∂ν +biniv+

σv = 0 on ∂Ω . We have: ∫
Ω

u f dx =
∫

∂Ω
hvdS, (5.36)

hence, according to Theorem 2.1, we obtain (5.35). The space L2(∂Ω) is dense in
W−1,2(∂Ω). �

The more general class of functions g such that the solution of the considered
problem is given by Theorem 3.2.1 reads: W−1/2,2(∂Ω), Ω ∈ N0,1. We have
obtained a very weak solution of the Neumann-Newton problem given on ∂Ω with
g ∈W−1,2(∂Ω), cf. Remark 4.5.3.

Example 2.1. Let N = 2, A = −�+ 1, g = δy,∂Ω , with y = (1,1), Ω is the square
|xi|< 1. Theorem 2.3 gives a solution of the problem −�u+u = 0 in Ω , ∂u/∂n =
δy,∂Ω on ∂Ω .

In a paper by the author [8], it was also proved

|u|L2N/(N−1)(Ω) ≤ c|h|W−1,2(∂Ω ).

5.2.4 Uniqueness Theorems

Without difficulty we obtain

Corollary 2.1. Let N : L2(∂Ω)→ L2(∂Ω) be the mapping defined by Nh = u with
the notations as in Theorem 2.3. Then we have
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|u|L2(∂Ω ) ≤ c|h|W−1,2(∂Ω) (5.37)

and this mapping can be extended by continuity to N ∈ [W−1,2(∂Ω)→ L2(∂Ω)].

Let v be the solution of the problem A∗v = 0 in Ω , ∂ v/∂ν + biniv+ σv = g
on ∂Ω , g ∈ L2(∂Ω), and let u be the solution of the problem Au = 0 in Ω ,
∂v/∂ν +biniv+σv= h on ∂Ω , h∈ L2(∂Ω). We have

∫
∂Ω ugdS =

∫
∂Ω hvdS, hence

according to inequality (5.27) this implies (5.37). �
A very weak solution of the Neumann-Newton problem is also a weak solution

of the Dirichlet problem; it concerns the solution of the problem Au = 0 in Ω . We
have also the converse as a consequence of Theorem 1.3. As in Sect. 1, it is possible
to prove uniqueness theorems:

Exercise 2.2. Let us consider A = −∂/∂ xi(ai j∂/∂x j) + 1 satisfying (5.29), u ∈
W 2,2(Ω ′) for every Ω ′ ⊂ Ω ′ ⊂ Ω , Au = 0 in Ω , lims→∞ |∂u/∂ν|W−1,2(∂Ωs)

= 0.
Then u ≡ 0. Hint: use Lemma 2.3.

Problem 2.2. Let Ω ∈M, f ∈ L2(Ω), g∈ L2(∂Ω), v be the solution of the problem
Av = f in Ω , ∂v/∂ν + biniv + σv = g, on ∂Ω , with A satisfying (5.32)–(5.34).
By Theorem 4.2.2, we have v ∈ W 2,2

loc (Ω), thus ∂ v/∂ν ∈ L2(∂Ωs). Is it true that
lims→∞ ∂vs/∂ν = g in ∏m

i=1 L2(Δi)?

Problem 2.3. In Theorem 2.3, is it possible to remove the hypothesis ai j = a ji?

5.2.5 Very Weak Solutions (Continuation)

We will apply the duality method for the operator given by (5.28), (5.29). Without
difficulty we prove that L2,⊥(∂Ω), the space of functions on ∂Ω orthogonal to 1,
is dense in W−1,2,⊥(∂Ω), the space of distributions which vanish at 1.2 Applying
Theorem 2.2 to g = 0 we obtain immediately

Theorem 2.4. Let Ω ∈M, A be the operator as in (5.28), (5.29), u the solution of
the problem Au = 0 in Ω , ∂u/∂ν = h on ∂Ω , h ∈ L2,⊥(∂Ω), such that

∫
Ω udx = 0.

Then
|u|L2(Ω) ≤ c|h|W−1,2(∂Ω ). (5.38)

Moreover, the Green operator G : L2,⊥(∂Ω)→ W 1,2(Ω)∩L2,⊥(Ω) can be contin-
uously extended to G ∈ [W−1,2,⊥(∂Ω)→ L2,⊥(Ω)].

Example 2.2. Let N = 2, A = −�, Ω = {|xi| < 1, i = 1,2}, g = δ(1,1),∂Ω −
δ(−1,−1),∂Ω . Then there exists a unique function u ∈ L2(Ω),

∫
Ω udx = 0, such that

�u = 0 in Ω , ∂u/∂ν = δ(1,1),∂Ω − δ(−1,−1),∂Ω on ∂Ω .

2We proceed as usual, using the reflexivity of W 1,2(∂ Ω).



262 5 Applications of Rellich’s Equalities

Finally, let us remark that according to Theorem 4.1.3 a very weak solution from
Theorems 2.3, 2.4 belongs to W 2,2

loc (Ω); if ai j, bi d ∈C∞(Ω), then u ∈C∞(Ω).

Problem 2.4. For a second order operator let us consider a mixed problem: for
∂Ω = Γ1 ∪Γ2, dist (Γ1,Γ2) = 0, suppose that u = g1 on Γ1, ∂ u/∂ν = g2 on Γ2,
Au = f in Ω , f ∈ L2(Ω). In some sense which should be precised, is it true that

∣∣∣∣ ∂u
∂ν

∣∣∣∣
L2(∂Ω)

+ |u|W1,2(∂Ω ) ≤ c(|g1|W 1,2(Γ1)
+ |g2|L2(Γ2)

+ | f |L2(Ω))?

5.3 Second Order Strongly Elliptic Systems

5.3.1 Definitions

The generalized Rellich equalities can be used also for second order systems. We
shall restrict ourselves to the Dirichlet problem and consider the system:

Ars =− ∂
∂xi

(
ars

i j
∂

∂x j

)
+brs, i, j = 1,2, . . . ,N, r,s = 1,2, . . . ,M, (5.39)

ars
i j ∈C0,1(Ω ), brs ∈ L∞(Ω) ars

i j = ars
ji , ars

i j = asr
i j .

3 (5.40)

Let us observe once more that in this chapter, we consider only real functions. The
system (5.39) is assumed to be strongly elliptic, cf. (3.181a):

ξ ∈ R
N , η ∈R

M =⇒ ars
i jξiξ jηrηs ≥ e(

N

∑
i=1

ξ 2
i )(

M

∑
r=1

η2
r ). (5.41)

For simplicity we assume:

η ∈R
M =⇒ brsηrηs ≥ 0, (5.42)

ϕr,ϕs ∈C∞
0 (Ω) =⇒

∫
Ω

(
ars

i j
∂ϕr

∂xi

∂ϕs

∂x j
+brsϕrϕs

)
dx ≥ c1

M

∑
r=1

|ϕr|2W1,2(Ω), (5.43)

then we have
[
W 1,2

0 (Ω)
]M

-ellipticity.

Let us observe that if the coefficients are constant, then (5.43) follows from
Theorem 3.7.3 and from (5.41), (5.42), and that Theorem 3.7.4 together with (5.41)
imply the inequality:

3This condition is very restrictive. Nevertheless, it is valid also in the more general case of non
homogeneous, anisotropic media, for the system of elasticity.
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A(ϕ,ϕ)+λ (ϕ,ϕ)≥ c1

M

∑
r=1

|ϕr|2W1,2(Ω), (5.44)

with λ big enough. The reader can investigate as an exercise, for the case when
A(v, u) is a hermitian form, the Fredholm theory for the Dirichlet problem and
adapt the hypothesis that λ = 0 is not an eigenvalue.

5.3.2 Regularity of the Solution, Ω Smooth

Let us consider Ω ∈ N0,1 g ∈ [L2(∂Ω)
]M

, f ∈ [L2(Ω)
]M

. According to Theo-

rems 3.7.2, 2.4.10, there exists a unique solution u ∈ [W 1,2(Ω)
]M

of the problem
Arsus = fr in Ω , r = 1,2, . . . ,M, u = g on ∂Ω in the trace sense.

To complete the study of systems (5.39)–(5.43), we must consider the depen-
dence on the domain and prove a regularity theorem as in Theorem 4.2.2.4

According to the proof of Theorem 3.6.7 we obtain

Lemma 3.1. Let Ω be a bounded domain and Ωn be a sequence of domains Ωn ⊂
Ω , limn→∞ Ωn =Ω , such that for every compact K ⊂Ω , there exists n0 such that n≥
n0 =⇒ K ⊂ Ωn. Let f ∈ [W−1,2(Ω)

]M
, u0 ∈ [W 1,2(Ω)

]M
, and un ∈ [W 1,2(Ωn)

]M
the solution of the Dirichlet problem Arsuns = fr in Ωn, un = u0 on ∂Ωn, where Ars

are the operators defined by (5.39)–(5.43).4 We extend un outside of Ωn by u0. Then
limn→∞ un = u in

[
W 1,2(Ω)

]M
, where u is the solution of the problem in Ω .

Changing slightly the proofs of Theorems 4.1.1, 4.2.1 we obtain, cf. J. Nečas
[13]:

Lemma 3.2. Let Ω ∈ N∞, Ars be the system (5.39)–(5.43)4 g ∈ [W 3/2,2(∂Ω)
]M

,

f ∈ [L2(Ω)
]M

, u the solution of the problem Arsus = fr in Ω , r = 1,2, . . . ,M, u = g
on ∂Ω . Then

|u|
[W 2,2(Ω)]

M ≤ c

(
|f|2
[L2(Ω)]

M + |g|2
[W 3/2,2(∂Ω)]

M

)1/2

. (5.45)

Proof. Let us consider a partition of unity and the transformation in charts (y′,yN).
Then we prove as in the theorems mentioned above

∣∣∣∣ ∂ 2us

∂yiy j

∣∣∣∣
L2(K+)

≤ c

(
|f|2
[L2(Ω)]

M + |g|2
[W 3/2,2(∂Ω)]

M

)1/2

,
i, j = 1,2, . . .N,
s = 1,2, . . . ,M,

4Here the condition ars
i j = ars

ji , ars
i j = asr

i j is not necessary.
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except in the case i = j = N. It follows from (5.39)–(5.43) written in charts (y′,yN),
that the condition (5.41) is the same after this transformation:

ars
NN

∂ 2us

∂x2
N

= hr, hr ∈ L2(Ω), |hr|L2(Ω) ≤ c

(
|f|2
[L2(Ω)]

M + |g|2
[W 3/2,2(∂Ω )]

M

)1/2

,

then by (5.41) we have det(ars
NN) �= 0 in Ω . �

5.3.3 The Rellich Equality

Let Ω ∈ N∞, v ∈ [W 2,2(Ω)
]M

, Ars be the system of operators given by (5.39)–
(5.43). Let h=(h1,h2, . . . ,hN) be a vector with components in C∞(Ω). Let us denote
A′

rs =−∂/∂xi(ars
i j ∂/∂x j). Almost everywhere in Ω we have the identity:

∂
∂xk

[
(hkars

i j −hia
rs
k j −h ja

rs
ik)

∂vr

∂xi

∂vs

∂x j

]
= brs

i j
∂vr

∂xi

∂vs

∂x j
+2hi

∂vr

∂xi
A′

rsvs, (5.46)

where

brs
i j =

∂hk

∂xk
ars

i j +hk
∂ars

i j

∂ xk
−2

∂hi

∂xk
ars

k j.

The Green formula gives

∫
∂Ω

(hkars
i j −hia

rs
k j −h ja

rs
ik)

∂vr

∂xi

∂vs

∂ x j
nk dS

=

∫
Ω

(
brs

i j
∂vr

∂xi

∂vs

∂x j
+2hi

∂vr

∂xi
A′

rsvs

)
dx.

(5.47)

We can prove for systems a result analogous to that of Lemma 1.3:

Lemma 3.3. Let Ω ∈ N∞, Ars be the system (5.39)–(5.43), f ∈ [L2(Ω)
]M

,

g ∈ [C∞(∂Ω)]M, v the solution of the problem Arsvs = fr in Ω , r = 1,2, . . . ,M,

v = g on ∂Ω . Then we have v ∈ [W 2,2(Ω)
]M

, ∂vr/∂ xi ∈ L2(∂Ω), i = 1,2, . . . ,N,
r = 1,2, . . . ,M, and the following inequality:

∣∣∣∣ ∂v
∂ν

∣∣∣∣
[L2(∂Ω )]

M
≤ c1

(
|f|2
[L2(Ω)]

M + |g|2
[W 1,2(∂Ω )]

M

)1/2

, (5.48)

where

∂v
∂ν

≡
(

a1s
i j

∂vs

∂x j
ni, a2s

i j
∂vs

∂ x j
ni, . . . , aMs

i j
∂ vs

∂x j
ni

)
≡
((

∂ v
∂ν

)
1
, . . . ,

(
∂v
∂ν

)
M

)
.
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Let us define T by T (f, g) = ∂ v/∂ν , f ∈ [L2(Ω)
]M

, g ∈ [C∞(∂Ω)]M; we can

extend T continuously to T : [
[
L2(Ω)

]M × [W 1,2(∂Ω)
]M → [

L2(Ω)
]M

]. In (5.48)
c1 depends only on ∂Ω as in Lemma 1.3.

Proof. Theorem 3.7.2 gives the existence and uniqueness of the solution. By
Lemma 3.2, v ∈ [W 2,2(Ω)

]M
; let us take a function h as in the proof of Lemma

3.1. The vector hknkars
i j −hinkars

k j with r,s, j fixed is orthogonal to the normal vector;
as in the proof of Lemma 3.1, we obtain the inequality:

∫
∂Ω

ars
i j

∂vr

∂xi

∂vs

∂x j
dS ≤ c1

(
|f|2
[L2(Ω)]

M + |g|2
[W 1,2(∂Ω )]

M

)
, (5.49)

where c1 depends on the data as in Lemma 3.1.
Let us consider the inverse matrix to the matrix of coefficients ars

i j nin j; let drs be
the coefficients of this inverse. Then inequality (5.41) implies

c2

M

∑
r=1

η2
r ≥ drsηrηs ≥ c3

M

∑
r=1

η2
r ,

the constants c2,c3 depend only on ∂Ω and c1. We have

drs
(

∂v
∂ν

)
r

(
∂v
∂ν

)
s
−ars

i j
∂vr

∂xi

∂vs

∂ x j
= drsart

kl
∂vt

∂xl
nkasτ

mn
∂vτ
∂xn

nm −atτ
nl

∂vt

∂xn

∂vτ
∂ xl

= (drsart
klnkasτ

mnnm −atτ
nl)

∂vt

∂xn

∂vτ
∂xl

.

For t,τ, l fixed the vector (drsart
klnkasτ

mnnm −atτ
nl) is orthogonal to the normal vector;

using (5.49), we obtain the following inequality:

∫
∂Ω

M

∑
r=1

[(
∂v
∂ν

)
r

]2

dS ≤

c4

(
|f|2
[L2(Ω)]

M + |g|2
[W 1,2(∂Ω )]

M + |g|
[W 1,2(∂Ω)]

M

M

∑
r=1

N

∑
i=1

∣∣∣∣∂vr

∂ xi

∣∣∣∣
L2(∂Ω )

)
.

(5.50)

For r,s, j fixed the vector (ars
i j −nkars

k jni) is orthogonal to the normal vector; we get:

(ars
i j n j −nkars

k jnin j)
∂vs

∂xi
=

(
∂v
∂ν

)
r
− (ars

k jnkn j)
∂vs

∂n
,

thus
M

∑
r=1

∣∣∣∣∂vr

∂ n

∣∣∣∣
2

L2(∂Ω )

≤ c5

(
M

∑
r=1

∣∣∣∣
(

∂v
∂ν

)
r

∣∣∣∣
2

L2(∂Ω)

+ |g|2
[W1,2(∂Ω)]

M

)
.
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Let us now consider the piece of ∂Ω described by the function a(x′), cf. the
definition of N0,1, and let us set wr(x′) = vr(x′, a(x′)). For i ≤ N − 1, we have
∂wr/∂xi = ∂ vr/∂ xi +(∂ vr/∂xN)(∂a/∂xi); on the other hand using the coordinates
(x′,xN), we have

∂ vr

∂n
=

(
∂ vr

∂xi

∂a

∂xi
− ∂vr

∂ xN

)(
1+

N−1

∑
i=1

(
∂a

∂ xi

)2
)−1/2

,

thus

M

∑
r=1

N

∑
i=1

∣∣∣∣∂vr

∂xi

∣∣∣∣
L2(∂Ω)

≤ c6

(
M

∑
r=1

∣∣∣∣
(

∂ v
∂ν

)
r

∣∣∣∣
L2(∂Ω)

+ |g|
[W 1,2(∂Ω )]

M

)
. (5.51)

It follows from (5.50), (5.51) that

M

∑
r=1

N

∑
i=1

∣∣∣∣∂ vr

∂xi

∣∣∣∣
L2(∂Ω)

≤ c7(|f|2[L2(Ω)]
M + |g|2

[W 1,2(∂Ω )]
M )

1/2,

thus in particular (5.48) holds. �

5.3.4 Regularity of the Solution, Ω Non-smooth

We can prove a lemma analogous to Lemma 1.4:

Lemma 3.4. Let Ω ∈ M, Ars be the system (5.39)–(5.43), f ∈ [
L2(Ω)

]M
,

g ∈ [W 1,2(∂Ω)
]M

, v the unique solution of the problem Arsvs = fr in Ω , r =
1,2, . . . ,M, v = g on ∂Ω . We extend g to Ω using Lemma 1.1. Let Ωn be a sequence
of subdomains, limn→∞ Ωn = Ω as in the definition of M. Let vn be the solution of
the problem Arsvsn = fr in Ωn, vn = g on ∂Ωn. Let (∂ vn/∂ν)r = ars

i j(∂vsn/∂x j)ni

on ∂Ωn. Then ∂vn/∂ν converges weakly in ∏m
i=1

[
L2(Δi)

]M
. Denoting by wi this

limit in
[
L2(Δi)

]M
, and setting

∂v
∂ν

=
m

∑
i=1

ϕiwi. (5.52)

we get ∣∣∣∣ ∂v
∂ν

∣∣∣∣
[L2(∂Ω)]

M
≤ c

(
|f|2
[L2(Ω)]

M + |g|2
[W 1,2(∂Ω)]

M

)1/2

. (5.53)

Proof. According to (5.43) we have the existence and uniqueness of the solution.
Let us construct h as in Lemma 1.3, and by Lemma 1.1 and the previous lemma, we
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get: ∣∣∣∣∂vn

∂ν

∣∣∣∣
L2(∂Ωs)

≤ c1

(
|f|2
[L2(Ω)]

M + |g|2
[W 1,2(∂Ω)]

M

)1/2

, (5.54)

where c1 does not depend on s. Using Lemma 3.1 we obtain the result using the
same approach as in the proof of Lemma 1.3. �

We also have

Theorem 3.1. Let Ω ∈ M, Ars be the system (5.39)–(5.43), f ∈ [L2(Ω)
]M

,

g ∈ [W 1,2(∂Ω)
]M

, v the solution of the problem Arsvs = fr in Ω , r = 1,2, . . . ,M,

v = g on ∂Ω . Let us define T :
[
L2(Ω)

]M × [W 1,2(∂Ω)
]M → [

L2(∂Ω)
]M

by (5.52).

Then T ∈ [[L2(Ω)]M × [W 1,2(∂Ω)]M → [L2(∂Ω)]M] and for u ∈ [W 1,2(Ω)
]M

:

∫
Ω

ur fr dx =−
∫

∂Ω
ur

(
∂v
∂ν

)
r

dS+A(v,u). (5.55)

The mapping T satisfying (5.55) is uniquely determined.

The proof is a straightforward modification of the proof given in Theorem 1.1.

5.3.5 Very Weak Solutions

Using the duality method we obtain the very weak solutions for the Dirichlet
problem.

Let u∈ [W 1,2(Ω)
]M

be a weak solution of the equations Arsus = 0 in Ω , u= g on

∂Ω , g ∈ [W 1/2,2(∂Ω)
]M

. It follows from Theorems 2.4.10, 3.7.2, that there exists
a unique solution of this problem. We can prove easily

Theorem 3.2. Let Ω ∈ M, Ars be the operators (5.39)–(5.43). Then the Green

operator G :
[
W 1/2,2(∂Ω)

]M → [
W 1,2Ω)

]M
giving the solution of the problem

Arsus = 0 in Ω , u = g on ∂Ω can be extended continuously to G ∈ [[L2(∂Ω)]M →
[L2(Ω)]M ].

Proof. Let u be from the theorem and v be the solution of the problem Arsvs = fr in
Ω , v = 0 on ∂Ω , with f ∈ [L2(Ω)

]M
. By (5.55) we get

∫
Ω

ur fr dx =−
∫

∂Ω
ur(∂v/∂ν)r dS,

then according to Theorem 3.1, |u|
[L2(Ω)]

M ≤ c1|g|[L2(∂Ω)]
M . Using Theorem 2.4.9

the result follows. �
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Exercise 3.1. Let Ω ∈M, Ars be the operators (5.39)–(5.43).
Let u ∈ [W 1,2N/(N+1)(Ω)]M be a very weak solution of the equations Arsus = 0 in
Ω . Let lims→∞ |u|

[L2(∂Ωs)]
M = 0. Then u ≡ 0. Hint: Use Lemma 3.4.

Example 3.1. Let Ω = (−1,1)× (−1,1)× (−h,h),

Arsus =−μ�ur − (λ + μ)(∂/∂xr)divu,

M = 3, μ > 0, λ ≥ 0, cf. (3.201). We prescribe ur = gr on ∂Ω ,gr ≡ 0 for x3 =
±h; We assume, for instance, gr smooth enough on the faces without conditions of
compatibility on the different faces. In general, we do not have gr ∈ W 1/2,2(∂Ω),
the method from Chap. 3 cannot be used. Nevertheless a very weak solution exists
according to Theorem 3.2.

It follows by results of A. Douglis, L. Nirenberg [1] that this solution is in
[C∞(Ω)]3.

Problem 3.1. Keep the hypotheses of Theorem 3.2, and let g ∈ [C0(∂Ω)]M . Is u ∈
[C∞(Ω)]M?

As in Sect. 5.1, we obtain the following result: for a very weak solution from The-
orem 3.3, we can define ∂u/∂ν ∈ [W−1,2(∂Ω)]M such that |∂ u/∂ν|[W−1,2(∂Ω)]M ≤
c|u|[L2(∂Ω)]M ; we proceed as in the proof of Theorem 1.3.

Problem 3.2. In Theorem 3.1, is the condition ars
i j = asr

i j necessary?

5.4 A Fourth Order Equation, the Dirichlet Problem

5.4.1 Definition

Now we consider a fourth order operator which is written in the following form,
different from that used in Chap. 3:

A =
∂ 2

∂xi∂x j

(
ai jkl

∂ 2

∂xk∂xl

)
− ∂

∂xi

(
bikl

∂ 2

∂xk∂xl

)
+ ckl

∂ 2

∂ xk∂xl
+

+
∂ 2

∂xi∂x j

(
ai jk

∂
∂ xk

)
− ∂

∂xi

(
ei j

∂
∂ x j

)
+ fi

∂
∂xi

+
∂ 2

∂xi∂x j
(gi j)− ∂

∂xi
(hi)+ q

= A′+A′′,
(5.56)

where

A′ =
∂ 2

∂xi∂x j

(
ai jkl

∂ 2

∂xk∂xl

)
.
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Concerning the coefficients we assume:

⎧⎪⎪⎨
⎪⎪⎩

ai jkl ∈C1,1(Ω ), bikl ∈C0,1(Ω ), ckl ∈ L∞(Ω),

di jk ∈C1,1(Ω ), ei j ∈C0,1(Ω), fi ∈ L∞(Ω),

gi j ∈C1,1(Ω), hi ∈C0,1(Ω), q ∈ L∞(Ω).

(5.57)

Let us consider a symmetric real matrix with coefficients ξi j. We assume

ai jklξi jξkl ≥ c
N

∑
i, j=1

ξ 2
i j, ai jkl = a jikl = ai jlk. (5.58)

Now let v ∈W 3,2(Ω). We have almost everywhere the following identity:

∂
∂xm

[
(hiam jkl +hkai jml −hmai jkl)

∂ 2v

∂ xi∂ x j

∂ 2v

∂ xk∂xl

]

= hiam jlk
∂ 2v

∂xi∂ x j

∂ 3v
∂xk∂xl∂xm

+hkai jml
∂ 3v

∂xi∂x j∂xm

∂ 2v
∂xk∂xl

+

+
∂

∂xm
(hiam jkl +hkai jml −hmai jkl)

∂ 2v
∂xi∂x j

∂ 2v
∂xk∂ xl

.

(5.59)

Using condition (5.58), we have due to Theorem 3.4.2 for λ big enough and for
v ∈W 2,2

0 (Ω):
A(v,v)+λ (v,v)≥ c|v|2W2,2(Ω). (5.60)

Moreover we assume:

v ∈W 2,2
0 (Ω), Av = 0 weakly in Ω =⇒ v ≡ 0. (5.61)

5.4.2 The Second Order Rellich Inequality

We shall prove the Rellich equality and the associated inequality. We call this
inequality second order Rellich inequality.

Lemma 4.1. Let Ω ∈ M, A be the operator defined in (5.56)–(5.58), (5.61). Let
G∗ be the Green operator associated with the adjoint A∗ and the Dirichlet problem
A∗v= f in Ω , v= ∂v/∂n= 0 on ∂Ω , G∗ ∈ [W−1,2(Ω)→W 2,2(Ω)]; f ∈W−1,2(Ω).
Then v ∈W 3,2(Ω), where ∂ 2v/∂ xi∂x j ∈ L2(∂Ω), and we have the inequality:

N

∑
i, j=1

∣∣∣∣ ∂ 2v
∂xi∂ x j

∣∣∣∣
L2(∂Ω)

≤ c1| f |W−1,2(Ω), (5.62)

where c1 depends only on the data as in Lemma 1.1.
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Proof. The existence of the Green operator is a consequence of Theorems 3.2.1,
3.3.1; let f ∈ L2(Ω); then Theorem 4.2.2 implies v ∈W 4,2(Ω).

Using the function h as in the proof of Lemma 1.3, due to (5.59) we get, together
with the fact that ∂v/∂xi = 0 on ∂Ω ,

∫
∂Ω

(hiam jkl +hkai jml −hmai jkl)
∂ 2v

∂xi∂x j

∂ 2v
∂xk∂xl

nm dS

=

∫
Ω

(
hiam jlk

∂ 2v
∂xi∂ x j

∂ 3v
∂ xk∂xl∂xm

+hkai jml
∂ 3v

∂xi∂x j∂xm

∂ 2v
∂xk∂xl

)
dx

+

∫
Ω

∂
∂ xm

(hiam jlk +hkai jml −hmai jkl)
∂ 2v

∂xi∂x j

∂ 2v
∂xk∂xl

dx

=−2
∫

Ω
hi

∂v
∂xi

A′vdx+B(v,v),

(5.63)

where
B(v,v) =

∫
Ω

∑
|α |,|β |≤2

bαβ DαvDβ vdx,

with α , β multi-indices, bαβ ∈ L∞(Ω), and

|bαβ |L∞(Ω) ≤ c1(
N

∑
i, j,k,l=1

|ai jkl |C1,1(Ω) +1)(1+
N

∑
i=1

|hi|C1,1(Ω)). (5.64)

The operator A′′ from (5.56) is of third order, hence it follows from (5.63),

∫
∂Ω

(hiam jkl +hkai jml −hmai jkl)
∂ 2v

∂xi∂x j

∂ 2v
∂xk∂xl

nm dS

=−2
∫

Ω
hi

∂ v

∂xi
A∗vdx+B′(v,v),

(5.65)

with b′αβ ∈ L∞(Ω). The vector (hiam jkl −hmai jkl)nm for j,k, l fixed is orthogonal to
the normal vector as well as the vector (hkai jml −hmai jkl)nm for i, j, l fixed. We have
(hiam jkl −hmai jkl)nm∂ 2v/∂xi∂x j = 0, (hkai jml −hmai jkl)nm∂ 2v/∂ xk∂ xl = 0 on ∂Ω ,
then using (5.65), (5.58) and the existence of the Green operator, we deduce (5.62)
for f ∈ L2(Ω). But L2(Ω) is dense in W−1,2(Ω); on the other hand, by Theorem
4.2.2, f ∈W−1,2(Ω) =⇒ v ∈W 3,2(Ω). �
Problem 4.1. We keep the hypotheses of Lemma 4.1, but we consider the non-
homogeneous Dirichlet problem: A∗v = f , f ∈ W−1,2(Ω), v = g0, ∂v/∂n = g1 on
∂Ω . We assume that there exists v0 ∈ W 2,2(Ω) such that in the trace sense v = v0,
∂v/∂n = ∂v0/∂ n on ∂Ω ; using the data g0,g1 we can formally compute ∂v/∂xi

on ∂Ω , i = 1,2, . . . ,N. We assume |∂ v/∂ xi|W 1,2(∂Ω ) < ∞. Determine whether the
following inequality holds:
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N

∑
i, j=1

∣∣∣∣ ∂ 2v
∂xi∂x j

∣∣∣∣
L2(∂Ω)

≤ c(| f |2W−1,2(Ω) +
N

∑
i=1

∣∣∣∣∂v0

∂xi

∣∣∣∣
2

W 1,2(∂Ω)

+ |v0|2W 1,2(Ω))
1/2.

5.4.3 The Third Order Rellich Inequality

Let us assume that the operator A∗ can be decomposed in the following form

A∗ =
∂

∂ xi

[
Ai j

∂
∂x j

(
Ckl

∂ 2

∂xk∂ xl

)]
+

∂
∂ xi

(
Bikl

∂ 2

∂ xk∂ xl

)

+Di j
∂ 2

∂xi∂x j
+Ei

∂
∂xi

+F,

(5.66)

with

Ai j,Ckl ∈C1,1(Ω ), Bikl ∈C0,1(Ω), Di j,Ei,F ∈ L∞(Ω), (5.67)

ξ ∈R
N =⇒ Ai jξiξ j ≥ c|ξ |2, Cklξkξl ≥ c|ξ |2. (5.68)

Let us observe that in the decomposition (5.66) of A∗ the first operator is
a product of two second order elliptic operators; if N = 2 this is always the case
except perhaps the regularity condition (5.67). Sufficient conditions for (5.66) are
given in the paper of the author [2]; for instance, (5.66) holds if ai jkl are constant. If
N ≥ 3, (5.66) is not satisfied in general.

We prove the third order Rellich inequality.

Lemma 4.2. Let Ω ∈ N∞,A be the operator satisfying (5.56)–(5.58), (5.61),
(5.66)–(5.68). Let G∗ be the Green operator corresponding to the problem A∗v = f
in Ω , f ∈ L2(Ω), v = ∂v/∂n = 0 on ∂Ω , G∗ ∈ [L2(Ω) → W 2,2(Ω)]. Then v ∈
W 4,2(Ω), where ∂ 3v/∂ xi∂x j∂xk ∈ L2(∂Ω), and we have the inequality

∣∣∣∣Ai j
∂

∂x j

(
Ckl

∂ 2v
∂xk∂xl

)
ni

∣∣∣∣
W−1,2(∂Ω)

≤ c| f |L2(Ω), (5.69)

where c depends only on the data as in Lemma 1.1.

Proof. Let h be the solution of the Dirichlet problem −∂/∂xi(Ai j∂h/∂x j) = 0
in Ω , h ∈ C∞(∂Ω). We have h ∈ W 2,2(Ω) by Theorem 4.2.2 and it follows that
v ∈W 4,2(Ω). We can use the Green formula and obtain
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∫
Ω

h f dx =
∫

∂Ω
hAi j

∂
∂x j

(
Ckl

∂ 2v
∂xk∂ xl

)
ni dS+

∫
∂Ω

hBikl
∂ 2v

∂ xk∂ xl
ni dS

−
∫

Ω
Ai j

∂ h
∂xi

∂
∂x j

(
Ckl

∂ 2v
∂xk∂xl

)
dx+C(h,v),

(5.70)

where
C(h,v) =

∫
Ω

∑
|α|≤1,|β |≤2

Cαβ Dα hDβ vdx,

|Cαβ | ≤ c1(
N

∑
i,k,l=1

|Bikl |L∞(Ω) +
N

∑
i, j=1

|Di j|L∞(Ω) +
N

∑
i=1

|Ei|L∞(Ω) + |F|L∞(Ω)).

We have also

∫
Ω

Ai j
∂ h
∂xi

∂
∂x j

(
Ckl

∂ 2v
∂xk∂xl

)
dx =

∫
∂Ω

Ai j
∂h
∂xi

Ckl
∂ 2v

∂xk∂xl
n j dS

−
∫

Ω

∂
∂x j

(
Ai j

∂h

∂xi

)
Ckl

∂ 2v

∂xk∂xl
dx =

∫
∂Ω

Ai j
∂h

∂ xi
Ckl

∂ 2v

∂xk∂xl
n j dS,

thus by (5.70) according to (5.68), (5.6), it follows:

∣∣∣∣
∫

∂Ω
hAi j

∂
∂ x j

(
Ckl

∂ 2v
∂xk∂xl

)
ni dS

∣∣∣∣≤ c2| f |L2(Ω)|h|W 1,2(∂Ω ),

and using the density C∞(∂Ω) =W 1,2(∂Ω) the result follows. �
Let us remark that we can obtain a stronger result: for instance if N ≥ 3, then we

have Lq(Ω)⊂W−1,2(Ω), 1/q = 1/2+1/N, and thus

∣∣∣∣
∫

Ω
h f dx

∣∣∣∣≤ c|h|W1,2(Ω)| f |Lq(Ω),

since |h|Lq′ (Ω)
≤ c1|h|W1,2(Ω), 1/q′ = 1− 1/q. In (5.69) we can replace | f |L2(Ω) by

| f |Lq(Ω).

Problem 4.2. Is it possible to have an inequality of type (5.69) without assumption
(5.66)?

5.4.4 Dependence on the Domain

We want to investigate the dependence of the solution of the problem A∗v = f in
Ω , v = ∂v/∂n = 0 on ∂Ω , with respect to Ω . These considerations are strongly
connected to questions in Sect. 3.6, Chap. 3.
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Lemma 4.3. Let Ω ∈ M,5 A be an operator satisfying (5.56)–(5.58), (5.61). Let
f ∈ L2(Ω), Ωs be the sequence from the definition of M. Then there exists for s ≥ s0

a unique solution vs of the problem A∗vs = f in Ωs, vs = ∂vs/∂n = 0 on ∂Ωs,
G∗

s ∈ [L2(Ω)→W 2,2(Ωs)], |G∗
s |< c. If we extend vs by zero outside of Ωs we have

lims→∞ vs = v in W 2,2(Ω).

Proof. Let us assume that lims→∞ G∗
s does not exist; then we can find a subsequence

of weak solutions of A∗vst = 0, vst ∈W 2,2
0 (Ωs)⊂W 2,2

0 (Ω) such that

∫
Ω

ai jkl
∂ 2vst

∂ xi∂x j

∂ 2vst

∂xk∂ xl
dx = 1.

We can extract a subsequence denoted again vst such that limst→∞ vst = v weakly in
W 2,2

0 (Ω). We have:

∫
Ωs

ai jkl
∂ 2vst

∂xi∂x j

∂ 2vst

∂xk∂xl
dx ≡ B(vst ,vst ) =

∫
Ωs

∑
|α |≤2,|β |≤2
|α |+|β |<4

bαβ Dαvst D
β vst dx,

bαβ ∈L∞(Ω). By Theorem 2.6.1, limst→∞ Dα vst =Dα v strongly in L2(Ω) if |α| ≤ 1,
then: ∫

Ω
∑

|α|≤2,|β |≤2
|α|+|β |<4

bαβ DαvDβ vdx = 1;

on the other hand, we also have for ϕ ∈W 2,2
0 (Ω):

∫
Ω

ai jkl
∂ 2ϕ

∂ xi∂x j

∂ 2v
∂xk∂ xl

dx =
∫

Ω
∑

|α |≤2,|β |≤2
|α |+|β |<4

bαβ Dα ϕDβ vdx,

hence v is an eigenfunction satisfying A∗v = 0 in Ω , v ∈W 2,2
0 (Ω), such that

∫
Ω

ai jkl
∂ 2v

∂ xi∂x j

∂ 2v
∂xk∂ xl

dx = 1,

which is not possible. Now let us assume that for a choice of indices sr, r → ∞,
lim |G∗

sr
| = ∞. This implies that there exist fsr ∈ L2(Ωsr ), limr→∞ | fsr |L2(Ωsr )

= 0
such that the corresponding solutions vsr satisfy

∫
Ω

ai jkl
∂ 2vsr

∂ xi∂x j

∂ 2vsr

∂xk∂ xl
dx = 1.

5We can actually take a more general condition.
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Using the same approach as above, we have:

∫
Ωsr

ai jkl
∂ 2vsr

∂ xi∂x j

∂ 2vsr

∂xk∂ xl
dx =

∫
Ωsr

vsr fsr dx+B(vsr ,vsr ),

and we get (after extraction of a subsequence denoted again vsr) limr→∞ vsr = v
weakly in W 2,2

0 (Ω); from this we deduce as above that v is an eigenfunction, which
is impossible. Finally, let f ∈ L2(Ω), and vs obtained in this lemma; we have
|vs|W2,2(Ω) ≤ c1| f |L2(Ω). Then lims→∞ vs = v weakly in W 2,2

0 (Ω). If not, it will be
possible to find two subsequences vsr , vst such that limr→∞ vsr = v1, limt→∞ vst = v2,
v1 �= v2, v1,v2 solutions of our problem which is impossible. Now we have according
to Theorem 2.6.1:

∫
Ω

ai jkl
∂ 2(v− vs)

∂xi∂x j

∂ 2(v− vs)

∂xk∂xl
dx =

∫
Ω

v f dx+B(v,v)+
∫

Ω
vs f dx+B(vs,vs)

−
∫

Ω
ai jkl

∂ 2v
∂ xi∂x j

∂ 2vs

∂xk∂ xl
dx−

∫
Ω

ai jkl
∂ 2vs

∂xi∂ x j

∂ 2v
∂xk∂xl

dx →

2
∫

Ω
v f dx+2B(v,v)−2

∫
Ω

v f dx−2B(v,v) = 0.

Using also (5.58) the conclusion of the lemma follows. �
Let us observe that Lemma 4.3 is true under weaker hypotheses.

Exercise 4.1. Prove Lemma 4.3 supposing that Ω is a bounded domain and that
lims→∞ fs = f in W−2,2(Ω). The other hypotheses remain, there exists a sequence
Ωs, lims→∞ Ωs = Ω in the usual sense: for every compact K ⊂ Ω , there exists s0

such that s ≥ s0 =⇒ Ωs ⊃ K.

5.4.5 A Density Lemma

We shall prove the following important density lemma:

Lemma 4.4. Let Ω ∈ M. Let us consider the subset, denoted by M, M ⊂
W 1,2(∂Ω) × L2(∂Ω), of elements (u,∂u/∂n), u ∈ W 2,2(Ω). Then M is dense
in W 1,2(∂Ω)×L2(∂Ω).

Proof. Let (g0,g1) ∈ W 1,2(∂Ω)× L2(∂Ω), ϕr be the function from the partition
of unity in 1.2.4, and let us set g0r = g0ϕr, g1r = g1ϕr + g0(∂ϕr/∂n). Clearly we
have (g0r,g1r)∈W 1,2(∂Ω)×L2(∂Ω). Now we use the local charts and we consider
(g0r,g1r) as an element of W 1,2(Δr)×L2(Δr). Let ε > 0; we can find g0rε ∈C∞

0 (Δr)
such that |g0rε −g0r|W 1,2(Δr)

< ε/2 and g1rε ∈C∞
0 (Δr) such that |g1rε −g1r|W 1,2(Δr)

<

ε/2. In Ur let us set urs(x′r,xrN) = g0rε(x′r)−hrsε(x′r)(xrN −ars(x′r)), denote
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pr =

(
1+

N

∑
1=1

(
∂ar

∂xri

)2
)1/2

, prs =

(
1+

N

∑
1=1

(
∂ars

∂xri

)2
)1/2

,

and set:

hrsε =
g1rε

prs
− ∑N−1

i=1
∂g0rε
∂xri

∂ars
∂ xri

p2
rs

.

(Cf. the definition of M.) We have urs ∈ C∞(Ur). Let g̃0 = urs, g̃1 = ∂urs/∂n on
∂Ω ∩Ur. We have:

g̃0 − g0rε = g1rε (x
′
r)(ar −ars), g̃1 −g1rε =

1
pr p2

rs

[
(p2

rs

N−1

∑
i=1

∂g0rε
∂xri

∂ar

∂xri
)

−
(

1+
N

∑
1=1

∂ ar

∂xri

∂ars

∂xri

)
N−1

∑
i=1

∂gr0ε
∂xri

∂ars

∂xri

+ prs

(
1+

N−1

∑
1=1

∂ar

∂xri

∂ars

∂xri

)
g1rε − pr p2

rsg1r

]
.

Now we use the definition of M: lims→∞ ars = ar in W 1,2(Δr), |ars|C0,1(Δr)
≤ const.

If s is big enough, we obtain

|g̃0 −g0rε |W 1,2(Δr)
< ε/2, |g̃1 −g1rε |W1,2(Δr)

< ε/2. (5.71)

We do not give all details,but only the general idea in the case of L2(Δr):

lim
s→∞

1
pr

N−1

∑
i=1

∂ g0rε
∂ xri

∂ar

∂ xri
− 1

pr p2
rs

(
1+

N

∑
1=1

∂ar

∂xri

∂ars

∂xri

)
N

∑
i=1

∂gr0ε
∂xri

∂ars

∂xri
= 0. (5.72)

Indeed: if we put (
1+

N

∑
1=1

∂ ar

∂xri

∂ars

∂xri

)
≡ λs,

then (5.72) is equivalent to

lim
s→∞

(
p2

rs
∂g0rε
∂ xri

∂ar

∂xri
−λs

∂ gr0ε
∂ xri

∂ ars

∂ xri

)
= 0.

But for i = 1,2, . . . ,N −1, ∂g0rε/∂xri ∈C∞
0 (Δr), we must prove that

lim
s→∞

(p2
rs∂ar/∂xri −λs∂ars/∂xri) = 0
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in L2(Δr). We have lims→∞ λs(∂ ars/∂xri − ∂ar/∂xri) = 0 in L2(Δr), thus it is
sufficient to prove that lims→∞(p2

rs −λs) = 0 in L2(Δr), i.e.

lim
s→∞

(
N−1

∑
i=1

(
∂ars

∂xri

)2

−
N−1

∑
i=1

∂ar

∂xri

∂ars

∂xri

)
= 0,

which is also equivalent to

lim
s→∞

∂ars

∂xri

(
∂ars

∂xri
− ∂ar

∂xri

)
= 0 in L2(Δr), i = 1,2, . . . ,N −1.

The last limit is zero, thus we obtain (5.72).
Let now ψ ∈ C∞

0 (Ur) be such that ψ ≡ 1 in a neighborhood of the supports of
g0r,g1r on ∂Ω ; let us take vrs = ursψ . There is vrs ∈C∞(Ω),

|vrs −g0r|W 1,2(Δr)
< ε,

∣∣∣∣∂vrs

∂n
−g1r

∣∣∣∣
L2(Δr)

< ε,

then for some c1

|vrs −g0r|W 1,2(Ω) < c1ε,
∣∣∣∣∂vrs

∂n
−g1r

∣∣∣∣
L2(∂Ω)

< c1ε.

Finally if we set

v =
m

∑
r=1

vrs ∈C∞(Ω ),

we can construct the element (v,∂v/∂n), and we get

|v−g0|W 1,2(∂Ω) < c1mε,
∣∣∣∣ ∂v
∂ n

−g1

∣∣∣∣
L2(∂Ω)

< c1mε.

�

5.4.6 Regularity of the Solution

Now we prove:

Theorem 4.1. Let Ω ∈ M,6 A be an operator satisfying (5.56)–(5.58), (5.61),
(5.66)–(5.68). Let f ∈ L2(Ω),v be the unique solution of A∗v = f in Ω , with

6We can take a more general condition.
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v = ∂v/∂n = 0 on ∂Ω . Then there exists a unique linear, bounded mapping
T : L2(Ω) → L2(∂Ω), and another mapping S : L2(Ω) → W−1,2(∂Ω) such that
for all u ∈W 2,2(Ω) we have:

∫
Ω

u f dx = 〈u,S f 〉∂Ω −〈Ai j
∂u
∂xi

n j,T f 〉∂Ω +

∫
Ω

∂
∂xi

(
Ai j

∂ u
∂x j

)
Ckl

∂ 2v
∂xk∂l

dx

−
∫

Ω
Bikl

∂ u

∂xi

∂ 2v

∂xk∂xl
dx+

∫
Ω

uDi j
∂ 2v

∂xk∂xl
dx+

∫
Ω

uEi
∂ v

∂xi
dx+

∫
Ω

Fuvdx.

(5.73)

Proof. Let vs be the solution of the problem A∗vs = f in Ω , vs = ∂ vs/∂n = 0 on
∂Ω . According to Theorem 4.2.2, vs ∈W 4,2(Ω), and

∫
Ωs

ur f dx =
∫

∂Ωs

urAi j
∂

∂x j

(
Ckl

∂ 2vs

∂ xk∂xl

)
ni dS+

∫
∂Ωs

urBikl
∂ 2

∂xk∂xl
ni dS

−
∫

∂Ωs

Ai j
∂ ur

∂xi
Ckl

∂ 2vs

∂xk∂ xl
n j dS+

∫
Ωs

∂
∂x j

(
Ai j

∂ur

∂ xi
Ckl

∂ 2vs

∂xk∂xl

)
ni dx

−
∫

Ωs

Bikl
∂ur

∂xi

∂ 2vs

∂xk∂xl
dx+

∫
Ωs

urDi j
∂ 2vs

∂xi∂x j
dx+

∫
Ωs

urEi
∂vs

∂xi
dx+

∫
Ωs

Furvs dx,

(5.74)
where ur = uϕr. Using Lemmas 4.1, 4.2, and also Lemma 1.4, the following
functionals:

∫
∂Ωs

urAi j
∂

∂x j

(
Ckl

∂ 2vs

∂xk∂xl

)
ni dS+

∫
∂Ωs

urBikl
∂ 2vs

∂ xk∂xl
ni dS

can be considered as a sequence of functionals Srs on W 1,2(Δr), evaluated at
ur(x′r,ar(x′r)). But lims→∞ ur(x′r,ars(x′r)) = ur(x′r,ar(x′r)) in W 1,2

0 (Δr); using Lem-
mas 4.1, 4.2, we have |Srs|W−1,2(Δr)

≤ c1| f |L2(Ω). We can extract a subsequence Srst

which is weakly convergent, limt→∞ Srst = Sr; in the same way we consider the
sequence Trs of functionals in L2(Δr), computed in ur(x′r,ars(xr′)):

Trs =
∫

∂Ωs

Ai j
∂ ur

∂xi
Ckl

∂ 2vs

∂xk∂ xl
n j dS.

As above we can extract a subsequence Trsτ which is weakly convergent,
limτ→∞ Trsτ = Tr. Lemma 4.3 gives (5.73) for ur,Sr,Tr. Let us set

S =
m

∑
r=1

ϕrSr, T =
m

∑
r=1

ϕrSr;

after some computations we get:
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m

∑
r=1

(
Ai j

∂ϕr

∂xi
n ju,Tr f

)
∂Ω

= 0,

then finally (5.73) follows for u by summation of (5.73) calculated for ur, ϕr,Tr.
Lemma 4.4 gives the existence and uniqueness of S f ,T f for f fixed. �
Remark 4.1. From Theorem 4.1 we can see that lims→∞ Srs = Sr, lims→∞ Trs = Tr

weakly. Indeed for the first limit, if the result did not hold, there would exist
u∈W 1,2

0 (Δr) and two subsequences Srsi ,Srσ j such that limi→∞ Srsiu �= lim j→∞ Srσ j u.
Without lass of generality we can take ϕ ∈ C∞

0 (Δr) close to u such that
limi→∞ Srsiϕ �= lim j→∞ Srσ j ϕ . Now by Lemma 4.4 there exist ht ∈ W 2,2(∂Ω),
limt→∞ ht = ϕ in W 1,2(∂Ω), limt→∞ ∂ ht/∂n = 0 in L2(∂Ω). (We define ϕ on ∂Ω
by ϕ(x′r) = ϕ(x′r,ar(x′r)).) Let ψ ∈ C∞

0 (Ur), ψ ≡ 1 in a neighborhood of supp ϕ on
∂Ω . We get limt→∞ htψ = ϕ in W 1,2(∂Ω), limt→∞ ∂htψ/∂n = 0 in L2(∂Ω). If in
(5.74) we replace ur by htψ we obtain limi→∞ Srsihtψ �= lim j→∞ Srσ j htψ , which is
a contradiction.

Exercise 4.2. Let u ∈ W 2,2N/(N+1)(Ω) be a very weak solution of Au = 0 in Ω
where A is the operator from Theorem 4.1. Let us assume:

lim
s→∞

|u|W 1,2(∂Ωs)
= 0, lim

s→∞

∣∣∣∣∂u
∂n

∣∣∣∣
L2(∂Ωs)

= 0.

Then u ≡ 0. Hint: Use Remark 4.1.

5.4.7 Very Weak Solutions

Theorem 4.1 shows that we can use duality to find a very weak solution of the
Dirichlet problem. First by Theorem 2.4.11, the Dirichlet problem for A can be
formulated in the following form: let (g0,g1) ∈ W 1,2(∂Ω)×L2(∂Ω) be generated
by u0 ∈ W 2,2(Ω): u0 = g0 on ∂Ω , ∂u0/∂n = g1 on ∂Ω . We are looking for u ∈
W 2,2(Ω) such that Au = 0 in Ω weakly, u = g0, ∂u

∂n = g1 in the sense of traces.
Theorems 3.2.1, 3.3.1 and also Theorem 2.4.12 guarantee the existence of a unique
solution. Recall the set M defined in Lemma 4.4; we have

Theorem 4.2. Let Ω ∈ M, A be an operator satisfying (5.56)–(5.58), (5.61),
(5.66)–(5.68). Then the Green operator G : M →W 2,2(Ω) associated to the problem
Au = 0 in Ω , u = g0, ∂u/∂n = g1 on ∂Ω can be extended to a mapping G ∈
[W 1,2(∂Ω)×L2(∂Ω)→ L2(Ω)].

Proof. We use the local charts (x′r,xrN) with the same notation as before: pr =(
1+∑N

1=1

(
∂ ar
∂ xri

)2
)1/2

as in the proof of Lemma 4.4. Let be given us ∈ W 2,2(Ω)

generating (u0,∂u0/∂n) from M. Let us set f (x′r) = u0(x′r,a(x′r)), then:
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∂u0

∂n
=

1
pr

(
N−1

∑
i=1

∂u0

∂xri

∂ar

∂xri
− ∂u0

∂ urN

)
,

∂ fr

∂xri
=

∂u0

∂xri
+

∂u0

∂xrN

∂ar

∂xri
.

(5.75)

The determinant of the system (5.75) equals −pr �= 0, and we can compute ∂us/∂xir

on ∂Ω using (5.75). This procedure can be applied for r = 1,2, . . . ,, and we obtain
finally a linear bounded mapping H ∈ [M → L2(∂Ω)] such that

H

(
u0,

∂ u0

∂n

)
=

N

∑
i, j=1

Ai j
∂u0

∂x j
ni.

Let us consider u = G(u0,∂ u0/∂n), where u is the solution obtained in Theorem
4.1. From (5.73) and from the existence of mappings S,T given in Theorem 4.1 the
inequality

|u|L2(Ω) ≤ c

(
|u0|W 1,2(∂Ω) +

∣∣∣∣∂u0

∂n

∣∣∣∣
L2(∂Ω )

)
(5.76)

follows and we conclude with Lemma 4.4. �
Clearly, if u ∈C0,1(∂Ω) on ∂Ω , ∂ u/∂ xi ∈C0(∂Ω), then Theorem 4.2 gives the

existence of the solution. A natural question is

Problem 4.3. Does the above solution belong to C1(Ω)?

In the paper of the author [10] for domains with lipschitzian boundary, the space
of boundary conditions W 1,2(∂Ω)× L2(∂Ω) cannot be extended to the Dirichlet
problem. An inequality analogous to (5.76) was proved for �2 and the spaces
C1(Ω),Ω smooth, N = 2, cf. G. Adler [3]:

|u|C1(Ω) ≤ c1(∂Ω)|u|C1(∂Ω ) + c2

∣∣∣∣∂u
∂n

∣∣∣∣
C0(∂Ω )

. (5.77)

It is interesting to observe that the constant c2 is an absolute constant independent
of Ω .

It follows from Theorem 4.1.3 that the very weak solution found in Theorem 4.2
belongs to W 4,2(Ω ′) for every Ω ′ ⊂ Ω ′ ⊂ Ω if the coefficients of the operator A are
smooth enough; if the coefficients are in C∞(Ω), then u is in C∞(Ω) too. Concerning
the boundary conditions, we can formulate the problem:

Problem 4.4. Let Ω ∈M,u be the solution found in Theorem 4.2. Let us denote us,
∂us/∂n, u, ∂u/∂n, the values of the solutions and their normal derivative on ∂Ωs,
∂Ω respectively. Then is it possible to have, in the sense of (5.66): lims→∞ us = u in
W 1,2(∂Ω), lims→∞ ∂us/∂n = ∂ u/∂ n in L2(∂Ω)?





Chapter 6
Boundary Value Problems in Weighted
Sobolev Spaces

There exist plenty of references on weighted Sobolev spaces. In this chapter we
shall consider only results related to boundary value problems for operators with
nondegenerate and nonsingular coefficients. Many examples of weighted Sobolev
spaces can be found in the papers of L.D. Kudriavcev [2], J.L. Lions [7, 8],
S.V. Uspenskii [1–3], V.P. Illin [2], P.I. Lizorkin [1], J. Nečas [7], E.T. Poulsen [1],
A. Kufner [2]; their applications are focused on elliptic equations with degenerate
and singular coefficients, cf. for instance L.D. Kudriavcev [2], V.A. Sakharov [1],
M.I. Vishik [5], etc. Concerning the boundary value problems studied in Chaps. 1,3,
the use of weighted spaces can be found in the papers of M.I. Vishik [4], J. Nečas
[3], [7], H. Morel [1], [2], A. Kufner [3], H.O. Cordes [1, 2].

For other questions related with these spaces cf. G. Cimmino [1], I.A. Kiprijanov
[1], V.A. Kondratiev [1, 2], N.G. Meyers [1], M.I. Vishik [4].

6.1 A Second Order Equation, Regularity of Solution

6.1.1 The Case of ∂Ω Regular

Here we shall combine the results obtained in the previous chapters in the setting of
weighted spaces.

Let us consider a sufficiently smooth domain Ω , and a second order operator:

A =−
N

∑
i, j=1

∂
∂ xi

(
ai j

∂
∂x j

)
+

N

∑
i=1

bi
∂

∂xi
+d, (6.1)

assume that
ai j = a ji, ai j,bi ∈C1,1(Ω ), d ∈C0,1(Ω)
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are real functions; moreover we assume:

ξ ∈R
N =⇒

N

∑
i, j=1

ai jξiξ j ≥ c|ξ |2.

Let a real function ϑ ∈ C0,1(∂Ω) be given. In this section we assume that all
functions are real.

Theorem 1.1. Let Ω ∈ N4,1, A be the operator (6.1), h ∈ W 1,2(∂Ω); let u be the
weak solution of the Dirichlet problem Au = 0 in Ω , u = h on ∂Ω . Then

∫
Ω

∑
|i|≤2

∣∣Diu
∣∣2 ρ dx ≤ c

(|u|2L2(Ω) + |h|2W1,2(∂Ω)

)
(6.1bis)

holds with ρ(x) = dist(x,∂Ω).

Proof. We apply charts (σ , t) in a neighborhood of Gr to define ∂Ω and a partition
of unity associated with these charts; without difficulty we obtain σ ∈ N1,1 such
that c1σ ≤ ρ ≤ c2σ . Let hn ∈ C2,1(∂Ω), limn→∞ hn = h in W 1,2(∂Ω), and let un

be the solutions of the corresponding Dirichlet problems. We have the imbeddings
C2,1(∂Ω) ⊂ W 3/2,2(∂Ω) algebraically and topologically, hence by Theorem 4.2.2
un ∈W 3,2(Ω). Let τ be an integer, 1 ≤ τ ≤ N, and let us put v = (∂ 2un/∂x2

τ)σ ; we
have (∂ 2un/∂ 2xτ)σ ∈W 1,2

0 (Ω), and then

∫
Ω

N

∑
i, j=1

ai j
∂

∂ xi

(
∂ 2un

∂x2
τ

σ
)

∂un

∂ x j
dx+

∫
Ω

N

∑
i=1

∂ 2un

∂x2
τ

σbi
∂un

∂x j
dx+

∫
Ω

dσ
∂ 2un

∂x2
τ

un dx

=−
∫

Ω

N

∑
i, j=1

ai j
∂ 2un

∂xi∂τ
∂ 2un

∂x j∂xτ
σ dx−

∫
Ω

N

∑
i, j=1

ai j
∂ 2un

∂xi∂xτ

∂un

∂x j

∂σ
∂ xτ

dx+

+

∫
Ω

N

∑
i, j=1

ai j
∂ 2un

∂x2
τ

∂un

∂x j

∂σ
∂xi

dx−
∫

Ω

N

∑
i, j=1

∂ai j

∂ xτ

∂ 2un

∂xi∂xτ

∂un

∂ x j
σ dx+

+
∫

Ω

N

∑
i=1

∂ 2un

∂ x2
τ

σbi
∂ un

∂xi
dx+

∫
Ω

dσ
∂ 2un

∂x2
τ

un dx.

(6.2)
Regarding the second integral on the right hand side in (6.2), we have

2
∫

Ω

N

∑
i, j=1

ai j
∂ 2un

∂xi∂xτ

∂un

∂ x j

∂σ
∂xτ

dx =
∫

∂Ω

N

∑
i, j=1

ai j
∂un

∂xi

∂un

∂x j

∂σ
∂xτ

nτ dS

−
∫

Ω

N

∑
i, j=1

∂ai j

∂ xτ

∂un

∂xi

∂un

∂ x j

∂σ
∂xτ

dx−
∫

Ω

N

∑
i, j=1

ai j
∂un

∂xτ

∂ un

∂x j

∂ 2σ
∂x2

τ
dx;

(6.3)
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for the third integral on the right hand side in (6.2) we get

∫
Ω

N

∑
i, j=1

ai j
∂ 2un

∂x2
τ

∂un

∂ x j

∂σ
∂xi

dx

=
∫

∂Ω

N

∑
i, j=1

ai j
∂un

∂xτ

∂un

∂x j

∂σ
∂xi

nτ dS−
∫

Ω

N

∑
i, j=1

∂ai j

∂xτ

∂ un

∂xτ

∂un

∂x j

∂σ
∂xi

dx

−
∫

Ω

N

∑
i, j=1

ai j
∂un

∂ xτ

∂un

∂ x j

∂ 2σ
∂xi∂x j

dx−
∫

Ω

N

∑
i, j=1

ai j
∂un

∂ xτ

∂ 2un

∂ xτ ∂ x j

∂σ
∂ xi

dx;

(6.4)

the last integral in (6.4) can be transformed into

− 1
2

∫
Ω

N

∑
i, j=1

ai j
∂

∂x j

(
∂un

∂xτ

)2 ∂σ
∂xi

dx

=− 1
2

∫
∂Ω

N

∑
i, j=1

ai j

(
∂un

∂xτ

)2 ∂σ
∂ xi

n j dS+
1
2

∫
Ω

N

∑
i, j=1

(
∂un

∂xτ

)2 ∂
∂x j

(
ai j

∂σ
∂xi

)
dx.

(6.5)
For the other terms in (6.2) we have

∫
Ω

N

∑
i=1

∂ 2un

∂x2
τ

σbi
∂un

∂xi
dx

=−
∫

Ω

N

∑
i=1

∂un

∂xτ

∂ 2un

∂xi∂xτ
biσ dx−

∫
Ω

N

∑
i=1

∂un

∂xτ

∂un

∂xi

∂
∂xτ

(biσ)dx

=
1
2

∫
Ω

N

∑
i=1

(
∂un

∂xτ

)2 ∂
∂xi

(biσ)dx−
∫

Ω

N

∑
i=1

∂un

∂xτ

∂un

∂ xi

∂
∂xτ

(biσ)dx.

(6.6)

Finally the last term in (6.2) gives:

∫
Ω

dσ
∂ 2un

∂ x2
τ

un dx =−
∫

Ω

∂un

∂xτ

∂
∂xτ

(undσ)dx. (6.7)

Now using the estimate (5.1.15) and (6.2)–(6.7), we have

∫
Ω

N

∑
i=1

(
∂ 2un

∂xi∂xτ

)2

σ dx ≤ c1

[(∫
Ω

N

∑
i=1

(
∂ 2un

∂xi∂xτ

)2

σ dx

)1/2

×

×
(∫

Ω

N

∑
i=1

(
∂un

∂xi

)2

dx

)1/2

+

∫
Ω

N

∑
i=1

(
∂un

∂xi

)2

dx+ |hn|2W 1,2(∂Ω )

]
.

(6.8)
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But if λ is sufficiently large, then by Theorem 3.4.1 the sesquilinear form

∫
Ω

(
N

∑
i, j=1

ai j
∂ v
∂ xi

∂u
∂x j

+
N

∑
i=1

biv
∂u
∂xi

+dvu

)
dx+λ

∫
Ω

vudx

is W 1,2
0 (Ω)-elliptic, hence

∫
Ω

N

∑
i=1

(
∂un

∂ xi

)2

dx ≤ c2(|un|2L2(Ω)
+ |hn|2W1,2(∂Ω)

).

From this estimate and from (6.8), we get (6.1 bis) for un; now letting n → ∞ we
have the result for u. �

According to Lemma 5.2.2, Theorem 4.2.2, and the previous theorem, we have:

Theorem 1.2. Let Ω ∈ N4,1, A be the operator (6.1), γ ∈ C1.1(∂Ω), and let u ∈
W 1,2(Ω) be the solution of the problem Au = 0 in Ω , ∂ u/∂ν + γu = h on ∂Ω ,
h ∈ L2(∂Ω). Then

∫
Ω

∑
|i|≤1

∣∣Diu
∣∣2 ρ dx ≤ c(|u|2L2(Ω) + |h|2L2(∂Ω)).

We prove theorems analogous to Theorems 1.1, 1.2 for operators of order 2k and
for various problems; it is necessary to have inequalities of type (5.2.2). For that, it
is possible to use the results of J.L. Lions, E. Magenes [1].

Remark 1.1. We can prove more than what is proved in Theorem 1.1; if the solution
is unique for each h ∈W1,2(∂Ω), let us set:

M = {u ∈W 1,2(Ω),

(∫
Ω

∑
|i|≤1

∣∣Diu
∣∣2 ρ dx

)1/2

< ∞, Au = 0 in Ω}

with the natural topology. In this case the mapping h → u is an isomorphism T
of W 1,2(∂Ω) onto M; in Theorem 1.2: if there exists a unique solution for each
h ∈ L2(∂Ω) then h → u is an isomorphism T of L2(∂Ω) onto M. Cf. later in this
chapter.

6.1.2 The Very Weak Solution

Here we consider the case Ω ∈N2,1.

Theorem 1.3. Let us consider Ω ∈ N2,1, and let A be the operator (6.1), not
necessarily symmetric, satisfying the hypotheses of Lemma 5.1.4, h ∈ L2(∂Ω). Let u
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be the very weak solution of the Dirichlet problem Au = 0 in Ω ,u = h on ∂Ω in the
sense of Chap. 5. Then

∫
Ω

N

∑
i=1

(
∂u
∂xi

)2

ρ dx ≤ c|h|2L2(∂Ω )
. (6.9)

Proof. There exists a sequence hn ∈ C0,1(∂Ω), limn→∞ hn = h in L2(∂Ω), and
denote by un the associated solutions. Due to Theorem 4.2.1, we have un ∈W 2,2(Ω),
and according to Theorem 5.1.1:

∫
Ω
|un|2 dx ≤ c1

∫
∂Ω

|hn|2 dS. (6.9bis)

Let us set vn = unσ ,σ ∈N1,1, c2σ ≤ ρ ≤ c3σ . We have vn ∈W 1,2
0 (Ω), and

0 =
∫

Ω

( N

∑
i, j=1

ai j
∂vn

∂xi

∂un

∂x j
+

N

∑
i=1

bivn
∂un

∂xi
+dvnun

)
dx

=

∫
Ω

N

∑
i, j=1

ai j
∂un

∂xi

∂un

∂ x j
σ dx+

∫
Ω

N

∑
i, j=1

ai jun
∂un

∂x j

∂σ
∂xi

dx

+

∫
Ω

N

∑
i=1

biun
∂un

∂xi
σ dx+

∫
Ω

u2
ndσ dx.

(6.10)

The second integral on the right hand side in (6.10) can be written as

∫
Ω

N

∑
i, j=1

ai jun
∂un

∂xi

∂σ
∂ x j

dx =
1
2

∫
∂Ω

N

∑
i, j=1

ai j
∂σ
∂xi

(un)
2n j dS

− 1
2

∫
Ω

N

∑
i, j=1

u2
n

∂
∂x j

(
ai j

∂σ
∂ xi

)
dx,

(6.11)

then due to (6.9 bis), (6.10) we get (6.9) for un and letting n tend to infinity the result
follows. �

Let us denote

M = {u ∈ L2(Ω),
∫

Ω

N

∑
i=1

(
∂u

∂ xi

)2

ρ dx < ∞, Au = 0 in Ω}

and define on M the natural norm

|u|M =

(∫
Ω

u2dx+
∫

Ω

N

∑
i=1

(
∂u
∂xi

)2

ρ dx

)1/2

.
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The previous theorem proves that the mapping T : L2(∂Ω)→ M, T (h) = u is linear
and continuous. Then we have

Theorem 1.4. Let us consider Ω ∈N2,1, and let A be as in the previous theorem.
Then W 1,2(Ω)∩M is dense in M and the mapping S : W 1,2(Ω)∩M → L2(∂Ω),
S(u) = h can be extended by continuity to S ∈ [M → L2(∂Ω)].

Proof. Let u ∈ M. Using local charts (σ , t) as in 1.2.4, we define Ωs ⊂ Ω , where
the boundary ∂Ωs is the set of the points x defined by

x = y−n/s, y ∈ ∂Ω , (6.12)

with n the exterior normal at the point y ∈ ∂Ω ; without restriction of generality we
can assume that ∂Ωs is defined for s = 1,2, ..... There is a one-to-one correspon-
dence between ∂Ωs and ∂Ω . Moreover, in local charts we have

xs(σ) = y(σ)− 1
s

n(σ), |i| ≤ 2,

∣∣∣∣∣
∂ |i|xs

∂σ i1
1 . . .∂σ iN−1

N−1

∣∣∣∣∣≤ c1,

where c1 does not depend on s. There exists a function σ ∈ C1,1(Ω) equivalent to
ρ such that for x ∈ Ω and in a neighborhood of ∂Ω , σ(x) = t (in local charts, t
is the distance between x and ∂Ω along the normal n). If s is sufficiently large,
let us set σs(x) = σ(x)− 1/s, x ∈ Ω s. Now we use (6.11) for u and vs = uσs in
Ωs. According to the ellipticity of the sesquilinear form ∑N

i, j=1 ai jξiξ j , we obtain
immediately on ∂Ωs:

0 < c3 ≤−
N

∑
i, j=1

ai j
∂σs

∂xi
n j ≤ c4, (6.13)

where c3,c4 do not depend on s. From (6.10), (6.11), (6.13), it follows

∫
∂Ωs

u2 dS ≤ c5|u|2M, (6.14)

where c5 is independent of s. Let us denote by us the restriction of u to ∂Ωs.
Using the mapping (6.12) we compute (6.14) on ∂Ω ; now we can extract from
the sequence us a subsequence which is weakly convergent in L2(∂Ω). Let h be the
weak limit of this subsequence. Let f ∈ L2(Ω),v the weak solution of A∗v = f in
Ω , v = 0 on ∂Ω . We have v ∈W 2,2(Ω) according to Theorem 4.2.2, and it follows
that ∫

Ω
u f dx =

∫
∂Ω

h
( N

∑
i, j=1

a ji
∂v
∂x j

ni
)

dS,

whereupon theorem 5.1.2 implies that u is a very weak solution of the Dirichlet
problem with the boundary condition u = h on ∂Ω . We can find hn ∈ W 1/2,2(∂Ω),
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such that limn→∞ hn = h in L2(∂Ω); if un solves the problem Aun = 0 in Ω , un = hn

on ∂Ω , then un ∈ W 1,2(Ω), and by Theorem 1.3 limn→∞ un = u in M; moreover
(6.14) implies:

|un|2L2(∂Ω ) ≤ c5|un|2M. (6.15)

�
Exercise 1.1. The hypotheses are the same as in the previous theorem. For u ∈ M,
let us ∈ L2(∂Ωs) denote the restriction of u to ∂Ωs. Using (6.12) prove that us → u
in L2(∂Ω), where u is the trace of u on ∂Ω ; cf. J. Nečas [3].

6.1.3 The Case ∂Ω Non-smooth

Let us consider Ω1,Ω2, . . .Ωp ∈N2,1, Ω =∩p
i=1Ωi. Let us denote by Λi the set ∂Ω ∩

∂Ωi, and let Λi be open in ∂Ω , Λi ∩Λ j = /0 for i 
= j and meas (∂Ω −∪p
i=1Λi) =

0. If Ω ∈ M, cf. Chap. 5, we shall say that Ω ∈ R. The domains from R have
a “piecewise smooth boundary”.

We have

Lemma 1.1. Let us consider Ω ∈ R, h ∈ L2(∂Ω), h 
= 0 on Λi. Then there exists
a sequence of functions hn ∈W 1/2,2(∂Ω), supp hn ⊂ Λi, limn→∞ hn = h in L2(∂Ω).

Proof. We approximate h by g ∈ L2(∂Ω), supp g ⊂ Λi; we cover supp g with
domains G1,G2, . . . ,Gκ of the type G from 1.2.4 and let Ψj ∈ C∞

0 (G j) be such that
x ∈ supp g =⇒ ∑κ

j=Ψj(x) = 1. Let us set g j = gΨj, and approximate g j by g̃ j in
W 1,2(∂Ω), supp g̃ j ⊂ Λi ∩Gj, and extend g̃ j to Ω as in the proof of Lemma 5.1.1.
Then supp ∑κ

j=1 g̃ j ⊂ Λi, g̃ j ∈ W 1,2(∂Ω) and ∑κ
j=1 g̃ j approximates h in L2(∂Ω).

�
For each Ωi defined previously, we can construct a function σi ∈ C1,1(Ω i), i =

1,2, . . . , p, equivalent to dist (x,∂Ωi). Hereafter we shall use these notations.

Theorem 1.5. Let us consider Ω ∈R, h ∈ L2(∂Ω), supp h ⊂ Λα . Let u be a very
weak solution of the Dirichlet problem Au = 0 in Ω , u = h on ∂Ω , where A is the
operator as in Theorem 5.1.2. Then

∫
Ω

N

∑
i=1

(
∂u

∂xi

)2

σα dx ≤ c
∫

∂Ω
h2 dS. (6.16)

Proof. Let hn be as in Lemma 1.1, un the corresponding solution, un ∈ W 1,2(Ω).
According to Theorem 5.1.2 we have:

∫
Ω

u2
n dx ≤ c1

∫
∂Ω

h2
n dS. (6.17)
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Setting vn = unσα , we have vn ∈ W 1,2
0 (Ω); it follows from (6.10), (6.11) that

inequality (6.16) holds for un. When we pass to the limit limn→∞ un = u we get
(6.16) for u. �
Theorem 1.6. Let us consider Ω ∈R, h ∈ L2(∂Ω), u a very weak solution of the
Dirichlet problem Au = 0 in Ω , u = h on ∂Ω , where A is the operator as in Theorem
5.1.2. Then ∫

Ω

N

∑
i=1

(
∂u
∂ xi

)2

ρ dx+
∫

Ω
u2 dx ≤ c|h|2L2(∂Ω ). (6.18)

Proof. Indeed, we observe that h can be approximated in L2(∂Ω) by ∑p
α=1 hα ,

supp hα ⊂ Λα , and (6.16) implies:

∫
Ω

N

∑
i=1

(
∂uα
∂xi

)2

ρ dx ≤ c1

∫
Ω

N

∑
i=1

(
∂ uα
∂ xi

)2

σα dx ≤ c3

∫
∂Ω

h2
α dS.

�
Let us remark that it is possible to obtain Theorem 1.4 and the convergence

as in Exercise 1.1 in the case Ω ∈ R with other interesting properties (found in
applications); cf. the paper of the author [3].

Problem 1.1. Prove Theorem 1.5 if Ω ∈N0,1.

Remark 1.2. In Neumann, Newton problems, i.e Au = 0 in Ω , ∂u/∂n+ γu = h on
∂Ω , γ ∈ C0,1(∂Ω), h ∈ W−1,2(∂Ω), cf. Chap. 5, Sect. 5.2, according to Corollary
5.2.1 and (6.18) we have:

∫
Ω

N

∑
i=1

(
∂ u
∂xi

)2

ρ dx ≤ c|h|2W−1,2(∂Ω). (6.19)

6.2 The Dirichlet Problem and Spaces W k,p
σ

6.2.1 Density Theorem

In the previous section we have considered the space of u ∈ L2(Ω) such that

∫
Ω

N

∑
i=1

(
∂ u
∂xi

)2

ρ dx < ∞.

In a more general case, let Ω be a bounded domain (the case of an unbounded
domain also is possible), and σ a function from C(Ω), σ > 0 in Ω . Let us define
for p ≥ 1, k an integer:

W k,p
σ (Ω)≡ {u, ∑

|i|≤k

∫
Ω

∣∣Diu
∣∣p σ dx ≡ |u|p

Wk,p
σ (Ω)

< ∞}.
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If v,u ∈W k,2
σ (Ω), we put

(v,u)
W k,2

σ (Ω)
= ∑

|i|≤k

∫
Ω

DivDiuσ dx.

If σ ∈Ck(Ω), let us denote:

Hk,2
σ (Ω)≡ {u, ∑

|i|≤k

∫
Ω

∣∣Di(uσ)
∣∣2 σ−1 dx ≡ |u|2

Hk,2
σ (Ω)

< ∞},

and for v,u ∈ Hk,2
σ (Ω)

(v,u)
Hk,2

σ (Ω)
=

∫
Ω

∑
|i|≤k

Di(vσ)Di(uσ)σ−1 dx.

Now let us consider a weight σ ∈C(Ω), σ > 0 in Ω and let us assume that Ω ∈N0

and that in the local charts (x′r,xrN), r = 1,2, . . . ,m:

c1σ(x)≤ xrN −ar(x
′
r)+κr(x

′
r)≤ c2σ(x), (6.20)

where c1,c2, are constants, and 0≤ κr(x′r)≤ c3, where c3 is another constant; κr(x′r)
is a function defined in Δr.

We have:

Theorem 2.1. Let us consider Ω ∈ N0,σ a weight satisfying (6.20). Let α ≥ 0.
Then C∞(Ω) is dense in W k,p

σ α (Ω).

Proof. Let u ∈ W k,p
σ α (Ω) and ur = uϕr; for ϕr, Ur, Vr, etc. cf. 1.2.4. We have ur ∈

W k,p
σ α (Ω). Let 1 ≤ r ≤ m, and let us suppose in the charts (x′r,xrN):

λ > 0, urλ (x
′
r,xrN) = ur(x

′
r,xrN +λ ), x /∈Vr =⇒ urλ (x) = 0.

We have in W k,p
σ α (Ω):

lim
λ→0

urλ = ur. (6.21)

To prove this, let us consider Diurλ , |i| ≤ k, and denote Diur = g. We have:

(∫
Vr

|g(x′r,xrN)−g(x′r,xrN +λ )|pσ α(x)dx

)1/p

≤c1

(∫
Vr

|g(x′r,xrN)σ α/p(x′r,xrN)−g(x′r,xrN +λ )σ α/p(x′r,xrN +λ )|p dx

)1/p

+c1

(∫
Vr

|g(x′r,xrN +λ )|p[σ α/p(x′r,xrN +λ )−σ α/p(x′r,xrN)]
p dx

)1/p

.

(6.22)
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Let ε > 0. According to (6.20), there exists 0 < δ < β/4, such that for λ ≤ δ ,
Vrδ = {x ∈ R

N , x = (x′r,xrN), |xri|< α , i = 1,2, . . . ,N −1, ar(x′r)< xrN < ar(x′r)+
δ}, we have:

c1

(∫
Vrδ

|g(x′r,xrN +λ )|p[σ α/p(x′r,xrN +λ )−σ α/p(x′r,xrN)]
p dx

)1/p

≤ ε/3.

However,

lim
λ→0

(
1− σ(x′r,xrN)

σ(x′r,xrN +λ )

)
= 0

uniformly for

x′r ∈ Δr, ar(x
′
r)+ δ/2 ≤ xrN ≤ ar(x

′
r)+β/2, 0 ≤ λ ≤ β/2

and we can find λ0 > 0, such that λ ≤ λ0 =⇒

c1

(∫
Vr−Vrδ

|g(x′r,xrN +λ )|p[σ α/p(x′r,xrN +λ )−σ α/p(x′r,xrN)]
p dx

)1/p

< ε/3.

Now using Theorem 2.1.1, we find λ1 such that λ < λ1 =⇒

c1

(∫
Vr

|σα/p(x′r,xrN +λ )g(x′r,xrN +λ )−σ α/p(x′r,xrN)g(x
′
r,xrN)|p dx

)1/p

≤ ε/3,

and then (6.22) and the previous computations imply (6.21). We have urλ ∈
W k,p(Ωλ ) for λ > 0 where Ω ⊂ Ωλ , and using the regularization operator with h
sufficiently small, by Theorem 2.3.1 on Ω , we can construct a sequence of functions
urλ n ∈ C∞(Ω), such that limn→∞ urλ n = urλ in W k,p(Ω) and a fortiori in W k,p

σ α (Ω).
We have um+1 ∈ W k,p(Ω), supp um+1 ⊂ Ω and hence also limλ→0 um+1,λ = um+1

in W k,p(Ω), and then in W k,p
σ α (Ω). �

Remark 2.1. Without difficulty we prove that for Ω ∈ N0,1, ρ(x) = dist (x, ∂Ω)
satisfies (6.20) with κr ≡ 0. If y ∈ ∂Ω , Ω ∈ N0, σ = |x− y| and if there exists
a cone with vertex y in the complement of Ω , with axis parallel to the axis xrN ,r
well chosen, y ∈ Ur, then σ satisfies the condition (6.20) with κr(x′r) = |y− x•|,
x• = (x′r,ar(x′r)).

6.2.2 The Trace Problem

We define traces as in Chap. 2, Sect. 4.2, using the mapping T : C∞(Ω)→ Lp(∂Ω):
for u ∈C∞(Ω ), Tu = u on ∂Ω ; here we shall prove only:
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Theorem 2.2. Let Ω ∈N0,1, σ satisfying (6.20), 0 ≤ α < p−1. Then the mapping
T can be extended by continuity to T ∈ [W 1,p

σ α (Ω)→ Lp(∂Ω)].

Proof. According to (6.20) and Remark 2.1, we have W 1,p
σ α (Ω) ⊂ W 1,p

ρα (Ω) alge-
braically and topologically, where ρ(x) = dist(x,∂Ω). It is enough to consider the
last spaces.

In local charts (x′r,xrN), we have for u ∈C∞(Ω ):

u(x′r,ar(x
′
r)) = u(x′r,η)−

∫ η

ar(x′r)

∂ u
∂ xrN

(x′r,ξ )dξ , ar(x
′
r)≤ η ≤ ar(x

′
r)+β ,

thus

|u(x′r,ar(x
′
r)|p ≤ 2p−1

[
|u(x′r,η)|p +

(∫ ar(x′r)+β

ar(x′r)
(ξ −ar(x

′
r))

−α(p−1)dξ
)p−1

]
×

×
[∫ ar(x′r)+β

ar(x′r)

∣∣∣∣ ∂u
∂xrN

(x′r,ξ )
∣∣∣∣

p

(ξ −ar(x
′
r))

α dξ
]
.

(6.23)
Integrating (6.23) with respect to η ∈ [ar(x′r)+β/2,ar(x′r)+β ], we get:

|u(x′r,ar(x
′
r))|p ≤ c1

[∫ ar(x′r)+β

ar(x′r)+β/2
|u(x′r,ξ )|p dξ

+

∫ ar(x′r)+β

ar(x′r)

∣∣∣∣ ∂ u
∂xrN

(x′r,ξ )
∣∣∣∣

p

(ξ −ar(x
′
r))

α dξ
]
,

(6.24)

and by integration with respect to x′r on Δr we get the result. �
Example 2.1. If α = p− 1, then Theorem 2.2 does not hold in general. Let Ω =
{x,0 < xi < 1/2}, and let us put

u(x) =
∫ xN

1/2

dt

t logt
;

we have u ∈W 1,p
ρ p−1 , but

−
∫ 1/2

0

dt
t logt

= ∞.

Cf. also E.T. Poulsen [1].

Exercise 2.1. Modify Lemma 2.5.2 (it is possible to modify Theorem 2.5.3 and
the converse theorems; we can use the methods from Chap. 2, Sect. 5.2; cf. also
P.I. Lizorkin [1], J.L. Lions [7]) in the following direction: let
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∫
Δ

(
|u|p +

∣∣∣∣ ∂u
∂x1

∣∣∣∣
p

+

∣∣∣∣ ∂u
∂x2

∣∣∣∣
p)

(x1 − x2)
α dx < ∞, p > 1,−1 < α < p−1.

Then we get

∫ 1

0

∫ 1

0

|u(t, t)−u(τ,τ)|p
|t − τ|p−α dt dτ ≤ c

∫
Δ

(
|u|p +

∣∣∣∣ ∂u
∂x1

∣∣∣∣
p

+

∣∣∣∣ ∂u
∂x2

∣∣∣∣
p)

(x1 − x2)
α dx.

Hint: Use the Hardy inequalities given in 2.5.2.

6.2.3 Some Imbedding Theorems

We prove as in Lemma 2.5.1:

Lemma 2.1. Let p> 1, α 
= p−1,
∫ ∞

0 |u(x)|pxα dx<∞. Then we have for α < p−1

∫ ∞

0

(∫ x

0
|u(ξ )|dξ

)p

xα−p dx ≤
(

p
p−1−α

)p ∫ ∞

0
|u(x)|pxα dx (6.25)

and for α > p−1

∫ ∞

0

(∫ ∞

x
|u(ξ )|dξ

)p

xα−p dx ≤
(

p
α − p+1

)p ∫ ∞

0
|u(x)|pxα dx. (6.26)

We denote by W k,p
0,σ α (Ω) (resp. by Hk,2

0,σ α (Ω)) the closure of C∞
0 (Ω) in W k,p

σ α (Ω)

(resp. in Hk,2
σ α (Ω)).

Theorem 2.3. Let Ω ∈N0, α > p−1, p > 1, and suppose σ satisfies (6.20). Then
W k,p

0,σ α (Ω)⊂W k−l,p
0,σ (α−l p)(Ω), l = 1,2, . . .k, algebraically and topologically. Moreover

for u ∈W k,p
0,σ α (Ω),

c1|u|Wk,p
σα (Ω)

≤
(

∑
|i|=k

∫
Ω
|Diu|pσα dx

)1/p

≤ c2|u|Wk,p
σα (Ω)

.

Proof. Let u∈C∞
0 (Ω); it is sufficient to consider the case k= 1. According to (6.25),

we have
∫

Vr

|u(x)|pσ (α−p)dx ≤ c3

∫
Δr

dx′r
∫ ar(x′r)+β

ar(x′r)
|u(x′r,xrN)|p(xrN −ar(x

′
r)+κr(x

′
r))

α−p dxrN

≤ c4

∫
Δr

dx′r
∫ ar(x′r)+β

ar(x′r)

∣∣∣∣∂u(x′r,xrN)

∂xrN

∣∣∣∣
p

(xrN −ar(x
′
r)+κr(x

′
r))

α dxrN

≤ c5

∫
Vr

∣∣∣∣ ∂u
∂xrN

∣∣∣∣
p

σ α dx.

(6.27)
�
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Theorem 2.4. Let Ω ∈N0, p > 1, α > p−1, and suppose σ satisfies (6.20). Then
W 1,p

σ α (Ω)⊂ Lp
σ (α−p) (Ω) algebraically and topologically.

Proof. Using a partition of unity as in 1.2.4, we consider ur = uϕr, u ∈ W 1,p
σ α .

Obviously,
|ur|W 1,p

σα (Vr)
≤ c1|u|W 1,p

σα (Ω)
. (6.28)

Using (6.26), and computing as in (6.27), it is sufficient to assume u ∈ C∞(Ω) and
use Theorem 2.1. �
Theorem 2.5. Let Ω ∈ N0, p > 1, α > p− 1 (resp. α < p− 1), and suppose σ
satisfies (6.20). Let α1 > α . Then the imbedding W 1,p

σ α (Ω) → Lp

σ (α1−p) (Ω) (resp.

W 1,p
0,σ α (Ω)→ Lp

σ (α1−p)(Ω)) is compact.

Proof. Let us consider first the case α > p− 1 and the unit ball |u|
W 1,p

σα (Ω)
≤ 1. In

Lp

σ (α1−p)(Ω), for each ε > 0, there exists an ε-net. Indeed, let us denote:

Vλ = {x,x = (x′r,xrN), x′r ∈ Δr, ar(x
′
r)< xrN < ar(x

′
r)+λ}, λ ≤ β .

We can find a sufficiently small λ > 0 such that

|u|
W 1,p

σα (Ω)
≤ 1 =⇒ |u|Lp

σ(α1−p) (Vλ )
≤ ε/3m. (6.29)

Indeed we have, for u ∈ C∞(Ω ), ar(x′r) < xrN < ar(x′r) + λ , ar(x′r) + β/2 < y <
ar(x′r)+β ,

|u(x′r,xrN)|p ≤ c1

[
|u(x′r,y)|p +

(∫ y

xrN

(ξ −ar(x
′
r)+κr(x

′
r))

−α/(p−1)dξ
)p−1

×

×
∫ ar(x′r)+β

ar(x′r)

∣∣∣∣ ∂ u
∂ xrN

(x′r,ξ )
∣∣∣∣

p

σ α dξ
]
.

(6.30)
Let us integrate with respect to y ∈ (ar(x′r)+β/2 < y < ar(x′r)+β ). We get

|u(x′r,xrN)|p ≤ c2

∫ ar(x′r)+β

ar(x′r)+β/2
|u(x′r,y)|pσ α−p dy

+c2(xrN −ar(x
′
r)+κr(x

′
r))

(p−1)
∫ ar(x′r)+β

ar(x′r)

∣∣∣∣ ∂ u
∂ xrN

(x′r,ξ )
∣∣∣∣

p

σ α dξ ,

and then



294 6 Boundary Value Problems in Weighted Sobolev Spaces

∫ ar(x′r)+λ

ar(x′r)
|u(x′r,xrN)|pσ α1−p dxrN

≤ c3[(c4 +λ )α1−p+1− cα1−p+1
4 ]

∫ ar(x′r)+β

ar(x′r)+β/2
|u(x′r,y)|pσα−p dy

+ c5[(c6 +λ )(α1−α)− c(α1−α)
6 ]

∫ ar(x′r)+β

ar(x′r)

∣∣∣∣ ∂ u
∂ xrN

(x′r,ξ )
∣∣∣∣

p

σ α dξ ,

(6.31)

where 0 ≤ c4,0 ≤ c6.
From (6.31) we get the inequality (6.29).
If α < p−1, we have for ϕ ∈C∞

0 (Ω), ar(x′r)< xrN < ar(x′r)+λ :

|u(x′r,xrN)|p ≤ c7

(∫ xrN

ar(x′r)
(ξ −ar(x

′
r)+κr(x

′
r))

−α/(p−1)dξ
)(p−1)

×

×
∫ ar(x′r)+β

ar(x′r)

∣∣∣∣ ∂u
∂xrN

(x′r,ξ )
∣∣∣∣

p

σ α dξ ,

thus

∫ ar(x′r)+λ

ar(x′r)
|u(x′r,xrN)|pσ (α1−p)dxrN

≤ c8((c9 +λ )(α1−α)− c(α1−α)
9 )

∫ ar(x′r)+β

ar(x′r)

∣∣∣∣ ∂ u
∂ xrN

(x′r,ξ )
∣∣∣∣

p

σ α dξ

which implies (6.29), where c9 ≥ 0.
Let Ω1 = Ω −⋃m

i=1 Vi. It follows from Theorem 2.6.1 that there exists an ε/3-net
for the set of u such that |u|

W1,p
σα (Ω1)

≤ 1, say u1,u2, . . . ,uh; it is an ε-net in Lp
σ α1−p(Ω)

as well. �

6.2.4 The Dirichlet Problem, Very Weak Solution

Let Ω be a bounded domain, and A be the operator

A = ∑
|i|,| j|≤k

(−1)|i|Di (ai jD
j) ,

with the associated sesquilinear form A(v,u). Let σ ∈ Ck,1(Ω), σ > 0 a weight on
Ω satisfying (6.20). We have the fundamental theorem, cf. also M.I. Vishik [4]:

Theorem 2.6. Let us consider Ω ∈N0, σ ∈Ck,1(Ω), σ > 0, satisfying (6.20). We
assume the sesquilinear form A(v,u) is W k,2

0 (Ω)-elliptic with coefficients ai j from
C0,1(Ω ), which are real functions for |i|= | j|= k and for real numbers ξi satisfy
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1
2 ∑
|i|=| j|=k

(ai j +a ji)ζiζ j ≥ c ∑
|i|=k

ζ 2
i . (6.32)

Let us assume f ∈W−k,2(Ω) and u be the solution of the Dirichlet problem Au = f
in Ω ,u ∈W k,2

0 (Ω). Then

|u|
W k,2

σ (Ω)
≤ c(α)| f |

(W k,2
0,σ−α (Ω))′ , (6.33)

where α is an arbitrary number, 0 < α < 1.1 The Green operator G : W k,2(Ω)×
W−k,2(Ω)→W k,2(Ω) corresponding to the problem Au= f in Ω , u−u0 ∈W k,2

0 (Ω)
can be extended continuously to a mapping

G ∈ [W k,2
σ α (Ω)×W−k,2

σ α (Ω)→W k,2
σ α (Ω)], W−k,2

σ α (Ω) =
(

W k,2
0,σ−α (Ω)

)′
.

Proof. Let us consider Aλ (v,u) = A(v,u)+λ (v,u), where λ will be fixed later. Let
v = uσ ;v ∈W k,2

0 (Ω), and let us write:

Aλ (σu,u) =
∫

Ω
∑

|i|,| j|=k

ai jD
iuD juσ dx+λ

∫
Ω
|u|2σ dx+Z(u),

where Z(u) is a sum of integrals of following type:

∫
Ω

aDiuDjudx, |i|= k−1, | j|= k, a real, a ∈C0,1(Ω ), (6.34a)

∫
Ω

aDiuDjudx, |i| ≤ k−2, | j|= k, a real, a ∈ L∞(Ω), (6.34b)

∫
Ω

aDiuD judx, |i| ≤ k−1, | j| ≤ k−1, a real, a ∈ L∞(Ω). (6.34c)

Let us consider first (6.34b). We have, according to Theorem 2.3:

∣∣∣∣
∫

Ω
aDiuDjudx

∣∣∣∣≤ c1|u|Wk,2
σ (Ω)

(∫
Ω
|Diu|2σ−1 dx

)1/2

≤ c2|u|Wk,2
σ (Ω)

(∫
Ω
|Diu|2σ−2 dx

)1/2

≤ c3|u|W k,2
σ (Ω)

|u|W k−1,2(Ω).

(6.35)

1We can use W k,2
0,σ−1σ2

(Ω ) instead of W k,2
0,σ−α (Ω ), where σ2 is of logarithmic type. The idea can be

found in M.I. Vishik [4]. Cf. an exercise later on in this chapter.
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Concerning (6.34c), we get:

∣∣∣∣
∫

Ω
aDiuDjudx

∣∣∣∣≤ c4|u|2W k−1,2(Ω)
. (6.36)

Let us consider (6.34a); by integration by parts, we obtain:

∫
Ω

aDiuDjudx =
∫

Ω
aDαuDβ udx+R(u),

where R(u) is a sum of integrals of the type (6.34c); the multi-indices α,β are such
that βiτ −αiτ = 1, τ = 1,2, . . . ,h1, β jτ −α jτ = 0, τ = 1,2, . . . ,h2, βlτ −αlτ = −1,
i = 1,2, . . . ,h3. Let γi = min(αi,βi), γ = (γ1,γ2, . . . ,γN). We have

∫
Ω

aDαuDβ udx =
∫

Ω
a

∂ (|α|−|γ|)

∂xl1∂xl2 . . .∂xlh3

Dγu
∂ (|β |−|γ|)

∂xi1∂ xi2 . . .∂xih1

Dγudx.

Let us fix the index i1, and let δ = (δ1,δ2, . . . ,δN), |δ |= |α|− |γ|,

δm = 0 for m 
= l1, . . . , lh3 , i2, . . . , ih1 ,

δm = 0 or 1 in the opposite case.

Let us denote by M the set of these δ and let δ ′ ∈ M be the complementary index.
By integration by parts, we get

∫
Ω

aDαuDβ udx =

(
2|δ |
|δ |

)−1

∑
δ∈M

∫
Ω

aDδ (Dγ u)
∂

∂xi1
Dδ ′

(Dγ u)) dx+S(u),

where S(u) is a sum of integrals of the type (6.34c).
We have

Re
∫

Ω
aDα uDβ udx

=

(
2|δ |
|δ |

)−1 1
2 ∑

δ∈M

∫
Ω

a
∂

∂xi1

[
Dδ (Dγ u)Dδ ′(

Dγ u)
]

dx+Re S(u).
(6.37)

By integrations by parts, we can write the first integral on the right hand side of
(6.37) as a sum of integrals of the type (6.34c). Concerning the integral (6.34a) we
get ∣∣∣∣Re

∫
Ω

aDiuDjudx

∣∣∣∣≤ c5|u|2Wk−1,2(Ω)
. (6.38)

From (6.32), (6.35), (6.36), (6.38) it follows that
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Re Aλ (σu,u)

≥ c6

∫
Ω

∑
|i|=k

|Diu|2σ dx+ c6

∫
Ω
|u|2σ dx− c7|u|2W k−1,2(Ω)

+ (λ − c6)

∫
Ω
|u|2σ dx.

(6.39)
We have

|u|
W k,2

σ (Ω)
≤ c8(

∫
Ω

∑
|i|=k

|Diu|2σ dx+
∫

Ω
|u|2σ dx). (6.40)

To prove this, we use Theorem 2.7.6, so that Ω ′ ⊂ Ω ′ ⊂ Ω implies

|u|2Wk−1,2(Ω ′) ≤ c9(Ω ′)(
∫

Ω
∑
|i|=k

|Diu|2σ dx+
∫

Ω
|u|2σ dx). (6.41)

To estimate
∫

Ω |Diu|2σ dx, |i|= k−1, we use (6.49). Then we obtain:

∫
Ω

∑
|i|=k−1

|Diu|2σ dx ≤ c10(

∫
Ω

∑
|i|=k

|Diu|2σ dx+
∫

Ω
|u|2σ dx). (6.42)

The estimate of integrals
∫

Ω |Diu|2σ dx, |i| ≤ k − 2, follows from (6.42), and
applying Theorem 2.7.6, we get (6.40).

If 0 < ε < 1, we have

|u|
Wk,2

σ1+ε (Ω)
≤ c11|u|W k,2

σ (Ω)
; (6.43)

on the other hand, from (6.43) and Theorem 2.5, it follows that the imbedding
W k,2

σ 1+ε (Ω) ⊂ W k−1,2(Ω) is compact. Then we can apply Lemma 2.6.1 and find,
according to (6.39), (6.40), λ sufficiently large such that

Re Aλ (σu,u)≥ c12|u|2W k,2
σ (Ω)

. (6.44)

Let us fix this λ and let ω ∈W k,2
0 (Ω) be the solution of the problem Aω +λ ω = f

in Ω . Due to (6.44) we have:

c12|ω |2
W k,2

σ (Ω)
≤ Re 〈ωσ , f 〉. (6.45)

For ω ∈W k,2
0 (Ω) we have

|ωσ |
W k,2

σ−α
≤ c13|ω|

W k,2
σ (Ω)

. (6.46)
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Indeed,

|ωσ |2
W k,2

σ−α
≤ c14( ∑

|i|=k

∫
Ω
|Diω |2σ (2−α) dx+ ∑

|i|≤k−1

∫
Ω
|Diω |2σ−α dx)

≤ c15 ∑
|i|=k

∫
Ω
|Diω |2σ dx+ c14 ∑

|i|≤k−1

∫
Ω
|Diω |2σ−α dx.

It is sufficient to apply Theorem 2.4 to obtain (6.46). It follows also that ωσ ∈
W k,2

0,σ−α (Ω), and then (6.46) and (6.45) imply

|ω |
W k,2

σ (Ω)
≤ c16| f |W−k,2

σα (Ω)
. (6.47)

As a particular case of (6.47), according to |u|Wk−1,2(Ω) ≤ c19|u|W k,2
σ (Ω)

used

previously we have
|ω |L2(Ω) ≤ c20| f |W−k,2

σα (Ω)
. (6.48)

Let w ∈W k,2
0 (Ω) be the solution of problem Aw = λ ω in Ω . We have

|w|W k,2(Ω) ≤ c21|ω |L2(Ω) ≤ c22| f |W−k,2
σα (Ω)

. (6.49)

But the solution of the problem Au = f in Ω ,u ∈W k,2
0 (Ω), is equal to ω +w, hence

(6.33) follows. According to Theorem 2.1, the space W k,2(Ω) is dense in W k,2
σ α (Ω);

obviously W−k,2(Ω) is dense in W−k,2
σ α (Ω)

. �

Exercise 2.2. Let σ be as in the previous theorem. With the hypotheses given in this
theorem prove that W 1,p

σ ⊂ Lp
σ1(Ω), where σ1 =σ−1 |log(σ/2M)|−λ , λ > 2, σ ≤M.

Cf. also M.I. Vishik [4]. Modify Theorem 2.6 taking into account this result.

Remark 2.2. If Ω ∈R, cf. 6.1.3, with Ω = ∩p
i=1Ωi, Ωi ∈Nk+1,1, there exists σi ∈

Ck,1(Ωi), equivalent to ρ in Ωi, where σi satisfies the condition (6.20).

Remark 2.3. If Ω ∈ N0,1, by Theorem 2.3 it follows that the generalized solution
obtained in Theorem 2.6 has traces on ∂Ω for u, ∂u/∂n, . . .∂ k−1u/∂ nk−1 in the
sense of this theorem, computed from us.

Problem 2.1. With the hypotheses as in Theorem 2.6, is the following inequality

|u|
W k,2

σ (Ω)
≤ c| f |

W−k,2
σα

true?
If f and the coefficients ai j of the operator are smooth in Ω , the solution u from

the previous theorem is also smooth.
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Example 2.2. Let Ω be a conical domain, with vertex at the origin and placed in the
half space xN ≥ 0. Then with obvious conditions, σ(x) = xN satisfies the hypotheses
given in the theorem.

Example 2.3. For Ω ∈N0, we assume that there exists a ball of fixed radius such
that for each y in the complement �Ω of Ω , in particular for y ∈ ∂Ω , it is possible
to put this ball B in �Ω in such a way that y ∈ ∂B. Under obvious conditions σ(x) =
dist (x,∂B) satisfies the hypotheses of the previous theorem.

Remark 2.4. Let Ω be a bounded domain such that Ω ⊂ Ω1, Ω1 ∈N0, σ ∈C(Ω1)

satisfies the condition (6.20) for Ω1. Then for W k,2
0,σ α , Theorems 2.3, 2.4, 2.5 hold.

Moreover Theorem 2.6 is satisfied.
As a consequence of the previous theorem, we obtain a theorem whose signif-

icance will be given in the next chapter: in the case N = 3 and for domains such
that for all y ∈ �Ω there exists a ball with fixed radius which does not depend on y,
B ⊂ �Ω , y ∈ ∂B, we shall prove that the Dirichlet problem for an equation of order
2k has a “classical ” solution.

Theorem 2.7. Let Ω ∈ N0, σ ∈ Ck,1(Ω ),2 σ > 0 in Ω satisfying the condition
(6.20). Let us assume that the sesquilinear form A(v,u) verifies the hypotheses of
Theorem 2.6. Let f ∈W−k,2(Ω), u be the solution of the problem Au = f in Ω ,u ∈
W k,2

0 (Ω). Then
|u|

Hk,2
σ−1

≤ c(| f |W−k,2(Ω) + | f |
W−k,2

σ−1 (Ω)
). (6.50)

Proof. Let u be the solution of the problem mentioned and λ as in Theorem 2.6. Let
us put u/σ = v. We have Re Aλ (v,σv)≥ c1|v|2

W k,2
σ (Ω)

, and then

c1|u|2Hk,2
σ−1

≥ Re Aλ (u/σ ,u). (6.51)

We have:

|Aλ (u/σ ,u)| ≤ ∣∣〈u/σ , f 〉∣∣+λ
∫

Ω

(|u|2/σ
)

dx

≤ |u|
H−k,2

σ−1
| f |

W−k,2
σ−1 (Ω)

+ c2|u|2W 1,2(Ω) ≤ |u|
H−k,2

σ−1
| f |

W−k,2
σ−1 (Ω)

+ c3| f |2W−k,2(Ω)
.
(6.52)

But
|u|

H−k,2
σ−1

| f |
W−k,2

σ−1 (Ω)
≤ (c1/2)|u|2

Hk,2
σ−1 (Ω)

+ (1/2c1)| f |2W−k,2
σ−1 (Ω)

;

this last inequality and (6.51), (6.52) imply the result. �

2Cf. Remark 2.4.



300 6 Boundary Value Problems in Weighted Sobolev Spaces

6.3 Sesquilinear Forms on W k,2
σ−1(Ω)×W k,2

σ (Ω)

6.3.1 The B,H2-ellipticity

We can generalize in a natural way the notion of V -ellipticity, cf. Chap. 3, for a pair
of Hilbert spaces.3 Let B(v,u) be a bounded sesquilinear form on H1×H2, i.e. linear
on H1 and antilinear on H2, with complex values and bounded:

|B(v,u)| ≤ c|v|H1 |u|H2 . (6.53)

Moreover let B be a Banach space, such that H1 ⊂ B algebraically and topologically.
We say that B(v,u) is H2-elliptic if

sup
|v|H1

≤1
|B(v,u)| ≥ c|u|H2 , (6.54)

and B-elliptic if
sup

|u|H2
≤1

|B(v,u)| ≥ c|v|B. (6.55)

We denote the scalar product on Hi by (ω ,w)Hi . We have:

Theorem 3.1. Let f ∈H ′
1, and let B(v,u) be a sesquilinear form which is H2-elliptic

and B-elliptic. Then there exists a unique u ∈ H2 such that for all v ∈ H1 we have
B(v,u) = f v. Moreover we have

|u|H2 ≤ (1/c)| f |H′
1
, (6.56)

where the constant c is the same as in (6.54).

Proof. By the Riesz theorem, for every u ∈ H2, there exists a unique element Zu ∈
H1 such that v ∈ H1 =⇒ B(v,u) = (v,Zu)H1 . The mapping Z ∈ [H2 → H1] is open:

sup
|v|H1

≤1
|(v,Zu)H1 |= sup

|v|H1
≤1

|B(v,u)| ≥ c1|u|H2 . (6.57)

The range ZH2 is closed in H1; from (6.57) it follows that Z−1(0) = 0. If ZH2 
= H1,
it will be possible to find v ∈ H1, v 
= 0, such that (v,Zu)H1 = 0 for all u ∈ H2. Then
(6.55) will imply v ≡ 0, which contradicts to the hypothesis; the inequality (6.56) is
a consequence of (6.57). �
Example 3.1. Let H1 be the set of sequences x = (x1,x2, . . . ) such that (x,y)H1 =

∑∞
n=1 n−αxnȳn, α a real number, and H2 the set of sequences x′ = (x′1,x

′
2, . . . ) such

3It is possible to replace H1,H2 by two reflexive Banach spaces.
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that (x′,y′)H2 =∑∞
n=1 nαx′nȳ′n. Denote B(x,x′) =∑∞

n=1 xnx̄′n. The form B is Hi-elliptic,
i= 1,2; let us prove, e.g., condition (6.54). Let x′ ∈H2, and x= (x′1,x

′
22α ,x′33α , . . . ).

Then ∑∞
n=1 |xn|2n−α = ∑∞

n=1 |x′n|2nα , hence x ∈ H1. But B(x,x′) = ∑∞
n=1 |x′n|2nα ; if

x∗ = (x/|x|H1), then we get B(x∗,x′) = |x′|2H2
.

The investigation of sesquilinear forms of the type ((v,u)) in Chap. 3 is not
sufficiently developed; the hypothesis of the regularity of the boundary ∂Ω of the
domain considered plays an essential role. In boundary value problems the most
natural pair H1, H2

4 is W k,p(Ω), W k,q(Ω), 1/p+1/q= 1, or Vp, Vq, where Vp =V ,
Vq = V with the set V such that C∞

0 (Ω) ⊂ V ⊂ C∞(Ω ) and the closures are taken
in W k,p(Ω), W k,q(Ω) respectively. Such pairs in the case of smooth boundary ∂Ω
are investigated in S. Agmon [2], M. Schechter[10], J.L. Lions, E. Magenes [3], L.
Mulkin, K.T. Smith [1]. Another pair is W k−θ ,2(Ω), W k+θ ,2(Ω), cf. Chap. 2. In this
case the results are due to N. Aronszajn [1], J. Nečas [9]. The first author assumes
∂Ω smooth, the second one assumes Ω ∈N0,1. In this section we shall consider for
H1,H2,B, various weighted spaces. We use the results in J. Nečas [7], A. Kufner [2,
3] and the ideas of M. I. Vishik [4]. In this direction there are many open problems.

6.3.2 Ellipticity of Sesquilinear Forms for W k,2
0,σ−α , W k,2

0,σα

Let σ ∈Ck−1,1(Ω) be a weight satisfying (6.20), and such that for |i| ≤ k,

∣∣Diσ
∣∣≤ cσ (1−|i|). (6.58)

Remark 3.1. If Ω ∈N0, y ∈ ∂Ω , then σ(x) = |x− y| satisfies (6.58). We have

Lemma 3.1. Let Ω ∈ N0,1. Then there exists σ ∈ C∞(Ω) ∩C0,1(Ω), such that
c1ρ(x) ≤ σ(x) ≤ c2ρ(x), and which satisfies (6.20) and (6.58); here ρ(x) =
dist (x,∂Ω).

Proof. Let α̃ < α,α defined as in 1.2.4, α̃ close to α and such the corresponding
sets Ũr,r = 1,2, . . . ,m verify ∂Ω ⊂∪m

r=1Ũr, supp ϕr ⊂ Ũr. For h < α − α̃ let us set,
with κ as in 2.1.3,

ar(x
′
r,h) =

1
κhN−1

∫
|y′r |<h

exp
|x′r − y′r|2

|x′r − y′r|2 −h2 ar(y
′
r)dy′r.

The function ar(x′r,h) is infinitely differentiable with respect to (x′r,h), |x′ri| < α̃,

i= 1,2, . . . ,N−1, 0< h< α− α̃ . By a simple computation using that ar ∈C0,1(Δ̃r),
we obtain

4Cf. the previous footnote.
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∣∣∣∣∣
∂ |i|ar

∂xi1
r1∂xi2

r2 . . . ,∂xiN−1
rN−1 ∂hiN

∣∣∣∣∣≤
c(|i|)
h|i|−1

, |i| ≥ 1. (6.59)

Let us set br(x′r,h) = ar(x′r,h)+ (c(1)+ 1)h; we have:

(c(1)+ 1)≤ ∂ br

∂ h
≤ 2(c(1)+ 1); (6.60)

let (α − α̃)/2 ≤ h0 < (α − α̃), such that if x′r ∈ Δ̃r, we have: br(x′r,h0)≤ ar(x′r)+β ,
and denote

Ar = {x ∈ R
N , x′r ∈ Δ̃r, ar(x

′
r)< xrN < br(x

′
r,h0)}. (6.61)

The inequalities (6.60) imply that to each point in Ar corresponds one and only one
point h in the interval (0,h0) such that xrN = br(x′r,h); the function h = hr(x′r,xrN)
is in C∞(Gr)∩C0,1(Gr) and h = 0, if x ∈ ∂Ω . Now from (6.61) we deduce:

∣∣Dihr(x)
∣∣≤ d(|i|)

h(|i|−1)
r

≤ e(|i|)
ρ (|i|−1)

.

Let us define
σr(x) = hr(x) for x ∈ Ṽr, σr(x) = 0 for x /∈ Ṽr,

σ(x) =
m

∑
r=1

σr(x)ϕr(x)+ϕm+1(x).

Using (6.60) we have in Ṽr:

c3ρ(x)≤ hr(x)≤ c4ρ(x).

Then we get

ρ(x) =
m+1

∑
r=1

ϕr(x)ρ(x)≤ c5
( m

∑
r=1

σr(x)ϕr(x)+ϕm+1(x)
)
= c5σ(x).

On the other hand,

σ(x) =
m

∑
r=1

σr(x)ϕr(x)+ϕm+1(x)≤ c6(
m

∑
r=1

ρ(x)ϕr(x)+ϕm+1(x)) ≤ c6ρ(x).

�
Let us consider the operator

A = ∑
|i|,| j|≤k

(−1)|i|Di(ai jD
j), ai j ∈ L∞(Ω),
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and define on C∞
0 (Ω)×C∞

0 (Ω)

A(v,u) =
∫

Ω
∑

|i|,| j|≤k

ai jD
ivDjudx. (6.62bis)

We have

Theorem 3.2. Let us consider Ω ∈ N0, σ satisfying (6.20) and (6.58), A(v,u)
defined in (6.62 bis) W k,2

0 (Ω)-elliptic. We choose H1 = W k,2
0,σ−α ,, H2 = W k,2

0,σ α . Then
there exist intervals Ii ⊂ (−1,1), i = 1,2, containing neighborhoods of the origin,
such that for α ∈ Ii the sesquilinear form A(v,u) is Hi-elliptic.

Proof. Let u ∈C∞
0 (Ω) and set v = uσ α . We have

A(v,u) = A(uσ α/2,uσ α/2)+B(u);

B(u) is a sum of terms of the type

∫
Ω

aDi′uDi′′σ αD judx, i′+ i′′ = i, |i′| ≤ k−1, (6.63)

and of the type

∫
Ω

aDi′uDi′′σ α/2D j′uD j′′σ α/2 dx, i′+ i′′ = i, j′+ j′′ = j, |i′|+ | j′| ≤ 2k−1.

(6.64)
Here a ∈ L∞(Ω) are given functions that do not depend on α . We have:

{
|Di′′σ α | ≤ c(i′′)|α|σ α−|i′′|,
|Dj′′σ α/2| ≤ c( j′′)|α|σ α/2−| j′′|.

(6.65)

Using Theorem 2.3, we get for (6.63),

∣∣∣∣
∫

Ω
aDi′uDi′′σ α D judx

∣∣∣∣≤ c|α|(
∫

Ω
|Di′u|2σ (α−2|i′′|) dx

)1/2|(
∫

Ω
|D ju|2σ α dx

)1/2

≤ c1|α||u|2
W k,2

σα (Ω)
.

By the same computations, we obtain

∣∣∫
Ω

aDi′uDi′′σ α/2D j′uD j′′σ α/2)dx
∣∣≤ c2|α||u|2

W k,2
σα (Ω)

,

and then
|B(u)| ≤ c3|α||u|2

Wk,2
σα (Ω)

. (6.66)
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According to the W k,2
0 -ellipticity of A(v,u), we have

|A(uσ α/2,uσ α/2)| ≥ c4|uσ α/2|2W k,2(Ω)
≥ c5|u|2Wk,2

σα (Ω)
;

using Theorem 2.3 it follows that

|uσ α |2
W k,2

σ−α (Ω)
≤ c6|u|2Wk,2

σα (Ω)
. (6.67)

If we set w = (v/|v|
Wk,2

σ−α (Ω)
), then we have

|A(w,u)| ≥ (c5 − c3|α|)(1/c6)|u|2W k,2
σα

(6.68)

and we have the W k,2
0,σ α -ellipticity for |α| < c5/c3. The W k,2

0,σ−α -ellipticity can be
derived in the same way. �
Problem 3.1. Determine the precise bounds of the intervals I1, I2.
Hint: Consider A(v,u)+λ (v,u), λ big enough.

Remark 3.2. If A(v,u) is a hermitian sesquilinear form, we have I1 =−I2.

Example 3.2. Let us consider Ω = (0,1)× (0,1) and the form

A(v,u) =
∫

Ω

(
∂v

∂x1

∂u

∂x1
+

∂ v

∂x2

∂ u

∂ x2

)
dx.

Let us set σ = x2, and let u ∈W 1,2
0,xα

2
(Ω), v = xα

2 u. We get

A(v,u) =
∫

Ω

(∣∣∣∣ ∂u
∂x1

∣∣∣∣
2

+

∣∣∣∣ ∂ u
∂ x2

∣∣∣∣
2
)

xα
2 dx+α

∫
Ω

x(α−1)
2 u

∂u
∂x2

dx

and obtain

Re α
∫

Ω
x(α−1)

2 u
∂u
∂x2

dx =
α
2
(1−α)

∫
Ω

x(α−2)
2 |u|2 dx.

If 1 ≥ α ≥ 0, then
α
2
(1−α)

∫
Ω

x(α−2)
2 |u|2 dx ≥ 0;

hence we have the W 1,2
0,xα

2
(Ω)-ellipticity, if 0 ≤ α < 1. If α < 0, then according to

(6.25)
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|α|
2
(1−α)

∫
Ω

x(α−2)
2 |u|2 dx ≤ 2|α|

1−α

∫
Ω

(∣∣∣∣ ∂ u
∂ x1

∣∣∣∣
2

+

∣∣∣∣ ∂ u
∂ x2

∣∣∣∣
2
)

xα
2 dx,

and this implies the W 1,2
0,xα

2
(Ω)-ellipticity for −1 < α ≤ 0.

Example 3.3. Let us consider

Ω = (0,1)N , A(v,u) =
∫

Ω

N

∑
i, j=1

∂ 2v
∂xi∂x j

∂ 2u
∂xi∂x j

dx,

the sesquilinear form associated to the operator�2. Let us choose σ = xN , and |α|<
1, H1 = W 2,2

0,σ−α (Ω), H2 = W 2,2
0,σ α (Ω). Then A(v,u) is H1-elliptic and H2-elliptic if

|α| < 1. Indeed: Let u ∈ W 2,2
0,σ α (Ω). If we set v = uσ α then according to Theorem

2.3 we have |v|
W 2,2

σ−α ,
(Ω)

≤ c|u|
W 2,2

σα (Ω)
. If i 
= N, we have

2Re
∫

Ω

∂ 2v
∂ xi∂xN

∂ 2u
∂xi∂xN

dx =

2
∫

Ω

∣∣∣∣ ∂ 2u
∂xi∂xN

∣∣∣∣
2

xα
N dx+α(1−α)

∫
Ω

∣∣∣∣ ∂u
∂xi

∣∣∣∣
2

x(α−2)
N dx.

(6.69)

On the other hand we have

Re
∫

Ω

∂ 2v

∂x2
N

∂ 2u

∂x2
N

dx =

2α(1−α)

∫
Ω

∣∣∣∣ ∂u
∂xN

∣∣∣∣
2

x(α−2)
N dx− (α/2)(1−α)(2−α)(3−α)

∫
Ω
|u|2x(α−4)

N dx.

(6.70)
Starting from (6.35) we get

∫
Ω
|u|2x(α−4)

N dx ≤ 4
(3−α)2

∫
Ω

∣∣∣∣ ∂u
∂xN

∣∣∣∣
2

x(α−2)
N dx, (6.71)

hence for 1 ≥ α ≥ 0,

Re
∫

Ω

∂ 2v

∂x2
N

∂ 2u

∂x2
N

dx ≥
(∫

Ω
|u|2x(α−4)

N dx

)
α
2
(1−α)(3−α).

We estimate (6.69) as in the previous example; the result follows for 0 ≤ α < 1.
Using Theorem 2.3, we obtain easily that for |α| < 1, Hk,2

0,σ α ,(Ω) = W k,2
0,σα (Ω)

algebraically and topologically. Hence for −1 < α ≤ 0 we have
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|A(uσα ,u)|= |A(v,vσ−α)| ≥ c1|v|2W 2,2
σ−α (Ω)

≥ c1|u|2H2,2
σα (Ω)

≥ c2|u|2W2,2
σα (Ω)

. (6.72)

Problem 3.2. Determine whether for σ ∈ Ck(Ω ) satisfying (6.20), the intervals
I1, I2 from Theorem 3.2 are equal to (−1,1). We can consider A(v,u)+ λ (v,u), λ
big enough, and ai j sufficiently smooth.

Example 3.4. Let Ω be bounded in R
N , N ≥ 3,

y ∈ ∂Ω , r = |x− y|, A(v,u) =
∫

Ω

N

∑
i=1

∂v
∂ xi

∂u
∂xi

dx.

If |α|< N−2, then A(v,u) is H1 and H2 elliptic if H1 =W 1,2
0,r−α (Ω), H2 =W 1,2

0,rα (Ω).
Indeed: if −N + 2 < α ≤ 0, then

Re A(urα ,u) =
∫

Ω

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣
2

rα dx+
α
2
(2−α −N)

∫
Ω
|u|2r(α−2) dx, (6.72bis)

and according to (6.25),

|urα |
W 1,2

r−α (Ω)
≤ c|u|

W 1,2
r−α (Ω)

(6.73)

(we use polar coordinates); inequality (6.73) holds for −N + 2 ≤ α. Now let us
consider |α|< N −2; we have algebraically and topologically

H1,2
0,rα (Ω) =W 1,2

0,rα (Ω). (6.74)

Using the same argument as in (6.72), we have the conclusion. If for instance Ω ∈
N0,1, (6.73), (6.74) are true for all α and our result holds for |α| ≤ N −2.

Remark 3.3. Let Ω be a bounded or unbounded domain, y ∈ ∂Ω be a fixed point.
Let us assume that there exists a cone with vertex y contained in �Ω . Let σ =
|x− y|. Then we have algebraically and topologically for every α and 0 ≤ l ≤ k:
W k,p

0,σ α (Ω)⊂W k−l,p
0,σα−pl (Ω).

Example 3.5. Let Ω be a bounded domain, N = 2 and y ∈ ∂Ω fixed. Let us assume
that there exists an infinite cone with vertex y and angle ω , 0 ≤ ω < 2π , contained
in �Ω ; if ω = 0, the cone degenerates into a half line. We consider

A(v,u) =
∫

Ω

( ∂v
∂x1

∂u
∂x1

+
∂v
∂x2

∂ u
∂ x2

)
dx.

Using the Fourier series, we obtain
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∫ l

0
|h(ϕ)|2dϕ ≤ l2

π2

∫ l

0
|h′(ϕ)|2dϕ (6.75)

for the function of the angular variable ϕ , h(ϕ), 0 < l ≤ 2π , h(ϕ) ∈ W 1,2
0 (0, l). Let

us choose σ = |x− y|. We have

u ∈W 1,2
0,σ α (Ω) =⇒ |uσ α |

W 1,2
σ−α (Ω)

≤ c1|u|W1,2
σα (Ω)

for all α . [The case ω = 0 is a special case, namely α = 0, but then there is nothing
to prove.] It follows from (6.25) and (6.26) using polar coordinates that

∫
Ω
|u|2r(α−2) dx ≤ 4

α2

∫
Ω

∣∣∣∣∂u

∂ r

∣∣∣∣
2

rα dx (6.76)

and taking into account (6.75) we get

∫
Ω
|u|2r(α−2) dx ≤ l2

π2

∫
Ω

∣∣∣∣ ∂u
∂ϕ

∣∣∣∣
2

r(α−2) dx, l = 2π −ω .

From this inequality and from (6.76) it follows

∫
Ω
|u|2r(α−2) dx ≤ 1

α2/4+π2/l2

∫
Ω

(∣∣∣∣ ∂ u
∂ x1

∣∣∣∣
2

+

∣∣∣∣ ∂ u
∂ x2

∣∣∣∣
2
)

rα dx.

Now (6.72 bis) implies that A(v,u) is W 1,2
0,σ−α -elliptic and W 1,2

0,σ α -elliptic for |α| ≤
2π/l.

Example 3.6. Under the same hypotheses as in the previous example, we consider

A(v,u) =
∫

Ω

(
∂ 2v

∂x2
1

∂ 2u

∂x2
1

+2
∂ 2v

∂x1∂ x2

∂ 2u
∂x1∂x2

+
∂ 2v

∂x2
2

∂ 2u

∂x2
2

)
dx, ω > 0.

For v = urα , we obtain

Re A(urα ,u) =
∫

Ω

(∣∣∣∣∂ 2u

∂x2
1

∣∣∣∣
2

+2

∣∣∣∣ ∂ 2u
∂ x1∂x2

∣∣∣∣
2

+

∣∣∣∣∂ 2u

∂x2
2

∣∣∣∣
2
)

rα dx

−α(α + 1)
∫

Ω

(∣∣∣∣ ∂u

∂x1

∣∣∣∣
2

+

∣∣∣∣ ∂u

∂x2

∣∣∣∣
2 )

r(α−2) dx−α(α −2)
∫

Ω

∣∣∣∣∂u

∂ r

∣∣∣∣
2

r(α−2) dx

+
α2(α −2)2

2

∫
Ω
|u|2r(α−4)dx.
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As in the previous example we obtain

∫
Ω

(∣∣∣∣ ∂ u
∂ x1

∣∣∣∣
2

+

∣∣∣∣ ∂u
∂x2

∣∣∣∣
2
)

r(α−2) dx

≤ 1
α2/4+π2/l2

∫
Ω

(∣∣∣∣∂ 2u

∂x2
1

∣∣∣∣
2

+2

∣∣∣∣ ∂ 2u
∂x1∂x2

∣∣∣∣
2

+

∣∣∣∣∂ 2u

∂x2
2

∣∣∣∣
2
)

rα dx,

where for 0 ≤ α the ellipticity holds if

α < 2/3

(√
(1+3π2/l2)−1

)
,

and by (6.72) if

|α|< 2/3

(√
(1+3π2/l2)−1

)
.

Remark 3.4. Let us remark that the coefficients in Theorem 3.2 belong to L∞(Ω).

Exercise 3.1. Let Ω be as in Example 3.3, decomposed into cubes Ωi with faces
parallel to the faces of Ω , Ω =∑κ

i=1 Ωi∪M, meas M = 0. Let us consider a function
constant in each Ωi, a(x) = ai > 0, x ∈ Ωi, and set

A(v,u) =
∫

Ω
a

N

∑
i, j=1

∂ 2v
∂xi∂x j

∂ 2u
∂xi∂x j

dx+λ (v,u).

For λ sufficiently large, prove for |α| < 1 the W 2,2
0,x−α

N
(Ω)-ellipticity and the

W 2,2
0,xα

N
(Ω)-ellipticity.

Exercise 3.2. Cf. A. Kufner [1]; the hypotheses are the same as in Example 3.5,
ω > 0. We decompose Ω into two parts Ω1, Ω2, by an half-line, with origin at
y ∈ ∂Ω , see Fig. 6.1.

Let a = ai in Ωi, ai > 0 be constants, i = 1,2, and let us consider the sesquilinear
form

A(v,u) =
∫

Ω
a

(
∂v
∂x1

∂u
∂x1

+
∂ v
∂x2

∂u
∂x2

)
dx.

Let ν be the angle as in Fig. 6.1, and κ =max(ν,2π −ω−ν). Prove the W 1,2
0,r−α (Ω)-

ellipticity and the W 1,2
0,rα (Ω)-ellipticity for |α|< π/κ .

Exercise 3.3. Prove Theorem 3.1 for systems.
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Ω

ω

ν

y

Fig. 6.1

6.3.3 The Dirichlet Problem

Consider f ∈W−k,2
σ α (Ω), u0 ∈W k,2

σ α (Ω), A(v,u) the sesquilinear form (6.63); assume

that σ satisfies (6.20) and (6.58). The function u ∈ W k,2
σ α (Ω) is a weak solution or

very weak solution of the problem Au = f in Ω , ∂ iu/∂ni = ∂ iu0/∂ni, i = 1,2, . . . ,
k−1 on ∂Ω , if for all v ∈W k,2

0,σ−α (Ω)

A(v,u) = 〈v, f 〉, (6.77)

u−u0 ∈W k,2
0,σ−α (Ω). (6.78)

Remark 3.5. Let Ω ∈ N0,1, σ = ρ with ρ(x) = dist (x,∂Ω), α > −1,
g ∈ L2

σ (α+2(k−|i|))(Ω), |i| ≤ k. Then Dig ∈ W−k,2
σ α (Ω); this is a direct consequence

of Theorem 2.3.

An immediate consequence of Theorems 3.2, 3.1 is

Theorem 3.3. Assume Ω ∈N0,1, σ ∈Ck−1,1(Ω), σ > 0 a weight satisfying (6.20)
and (6.58). Let A(v,u) be the sesquilinear form (6.63), W−k,2

0 (Ω)-elliptic, and H1 =

W k,2
0,σ−α (Ω), H2 =W k,2

0,σ α (Ω). Consider α ∈ I1∩ I2 (cf. Theorem 3.2), f ∈W−k,2
σ α (Ω),

u0 ∈W k,2
σ α (Ω). Then there exists a unique solution u of the Dirichlet problem and it

satisfies the estimate

|u|
Wk,2

σα (Ω)
≤ c(| f |

W−k,2
σα (Ω)

+ |u0|W k,2
σα (Ω)

). (6.79)

Theorem 3.4. Let us consider Ω ∈N0,1, σ ∈Ck−1,1(Ω),σ > 0 a weight satisfying
(6.20) and (6.58). Let A(v,u) be the sesquilinear form (6.63), W k,2

0 (Ω)-elliptic,



310 6 Boundary Value Problems in Weighted Sobolev Spaces

and H1 = W k,2
0,σ−α (Ω), H2 = W k,2

0,σ α (Ω). Let us assume W k,2
0,σ−α (Ω) ⊂ W k,2

0 (Ω) ⊂
W k,2

0,σ α (Ω) algebraically and topologically, which holds for α ≥ 0. The conclusion

of the previous theorem and (6.79) holds for α ∈ I2, f ∈W−k,2
σα (Ω), u0 ∈W k,2

σ α (Ω).

In this case it is sufficient to choose B =Wk,2
0 (Ω) to apply Theorem 3.1.

Remark 3.6. Consider Ω ∈ N0,1, σ(x) = dist (x,∂Ω), |α| < 1; condition (6.78)
gives a condition for traces u,∂u/∂n, . . .∂ k−1u/∂nk−1, cf. Theorem 2.3.

If ai j, f are smooth enough, then according to Theorem 4.1.2, the solution of the
Dirichlet problem is also smooth.

Example 3.7. Let Ω ⊂ R
2 be a bounded domain, y ∈ ∂Ω . Let us assume that there

exists a cone, contained in �Ω with vertex y and angle ω . Consider r = |x− y|,
A the operator given in (6.63), u0 = rγ λ (ϕ), λ (ϕ)∈Ck([0, l]), l = 2π−ω . We apply
Theorem 3.4 with 0<α , α ∈ I2. We obtain u0 ∈W k,2

rα if γ > k−α/2−1; in particular
for γ = k− 1. We can also consider boundary conditions as in Example 5.4.1.

6.3.4 The Neumann Problem and Other Problems

Consider a boundary value problem as in Chap. 3. Let a V -elliptic sesquilinear form
on W k,2(Ω)×W k,2(Ω) be given. Hereafter we shall assume that there exists a space
V , C∞

0 (Ω) ⊂ V ⊂C∞(Ω ), such that V =V in W k,2(Ω). Let us assume σ ∈C(Ω),

σ > 0 in Ω ,V k,2
σ α (Ω) ≡ V in W k,2

σ α (Ω). Let B be a normal Banach space, V k,2
σ−α ⊂ B

algebraically and topologically, Q a normal Banach space, Q = C∞
0 (Ω), such that

W k,2
σ−α ⊂ Q algebraically and topologically. Let f ∈ Q′, g ∈ (V k,2

σ−α (Ω))′, u0 ∈ W k,2
σα

such that for all ϕ ∈C∞
0 (Ω), gϕ = 0. Finally let us assume that the sesquilinear form

((v,u)) is B and V k,2
σ α elliptic. A function u ∈W k,2

σ α is a solution of the problem if

u−u0 ∈V k,2
σ α (6.80a)

v ∈V k,2
σ−α =⇒ ((v,u)) = 〈v, f 〉+gv. (6.80b)

We deduce from Theorem 3.1 the existence of a unique solution and the following
inequality:

|u|
W k,2

σ (Ω)
≤ c(| f |Q′ + |g|+ |u0|Wk,2

σ
). (6.81)

The only problem is to prove the B and W k,2
σα ellipticity.

We restrict ourselves to considering problems for which V = W k,2(Ω),
σ = |x− y|, y ∈ ∂Ω , or σ = log(2M/|x − y|),M = diam(Ω). The modifications
for mixed problems and for the case
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V = {v ∈W k,2(Ω),
∂ lu

∂nl =
∂ l+1u

∂nl+1 = . . .
∂ k−1u

∂ nk−1 = 0 on ∂Ω}

and others combinations are clear. For the weight σ mentioned and Ω ∈N0,1, the
traces on ∂Ω are well defined; we shall use another definition for V k,2

σ−α (Ω), V k,2
σ α (Ω)

without the hypothesis of the existence of a V , i.e. we define V k,2
σα = {v ∈ W k,2

σ α ,
Bisv = 0 on ∂Ω , i = 1,2, . . . ,κ , s = 1,2, . . . ,μi}; cf. 3.2.3.

6.3.5 An Imbedding Theorem for W k,p
rα (Ω)

Theorem 3.5. Let Ω ∈N0,1, α 
= p−N, y ∈ ∂Ω , 5 σ(x) = |x− y|. Assuming α >

p−N, the imbedding W 1,p
σ α (Ω) ⊂ Lp

σ (α−p) (Ω) is algebraic and topological. If α <

p−N, u ∈C(Ω)∩W 1,p
σ α (Ω), u(y) = 0, then |u|Lp

σ(α−p) (Ω) ≤ c|u|
W1,p

σα (Ω)
.

Proof. Without restriction of generality we can assume y = (0,0) in the system
(x′1,x1N). We can consider W 1,p

σ α (V1), cf. 1.2.4, using the partition of unity from

1.2.4; we take functions in W 1,p
σ α (V1) with support in V1 ∪Λ1, cf. 1.2.4. Let us apply

the mapping (2.47). Since the mapping x= T (y) and its inverse are both lipschitzian,
we obtain by Lemma 2.3.2: If u ∈W 1,p

σα (V1), v(y) = u(T (y)), then

c1|u|W 1,p
σα (V1)

≤ |v|
W 1,p

rα (K+)
≤ c2|u|W1,p

σα (V1)
, r(z) = |z|. (6.82)

Let us consider v ∈W 1,p
rα (K+), with support in K+∪Δ .

First, assume α < p−N.
It follows from (6.26) that

∫
K+

|v|prα−p+N−1 dr dS ≤ pp

|α +N − p|p
∫

K+

∣∣∣∣∂v

∂ r

∣∣∣∣
p

rα+N−1 dr dS

=
pp

|α +N − p|p
∫

K+

∣∣∣∣∂v
∂ r

∣∣∣∣
p

rα dx,

(6.83)

and with (6.82) we will get our assertion.
If α < p−N and u(y) = 0 we use inequality (6.20) with v and obtain (6.83), and

the result holds in the general case. �
We have also

5It is sufficient to assume ∂ Ω is lipschitzian in a neighborhood of y.
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Theorem 3.6. Let us assume the hypotheses as in the previous theorem. Then for
α 
= p−N (for α < p−N, u(y) = 0)

(∫
∂Ω

|u|pr(α−p+1)dS

)1/p

≤ c|u|
W1,p

rα (Ω)
.

Proof. Let us set ρ(x) = |x− y|, x ∈ ∂Ω . As in (6.24) we have:

|u(x′r,ar(x
′
r))|p ≤ 2(p−1)

(
|u(x′r,η)|p +

(∫ ar(x′r)+ρ

ar(x′r)

∣∣∣∣ ∂u
∂ xrN

(x′r,ξ )
∣∣∣∣ dξ

)p
)

≤ 2(p−1)
(
|u(x′r,η)|p +ρ p−1

∫ ar(x′r)+ρ

ar(x′r)

∣∣∣∣ ∂u
∂xrN

(x′r,ξ )
∣∣∣∣

p

dξ
)
.

(6.84).
Now by integration with respect to η in (ar(x′r),ar(x′r)+ρ) we get

|u(x′r,ar(x
′
r))|pρ(α−p+1) ≤

≤ c1(
∫ ar(x′r)+ρ

ar(x′r)
|u(x′r,η)|pr(α−p)dη +

∫ ar(x′r)+ρ

ar(x′r)
rα

∣∣∣∣ ∂u
∂xrN

(x′r,ξ )
∣∣∣∣

p

dξ )≤

≤ c1

∫ ar(x′r)+β

ar(x′r)
|u(x′r,η)|pr(α−p)dη + c2

∫ ar(x′r)+β

ar(x′r)
rα

∣∣∣∣ ∂u
∂xrN

(x′r,ξ )
∣∣∣∣

p

dξ .

(6.85)

If we integrate (6.85) with respect to x′r in Δr, the result follows. Clearly if
|x−y| ≥const, we apply |u|Lp(∂Ω ) ≤ c3|u|W 1,p

rα (Ω)
, the inequality obtained in Chap. 2;

without using Theorem 2.4.2 we can prove it as in (6.85) using a partition of unity
and the domains Vr,r = 1,2, . . . ,m, cf. 1.2.4. �

Now we prove

Theorem 3.7. Let Ω ∈ N0,1, ai j ∈ L∞(Ω), bi j ∈ L∞(∂Ω), and suppose the
sesquilinear form

((v,u)) =
∫

Ω
∑

|i|,| j|≤k

ai jD
ivDjudx+

∫
∂Ω

k−1

∑
i=0

∑
| j|≤k−1

bi j
∂ iv
∂ni D judS, (6.85bis)

is W k,2(Ω)-elliptic. Let y ∈ ∂Ω , r = |x − y|. For N odd, if (N − 1)/2 ≥ k, let
α > 2k−N; if (N − 1)/2 < k, let |α| < 1. If N is even, let k ≤ (N − 2)/2, α >
2k −N. Then there exist intervals I1, I2, containing neighborhoods of zero such
that for α ∈ I1, resp. for α ∈ I2

6 the sesquilinear form ((v,u))is W k,2
r−α (Ω)-elliptic,

resp. W k,2
rα (Ω)-elliptic. We assume for N odd, if (N − 1)/2 ≥ k, I2 ⊂ (2k−N,∞),

6It is possible to find I1, I2 uniformly for y ∈ ∂ Ω .
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I1 ⊂ (−∞,N − 2k), if (N − 1)/2 < k, I1, I2 ⊂ (−1,1). For N even, we assume
I2 ⊂ (2k−N,∞), I1 ⊂ (−∞,N −2k).

Proof. Let N be even; for u ∈ W k,2
rα (Ω), let us set v = urα . If ε > 0, we have for

α ∈ (2k−N + ε,∞),
|v|

W k,2
r−α (Ω)

≤ c(ε)|u|
Wk,2

rα (Ω)
. (6.86)

It is sufficient to apply Theorem 3.5 for p = 2, α,α −2, . . . ,α −2k+2.
We have:

((v,u)) = A(urα/2,urα/2)+ a(urα/2,urα/2)+B(v,u)+ b(v,u), (6.87)

where B(v,u) is a sum of terms as in (6.63), (6.64), with σ = r. We have |Dirβ | ≤
c1|β |r(β−|i|), then

∣∣∣∣
∫

Ω
aDi′uDi′′rα Djudx

∣∣∣∣≤ c2|α|
(∫

Ω
|Di′u|2r(α−2|i′′|) dx)

)1/2(∫
Ω
|Dju|2rα dx

)1/2

,

and according to Theorem 3.5, we get

∣∣∣∣
∫

Ω
aDi′uDi′′rα D judx

∣∣∣∣≤ c3|α||u|2
Wk,2

rα (Ω)
.

The term (6.64) can be estimated in the same way, and we get

|B(v,u)| ≤ c4(ε)|α||u|2
W k,2

rα (Ω)
. (6.88)

Now b(v,u) is a sum of terms of the following type:

∫
∂Ω

b
∂ i′v

∂ni′
∂ i′′rα

∂ni′′ D judS,

|i′+ i′′| ≤ k−1, | j| ≤ k−1, |i′′| ≥ 1,

(6.89)

and of the type

∫
∂Ω

b
∂ i′v

∂ni′
∂ i′′rα/2

∂ni′′ D j′uD j′′rα/2 dS,

|i′+ i′′| ≤ k−1, | j′+ j′′| ≤ k−1, |i′|+ | j′| ≤ 2k−3,

(6.90)

where b ∈ L∞(∂Ω). Using Theorem 3.6, we obtain

|b(v,u)| ≤ c5(ε)|α||u|2
W k,2

rα (Ω)
. (6.91)
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We have
|((urα/2,urα/2))| ≥ c6|urα/2|2W k,2(Ω)

≥ c7(ε)|u|2W k,2
rα (Ω)

,

hence
|((v,u))| ≥ [c7(ε)− c4(ε)|α|− c5(ε)|α|]|u|2

W k,2
rα (Ω)

, (6.91bis)

which gives the W k,2
rα (Ω)-ellipticity for |α|< c7(ε)/(c4(ε)+ c5(ε)); the W k,2

r−α (Ω)-
ellipticity can be obtained in the same way.

Let N be odd, (N −1)/2 ≥ k. We proceed as above.
Let N be odd, (N − 1)/2 < k, α ∈ (1− ε , 1+ ε). Let m = (N + 1)/2; we have

W k,2
rα (Ω)⊂Ck−m(Ω) algebraically and topologically, with

|u|Ck−m(Ω) ≤ c8(ε)|u|W k,2
rα (Ω)

. (6.92)

Indeed we obtain, without difficulty, if 0 ≤ α ≤ 1− ε , p < 2N/(N +α),

|u|W k,p(Ω) ≤ c9(ε)|u|W k,2
rα (Ω)

; (6.93)

for α < 0 we have obviously

|u|Wk,2(Ω) ≤ |u|
W k,2

rα (Ω)
. (6.94)

If p = 2N/(N +α +1/2ε), it follows from Theorem 2.3.8:

|u|Ck−m(Ω) ≤ c10(ε)|u|W k,p(Ω),

then using (6.93) we get (6.92); if α < 0, (6.92) is a consequence of (6.94) and
Theorem 2.3.8. Let

M1 = {u ∈W k,2
rα (Ω), ∑

|i|≤k−m

|Diu(y)|= 0},

N1 = {v ∈W k,2
r−α (Ω), ∑

|i|≤k−m

|Div(y)|= 0}.
(6.95)

We have N1 and M1 ellipticity if α is sufficiently small. Indeed: If u ∈ M1,v = urα ,
then according to Theorem 3.5, for |i| ≤ k we have

∫
Ω
|Diu|2r(α−2(k−|i|))dx ≤ c11(ε)|u|2Wk,2

rα (Ω)
; (6.96)

furthermore, for |i| ≤ k,

∫
Ω
|Div|2r(α−2(k−|i|)) dx ≤ c12(ε)|u|2W k,2

rα (Ω)
, (6.97)
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and then (6.86) follows. Moreover for |i| ≤ k −m, α − 2(k − |i|) +N − 1 < −1,
we have (6.97), (6.92) for v, and so v ∈ N1. Now we can consider (6.87), we
obtain as above I ⊂ (−1,1) such that for α ∈ I the sesquilinear form ((v,u)) is
N1 and M1-elliptic. Let us denote N2 = {v ∈ W k,2

r−α (Ω), ((v,u)) = 0 for u ∈ N1},

M2 = {u ∈W k,2
rα (Ω), ((v,u)) = 0 for v ∈ N2}, and denote by n the dimension of the

space of polynomials ∑|i|≤k−m ai(x−y)i. We have dimM1 = dimM2 = n. Indeed: let
p1, p2, . . . , pn be a basis of these spaces of polynomials. For every pi, i = 1,2, . . . ,n
we can find a unique vi ∈N1,ui ∈M1 such that vi+ pi ∈ N2,ui+ pi ∈M2; this follows
from u∈ M1 =⇒ ((vi + pi,u)) = ((u,vi+ pi))

∗ = 0, whence ((u,vi))
∗ =−((u, pi))

∗.
Applying Theorem 3.1 for the form ((u,v))∗, which is N1 and M1 elliptic for
α ∈ I, we obtain the existence and uniqueness of vi. Concerning ui we have
v ∈ N1 =⇒ ((v,ui + pi)) = 0, and then we get ((v,ui)) =−((v, pi)) and the existence
and uniqueness of ui. In case α ≥ 0, we moreover have

ui ∈W k,2(Ω). (6.97bis)

Indeed if we denoteW = {v∈W k,2(Ω), ∑|i|≤k−m |Div(y)|= 0}, then the sesquilinear
form ((v,u)) is W -elliptic, and the result follows. Hence we have N1 � N2 =

W k,2
r−α (Ω), M1 �M2 =W k,2

rα (Ω); if u ∈W k,2
rα (Ω) we have

u = u1 + ∑
|i|≤k−m

1
i!

Diu(y)(x− y)i, u1 ∈ M1. (6.98)

Clearly, the decomposition u = uM1 + uM2 is unique; indeed if we assume that
there exists another decomposition, the difference of these two decompositions, say
ωM1 +ωM2 will be equal to zero with ω1 
= 0, ω2 
= 0, which is not possible since
there exists w ∈ N1, |w|

W k,2
r−α (Ω)

= 1, such that 0 = ((w,ωM1 +ωM2)) = ((w,ωM1))≥
c13(ε)|ωM1 |W k,2

rα (Ω)
. The same result holds for W k,2

r−α (Ω). Now it follows from (6.92)

for W k,2
rα (Ω), W k,2

r−α (Ω) and from (6.98) that the mappings Pi,Qi, i = 1,2 defined

for u ∈ W k,2
rα (Ω), v ∈ W k,2

r−α (Ω) by Piu = uMi , Qiv = vNi are linear and bounded,

Pi : W k,2
rα (Ω)→W k,2

rα (Ω), Qi : W k,2
r−α (Ω)→W k,2

r−α (Ω).
Let us consider now ((v,u)) on N2 ×M2. We have still the N2 and M2 ellipticity.

Let, for instance, u ∈ M2; there always exists v ∈W k,2
r−α (Ω), |v|

Wk,2
r−α (Ω)

= 1, such that

|((v,u))|> 0: if α ≥ 0, then (6.97 bis) implies u ∈W k,2(Ω). There exists v ∈C∞(Ω)
such that |((v,u))| > 0. If α ≤ 0, u ∈ W k,2(Ω) automatically and the result again
holds. Let now v = vN1 +vN2 ; clearly |((vN2 ,u))|> 0, and it follows, for u ∈ M2 that

f (u) = sup
v∈N2,|v|

W k,2
r−α (Ω)

=1,
|((v,u))|> 0. (6.99)

But the function f (u) is continuous on M2, dimM2 = n < ∞, and so
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inf
u∈M2,|u|

Wk,2
rα (Ω)

=1
f (u)> 0,

and this implies the M2-ellipticity. The N2-ellipticity can be obtained in the same
way.

Now let us prove the W k,2
r−α (Ω) and W k,2

rα (Ω) ellipticity. Let |u|
Wk,2

rα (Ω)
= 1; we

have u = uM1 + uM2. There exists vi ∈ Ni such that ((vi,uMi)) ≥ c14(ε)|uMi |W k,2
rα (Ω)

,

and then

((v1 + v2,u))≥ c14(ε)(|uM1 |W k,2
rα (Ω)

+ |uM2 |W k,2
rα (Ω)

)≥ c14(ε)|u|W k,2
rα (Ω)

.

With the same argument we prove the W k,2
r−α (Ω)-ellipticity. �

6.3.6 Concluding Remarks

There is a problem in Theorem 3.7 concerning the condition k ≤ (N−2)/2, N even;
for instance the case N = 2 cannot be taken into account, the case N = 4 works
only for k = 1. To eliminate these restrictions, for N = 2, we can use the weight
σ(x) = log(2M/|x− y|), M = diam (Ω). This is left as an exercise:

Exercise 3.4. Prove for α < p−1, p ≤ 2 that

∫ 1/2

0

∣∣∣∣
∫ 1/2

r
u(ρ)dρ |

∣∣∣∣
p

(− logr)(α−p)r(−p+1)dr

≤
(

p
p−1−α

)p ∫ 1/2

0
|u(r)|p(− logr)α r dr,

(6.100)

and for α > 2, p−β −1 > 0, 2(2−α)≤− logb(p−β −1) that

∫ b

0

∣∣∣∣
∫ r

0
u(ρ)dρ |

∣∣∣∣
p

(− logr)α−2r(β−p)dr

≤
(

2p
p−1−β

)p ∫ b

0
|u(r)|p(− logr)α−2rβ dr.

(6.101)

Exercise 3.5. Using (6.100), (6.101) prove the existence of J ⊂ (−1,1)
including a neighborhood of zero, such that the sesquilinear form (6.85 bis) is
W k,2

log−α (2M/r)
(Ω)-elliptic and W k,2

logα (2M/r)(Ω)-elliptic.

Hint: Use the same method as in Theorem 3.7.

Example 3.8. Let N ≥ 3, Ω a sector in the unit ball with center at the origin, V 1,2
rα =

{v ∈W 1,2
rα , r = |x|, v(x) = 0 if |x|= 1}. For the sesquilinear form
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A(v,u) =
∫

Ω

N

∑
i=1

∂v
∂xi

∂u
∂xi

dx,

we have the V 1,2
rα (Ω)-ellipticity if |α|< N −2.

Indeed, we obtain for v = urα , |α| < N − 2,u ∈ V 1,2
rα (Ω) that |v|

W k,2
r−α (Ω)

≤
c(α)|u|

W k,2
rα (Ω)

. Using integration by parts, we get:

Re A(urα ,u) =
α
2

N

∑
i=1

∫
∂Ω

r(α−2)xini|u|2 dS+

α
2
(2−α −N)

∫
Ω

r(α−2)|u|2 dx+
N

∑
i=1

∫
Ω

∣∣∣∣ ∂ u
∂xi

∣∣∣∣
2

rα dx.

N

∑
i=1

∫
∂Ω

r(α−2)xini|u|2 dS = 0;

the V 1,2
rα (Ω)-ellipticity of A follows if 2−N < α ≤ 0. If |α| < N − 2, then on V 1,2

rα

the norms induced by W 1,2
rα (Ω) and H1,2

rα (Ω) are equivalent. As in Example 3.3, the
result follows for |α|< N −2.

Example 3.9. Let Ω ⊂ R
2 be the sector Ω = {x,0 < r < 1/2, |ϕ |< π −ω/2}, Ωi,

i = 1,2, the subdomains

Ω1 = {x,0 < r < 1/2,0 < ϕ < π −ω/2},

Ω2 = {x,0 < r < 1/2,−π +ω/2 < ϕ < 0},
and

A(v,u) = a1

∫
Ω1

(
∂v
∂ r

∂u
∂ r

+
1
r2

∂v
∂ϕ

∂u
∂ϕ

)
dx+a2

∫
Ω2

(
∂v
∂ r

∂ u
∂ r

+
1
r2

∂ v
∂ϕ

∂ u
∂ϕ

)
dx

the sesquilinear form defined for a1 > 0,a2 > 0.
Using inequality (6.100), and the spaces H1,2

(− logr)α (Ω), we obtain the

V 1,2
(− logr)α (Ω)-ellipticity for |α| < 1; here we take V 1,2

(− logr)α (Ω) = {v ∈
W 1,2

(− logr)α (Ω),v(x) = 0 for |x|= 1/2}.

If V 1,2
(− logr)α (Ω) = W 1,2

(− logr)α (Ω), the result holds for A(v,u) + λ (v,u),λ suffi-
ciently large.

Problem 3.3. Using the weight σ(x) = |x− y| with y ∈ Ω fixed, does the method
of Theorem 3.7 hold? For more precise results concerning the values of α , it seems
useful to prove a priori estimates, cf. H.O. Cordes [1], [2].





Chapter 7
Regularity of the Solution for Non-smooth
Coefficients and Non-regular Domains

The problem of solving a boundary value problem has been already investigated, but
it remains to deal with the regularity of this solution in the interior of the domain
and at the neighborhood of the boundary in the cases where the coefficients and
the boundary are non-smooth. There are many open questions; a general theory for
operators of order 2k in the following form:

∑
|i|,| j|≤k

(−1)|i|Di(ai jD
j), ai j ∈ L∞(Ω),

concerning for instance interior estimates in Ω∗, Ω∗ ⊂ Ω , of the following type:

|Dαu|L∞(Ω∗) ≤ c(Ω ∗)| f |, |α| ≤ k− 1, (∗)

where | f | is a suitable norm and u the solution of a problem with homogeneous
boundary conditions. It is also reasonable to study the regularity in a neighborhood
of the boundary.

We consider second order operators of the following form,

−
N

∑
i, j=1

∂
∂xi

(

ai j
∂

∂x j

)

+
N

∑
i=1

bi
∂

∂xi
+ d, ai j,bi,d ∈ L∞(Ω);

there exists a very general theory based on techniques and fundamental results of
E. de Giorgi [1], and extended by G. Stampacchia [2], [3, 5–9, 12], C.B. Morrey Jr.
[2], W.G. Littman, G. Stampacchia, and H. Weinberger [1]. The fundamental result
states that the weak solution is hölderian in Ω . For the Dirichlet problem this result
holds in Ω with some conditions on ∂Ω (Ω ∈N0,1 is sufficient). For other problems,
cf. G. Stampacchia [3]. Another method related to Harnack’s inequality can be
found in J. Moser [1], [2]; this method is used by S.N. Kruzhkov [1]. G. Fichera [8]
used another idea to prove that u ∈ L∞(Ω). The Brelot axiomatics and the maximum
principle are proved in R.M. Hervé [1].

J. Nec̆as et al., Direct Methods in the Theory of Elliptic Equations,
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8 7,
© Springer-Verlag Berlin Heidelberg 201
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Operators of the type

A =−
N

∑
i, j=1

ai j
∂ 2

∂xi∂x j
+

N

∑
i=1

bi
∂

∂xi
+d

were considered by C. Pucci [1, 3], H.O. Cordes [1, 2], C. Miranda [1].
The maximum principle for these operators can be found in many papers by
A.D. Aleksandrov [1–6].

For operators of order > 2, there exist some particular results. A result of the type
(*) is not known to the author. If the coefficients ai j, |i|, | j| ≤ k, are smooth enough
without regularity on ∂Ω , the regularity of a weak solution in a neighborhood of the
boundary is considered in the papers of the author [2, 5, 7, 9, 10, cf. also Chaps. 5,
6, this chapter and V.A. Kondratiev [1, 2].

For literature on connected topics cf. also G. Adler [1–3], S.N. Kruzhkov,
L.P. Kupcov [1], W. Littman[1].

7.1 Second Order Operators

7.1.1 Auxiliary Lemmas

Let us consider a second order operator, with real coefficients:

A =−
N

∑
i, j=1

∂
∂ xi

(
ai j

∂
∂x j

)
+

N

∑
i=1

bi
∂

∂xi
+d, ai j,bi,d ∈ L∞(Ω). (7.1)

Let us assume that for ξ = (ξ1,ξ2, . . .ξN),

N

∑
i, j=1

ai jξiξ j ≥ c|ξ |2, c > 0. (7.2)

Let us consider a bounded domain Ω in N0,1. We remark that in this chapter we can
deal with domains for which the imbedding theorems hold.

Let V be a closed subspace of W 1,2(Ω); in this section we consider only real
functions; V satisfies the condition W 1,2

0 (Ω)⊂V ⊂W 1,2(Ω), and we assume that

v ∈V =⇒ |v| ∈V. (7.3)

If v ∈V , we denote by vn, n = 1,2, . . ., the cut-off function defined as

vn(x) = v(x) for |v(x)| ≤ n;

vn(x) = n sgn v(x) for |v(x)|> n.
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Let us assume that for n ≥ n0,

v ∈V =⇒ vn ∈V. (7.4)

Let us denote v+ = 1
2 (|v|+ v), v− = 1

2(|v| − v). We shall assume that for λ ≥ 0,
n ≥ n0,

v ∈V =⇒ (vn
+)

1+λ ∈V, (vn
−)

1+λ ∈V. (7.5)

Using these definitions we shall prove a theorem due to G. Stampacchia (and in
some sense a generalization of this result), cf. G. Stampacchia [2, 6] using in
author’s opinion a more simple method.

Lemma 1.1. Let Ω be a bounded domain. Then W 1,2(Ω) satisfies (7.3)–(7.5).

Proof. According to Theorem 2.2.3, if we modify the function v ∈ W 1,2(Ω) on
a set of zero measure, this function is absolutely continuous on almost all lines
parallel to the coordinate axes x1,x2, . . . ,xN and the usual derivatives coincide
almost everywhere in Ω with the distributional derivatives. For instance, let us
consider v+ on a line parallel to x1.

Let x be a point where ∂v/∂x1 exists in the classical sense; if v(x) > 0, we have
(∂v/∂x1)(x) = (∂v+/∂ x1)(x); if v(x) = 0 = (∂v/∂x1)(x), then (∂v+/∂x1)(x) =
0. The set of points x such that v(x) = 0, (∂ v/∂ x1)(x) �= 0 has zero measure on
the considered line. For v(x) < 0, (∂v+/∂x1)(x) = 0. Now if we take into account
Theorem 2.2.3 the result follows. �

The following lemmas will be useful:

Lemma 1.2. Let Ω be a bounded domain. If limn→∞ un = u in W 1,2(Ω), then
limn→∞ |un|= |u| in W 1,2(Ω).

Proof. Clearly we get limn→∞ |un| = |u| in L2(Ω), then similarly as in the proof
in Proposition 2.2.4, limn→∞ |un| = |u| weakly in W 1,2(Ω); but ||un||W 1,2(Ω) =
|un|W 1,2(Ω). �

Lemma 1.3. Let Ω be a bounded domain. Then W 1,2
0 (Ω) satisfies conditions

(7.3) – (7.5).

Proof. We proceed as in the proof of Lemma 1.1; using the previous lemma it
follows that |u|, u+, un

+ etc. are continuous mappings from W 1,2
0 (Ω) to W 1,2

0 (Ω).
�
Lemma 1.4. Let us consider Ω ∈ N0,1, Λ ⊂ ∂Ω , Λ open in ∂Ω , V = {v ∈
W 1,2(Ω),v = 0 on Λ}. Then V satisfies conditions (7.3)–(7.5).

This result is a direct consequence of Theorems 2.2.3, 2.4.3.
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7.1.2 Fundamental Lemmas

Lemma 1.5. Let us consider the operator given by (7.1), (7.2):

A =−
N

∑
i, j=1

∂
∂ xi

(

ai j
∂

∂ x j

)

+1,

let V be the space as in (7.3)–(7.5), 1/2 ≤ 1/q < 1−1/N. Let Vq = V in W 1,q(Ω),
F ∈ (Vq)

′
,u ∈V such that

v ∈V =⇒ A(v,u)≡
∫

Ω

(
N

∑
i, j=1

ai j
∂ v
∂ xi

∂u
∂x j

+ vu

)

dx = Fv.

Then u ∈ Lr(Ω) with 1/r = 1/p−1/N, where 1/p+1/q= 1, and

|u|Lr(Ω) + |(u+)(1+λ/2)|1/(1+λ/2)
W1,2(Ω)

+ |(u−)(1+λ/2)|1/(1+λ/2)
W 1,2(Ω)

≤ cr|F |(Vq)
′ , (7.6)

where (1+λ/2)[2N/(N−2)] = r.

Proof. According to Theorem 2.3.4 it follows:

(∫

Ω
(u+)

(1+λ/2)(2N/(N−2))dx

)(N−2)/2N

≤ c1|(u+)(1+λ/2)|W 1,2(Ω) (7.6bis),

then |u+|Lr(Ω) ≤ c1/(1+λ/2)
1 |(u+)(1+λ/2)|1/(1+λ/2)

W 1,2(Ω)
; hence it is sufficient to prove the

inequalities:

|(u+)(1+λ/2)|1/(1+λ/2)
W 1,2(Ω)

≤ c2 r|F |
(Vq)

′ , (7.7)

|(u−)(1+λ/2)|1/(1+λ/2)
W 1,2(Ω)

≤ c3 r|F |
(Vq)

′ . (7.8)

We will restrict ourselves to (7.7). Let v = (un
+)

(1+λ ). We have

A(v,u) =
∫

Ω

(
N

∑
i, j=1

(1+λ )(un
+)

λ ai j
∂un

+

∂ xi

∂u
∂x j

+(un
+)

1+λ u

)

dx = F(un
+)

1+λ .
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Using Theorem 2.2.3, we get:

A(v,u) =
∫

Ω

(
N

∑
i, j=1

(1+λ )(un
+)

λ ai j
∂un

+

∂xi

∂un
+

∂x j
+(un

+)
1+λ u

)

dx

≥
∫

Ω

(

(1+λ )
N

∑
i, j=1

(un
+)

λ ai j
∂un

+

∂xi

∂un
+

∂ x j
+(un

+)
(2+λ )

)

dx

=
∫

Ω

(
1+λ

(1+λ/2)2

N

∑
i, j=1

ai j
∂

∂xi
(un

+)
1+λ/2 ∂

∂x j
(un

+)
1+λ/2+(un

+)
(2+λ )

)

dx

≥ c2

1+λ/2
|(un

+)
1+λ/2|2W1,2(Ω),

then
|(un

+)
1+λ/2|2W1,2(Ω) ≤ c3(1+λ/2)|F|

(Vq)
′ |(un

+)
1+λ |W 1,q(Ω). (7.9)

As λ = [(2−q)N]/(qN−q−N), we get, according to (7.6 bis):

|(un
+)

1+λ |W 1,q(Ω) ≤ μ(Ω)1/N
(∫

Ω
(un

+)
r dx

)1/q−1/N

+
N

∑
i=1

(1+λ )
(∫

Ω
(un

+)
r dx

)(2−q)/2q
(∫

Ω
(un

+)
λ
(

∂un
+

∂ xi

)2

dx

)1/2

≤ c4|(un
+)

1+λ/2|1+λ/(2+λ )

W1,2(Ω)
.

(7.10)

Then (7.9), (7.10) imply the inequality:

|(un
+)

1+λ/2|1/(1+λ/2)
W 1,2(Ω)

≤ c2 r|F |
(Vq)

′ . (7.11)

According to Theorems 2.6.1 or 1.1.4, we can extract from the sequence (un
+)

1+λ/2

a subsequence which converges in L2(Ω) and almost everywhere to (u+)1+λ/2;
then, using Proposition 2.2.4, we obtain (7.7). �
Remark 1.1. If

A =−
N

∑
i, j=1

∂
∂x j

(

ai j
∂

∂ x j

)

+d

with d ≥ 0 and d �= 0 if V �=W 1,2
0 (Ω), then we obtain Lemma 1.5 for this operator.
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Let also σ ∈ L∞(∂Ω), and let us define for the operator A satisfying (7.1), (7.2)
the sesquilinear form

((v,u)) = A(v,u)+
∫

∂Ω
σvudS. (7.12)

We have

Lemma 1.6. Let ((v,u)) be given as in (7.12), V be the space verifying (7.3)–(7.5),
F as in the previous lemma, u ∈V such that for all v∈V we have ((v, u)) = Fv. Then

|(u+)(1+λ/2)|1/(1+λ/2)
W 1,2(Ω)

+ |(u−)(1+λ/2)|1/(1+λ/2)
W 1,2(Ω)

≤ c(λ )(|F |
(Vq)

′ + |u|W1,2(Ω)).

(7.13)

Proof. The function u satisfies

∫

Ω

( N

∑
i, j=1

ai j
∂v

∂xi

∂u

∂x j
+ vu

)
dx

= Fv−
∫

Ω

(

−vu+dvu+
N

∑
i=1

biv
∂u

∂xi

)

dx−
∫

∂Ω
σvudS ≡ Fv−F1v.

(7.14)

According to Theorems 2.3.4, 2.4.2 it follows: |F1|(Vq1)
′ ≤ c1|u|W 1,2(Ω), with 1/q1 =

1/2+ 1/N. If q1 ≤ q, (7.13) is a consequence of (7.7), which is true for N ≤ 4.
Let N > 4, and q1 > q. Let us set r1 = 2N/(N − 4), rm+1 = [(N − 1)/(N − 2)]rm,
m = 1,2, . . . ,λm = ((N −2)/N)rm −2. Let rm ≤ r̃ ≤ rm+1, r̃ ≤ r. We get as in (7.7):

|(uu
+)

(1+λ̃/2)|2W 1,2(Ω) ≤ c2(1+λm+1)
(
|(u+)(1+λ̃/2)|1/(1+λ/2)

W1,2(Ω)
|F |(Vq)

′
)

+ c2(1+λm+1)
(∫

Ω
(un

+)
(1+λ̃−λm/2)(un

+)
λm/2

(

u++
N

∑
i=1

∣
∣
∣
∣
∂u+
∂ xi

∣
∣
∣
∣

)

dx

+

∫

∂Ω
(un

+)
(1+λ̃)u+ dS

)
≤ c3(1+λm+1)

(

|(un
+)

(1+λ̃/2)|1+λ̃/(2+λ̃)
W 1,2(Ω)

|F |(Vq)
′

+

(∫

Ω
(u+)

(2+2λ̃−λm) dx

)1/2

|(u+)(1+λm/2)|W 1,2(Ω) +

∫

∂Ω
(u+)

2+λ̃ dS

)

.

(7.15)

We have 2+ 2λ̃ −λm ≤ 2+2λm+1−λm ≤ rm,

2+ λ̃ ≤ 2(N −1)/(N −2)(1+λm/2);
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this, (7.15), and Theorem 2.4.2, leads finally by an induction over λ1 → λ2, λ2 →
λ3,. . . ,λm → λ , to

|(un
+)

(1+λ̃/2)|2W1,2(Ω)

≤ c4(λ )
(
|(un

+)
(1+λ̃/(2)|(1+λ/(2+λ̃)

W 1,2(Ω)
|F |

(Vq)
′ +(|F|

(Vq)
′ + |u|W 1,2(Ω))

(2+λ̃)
)
,

(7.16)

thus
|(un

+)
(1+λ̃/2|(1+λ̃/2)

W 1,2(Ω)

(|F |
(Vq)

′ + |u|W1,2(Ω))
(2+λ̃)

≤ c5(λ ),

and by the same procedure as in the proof of Lemma 1.5 we have

|(u+)(1+λ̃/2)|1/(1+λ̃/2)
W 1,2(Ω)

≤ c6(λ )(|F |
(Vq)

′ + |u|W1,2(Ω)). (7.17)

Finally, by induction (7.17) holds for λ ; the same computations work for u−. �
We don’t consider the possible generalizations concerning the coefficients bi,d.
These questions are considered in G. Stampacchia’s paper [12].

Using Theorem 3.6.1, it is easy to prove

Exercise 1.1. Let A be the operator (7.1), (7.2) with bi ≡ 0, d ∈ LN/2(Ω), N ≥ 3,
d ≥ 0, d �= 0. Then (7.6) holds.

7.1.3 Regularity of the Solution of the Boundary Value Problem

From the previous lemmas, we obtain immediately interesting consequences for the
solutions of boundary value problems.

The Dirichlet problem:

Theorem 1.1. Let us consider Ω ∈ N0,1, V = W 1,2
0 (Ω), A the operator given in

(7.1), (7.2), 1/N < 1/p ≤ 1/2, fi ∈ Lp(Ω), i = 1,2, . . . ,N, u0 ∈ W 1,p(Ω). Let u ∈
W 1,2(Ω) be the solution of the Dirichlet problem Au = ∑N

i=1 ∂ fi/∂xi in Ω ,1 u−u0 ∈
W 1,2

0 (Ω). Then if 1/r = 1/p−1/N, we have

|u|Lr(Ω) + |u|Lr(N−1)/N(∂Ω ) ≤ c(p)(
N

∑
i=1

| fi|Lp(Ω) + |u0|W 1,p(Ω) + |u|W1,2(Ω)). (7.18)

1In other words, Au = f with f ∈W−1,p(Ω).
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The proof follows from Lemma 1.6 and from Theorems 2.3.4, 2.4.2. The same
situation appears in

Theorem 1.2. We keep the same hypotheses as in the previous theorem but we
replace ∑N

i=1 ∂ fi/∂xi by f ∈ Ls(Ω), 1/s = 1/p+ 1/N. Then for the solution u of
the problem Au = f in Ω ,u−u0 ∈W 1,2

0 (Ω) we have

|u|Lr(Ω) + |u|Lr(N−1)/N(∂Ω) ≤ c(p)(| f |Ls(Ω) + |u0|W 1,p(Ω) + |u|W1,2(Ω)). (7.19)

The Neumann-Newton problem and the mixed problem:
Let us consider ∂Ω = Λ1 ∪Λ2 ∪ M, where Λ1,Λ2 are two open sets in ∂Ω ,

meas ∂Ω M = 0, Λ1 �= /0, σ ∈ L∞(Λ1); we denote

V = {v ∈W 1,2(Ω),v = 0 on Λ2}. (7.20)

We have

Theorem 1.3. Let us consider Ω ∈N0,1,V the space (7.20), A the operator given
in (7.1), (7.2), 1/N < 1/p ≤ 1/2, 1/s = 1/p+ 1/N, f ∈ Ls(Ω), u0 ∈ W 1,p(Ω),
g ∈ Lt(Λ1), 1/t = N/p(N −1), u ∈W 1,2(Ω) the solution of the problem Au = f in
Ω , ∂u/∂ν +σu = g on Λ1,u = u0 on Λ2. Then if 1/r = 1/s−2/N, we have

|u|Lr(Ω) + |u|Lr(N−1)/N(∂Ω) ≤ c(p)(| f |Ls(Ω) + |u0|W 1,p(Ω) + |g|Lt(Λ1) + |u|W1,2(Ω)).

The proof follows from Lemma 1.6 and from Theorems 2.3.4, 2.4.2.

Remark 1.2. The existence of solutions mentioned in Theorems 1.1–1.3 or in the
negative case the Fredholm alternative, follows from Theorem 3.2.1 or Theorem
3.3.1.

Remark 1.3. We have 1/r = 1/s− 2/N, as if u ∈ W s,2(Ω), which in general does
not hold under our hypotheses. We still have s < N/2.

7.1.4 The Case 1/N > 1/p

Now we shall consider the case 1/N > 1/p. We shall not consider the particular
case 1/N = 1/p, for this case see G. Stampacchia [7]. We obtain |u|L∞(Ω) < ∞.

Lemma 1.7. Let A be the operator defined by (7.1), (7.2), V the space defined in
(7.3), (7.4), σ ∈ L∞(∂Ω), F ∈ (Vq)

′
with 1− 1/N < 1/q. Let u ∈ V be a function

such that we have for all v ∈V,

∫

Ω

(
N

∑
i, j=1

ai j
∂ v
∂ xi

∂u
∂x j

+
N

∑
i=1

biv
∂u
∂xi

+dvu

)

dx+
∫

∂Ω
σvudS = Fv.
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Then
|u|L∞(Ω) ≤ c(|F |

(Vq)
′ + |u|W 1,2(Ω)). (7.20bis)

Proof. According to Lemma 1.6, for all λ ≥ 0 we have

|(u+)(1+λ/2)|1/(1+λ/2)
W 1,2(Ω)

+ |(u−)(1+λ/2)|1/(1+λ/2)
W 1,2(Ω)

≤ c1(λ )(|F |
(Vq)

′ + |u|W1,2(Ω)),

(7.21)
then, if N ≥ 3,

|u|L(1+λ/2)(2N/(N−2))(Ω) + |u|L(1+λ/2)(2(N−1)/(N−2))(Ω) ≤ c2(λ )(|F |(Vq)
′ + |u|W1,2(Ω)).

(7.22)
Now, it follows that

F2v =
∫

Ω
(1−d)vudx+

∫

∂Ω
σvudS

is a functional on (Vq)
′
, and

|F2|(Vq)
′ ≤ c3(|F |

(Vq)
′ + |u|W1,2(Ω)). (7.23)

Let us set F3 = F +F2; without loss of generality we can assume 1/q < 1. Let us
consider λn+1 = [(2−q)/q]ν(1+λn/2), n = 1,2, . . . ,ν > 2q/(2−q), if N = 2 and
ν = 2N/(N − 2), if N ≥ 3; λ1 must be sufficiently large such that ν(2− q)/q+
2/(1+λ1/2) ≤ ν . As in the proofs of Lemmas 1.5, 1.6, we obtain for (u+) (and
also for (u−)):

|(u+)1+λn+1/2|2W 1,2(Ω) ≤ c4 (1+λn+1/2) |F3|(Vq)
′ |(u+)1+λn+1 |W 1,q(Ω)

+ c5|(u+)1+λn+1/2|L2(∂Ω)|(u+)1+λn+1/2|W 1,2(Ω).
(7.24)

We have

|(u+)1+λn+1 |W 1,q(Ω) ≤ c6|(u+)1+λn/2|[(2−q)/2q]ν
W 1,2(Ω)

|(u+)1+λn+1/2|W1,2(Ω), (7.25)

|(u+)1+λn+1/2|L2(Ω) ≤ c7|(u+)1+λn/2|[(2−q)/2q]ν+1/(1+λn/2)
W 1,2(Ω)

. (7.26)

Now, it follows from (7.24)–(7.26), if we set:

zn =
|(u+)1+λn/2|1/(1+λn/2)

W 1,2(Ω)

|F3|(Vq)
′

,

that
z(1+λn/2)

n+1 ≤ c8 (1+λn+1/2)zλn+1/2
n + c9z(1+λn+1/2)

n . (7.27)
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Let us set m1 = 1+ z1,c10 = max(1,c8,c9) and define:

mn+1 = c1/(1+λn+1/2)
10 (1+λn+1/2)1/(1+λn+1/2) mn, n = 1,2 . . .

Obviously zn ≤ mn, so we now have

lnmn+1 = lnm1 + lnc10

n

∑
i=1

1
1+λi+1/2

+
n

∑
i=1

ln(1+λi+1/2)
1+λi+1/2

≤ lnm1 + lnc10

n

∑
i=1

1

(((2−q)/2q)ν)i
+

n

∑
i=1

ln(1+λ1/2)+ i ln((2−q)/2)ν
(((2−q)/2q)ν)i

≤ lnm1 + lnc11;

this holds due to ν > 2q/(2−q), then mn+1 ≤ c11m1, which with (7.23) implies:

|(u+)1+λn/2|1/(1+λn/2)
W 1,2(Ω)

≤ c12(|F |
(Vq)

′ + |u|W1,2(Ω)). (7.28)

Finally we have:

(∫

Ω
(u+)

(2+λn) dx

)1/(2+λn)

≤ c1/(1+λn/2)
13 |(u+)1+λn/2|1/(1+λn/2)

W 1,2(Ω)
,

this last result and the same estimate for (u−) give the result. �

7.1.5 Regularity of the Solution

Let us formulate some consequences of Lemma 1.7 for boundary value problems:

Theorem 1.4. Let us consider Ω ∈N0,1, V =W 1,2
0 (Ω), A the operator (7.1), (7.2),

1/p < 1/N, fi ∈ Lp(Ω), i = 1,2, . . . ,N, u0 ∈ W 1,p(Ω). Let u be the weak solution
of the Dirichlet problem Au = ∑N

i=1 ∂ fi/∂xi in Ω ,u = u0 on ∂Ω with u ∈W 1,2(Ω).
Then

|u|L∞(Ω) ≤ c(
N

∑
i=1

| fi|Lp(Ω) + |u0|W 1,p(Ω) + |u|W 1,2(Ω)). (7.29)

Theorem 1.5. Let be Ω ∈N0,1,V =W 1,2(Ω), A be the operator (7.1), (7.2), 1/s <
2/N, f ∈ Ls(Ω), u0 ∈ W 1,p(Ω), 1/p = 1/s− 1/N; let u ∈ W 1,2(Ω) be the weak
solution of the Dirichlet problem Au = f in Ω , u = u0 on ∂Ω . Then

|u|L∞(Ω) ≤ c(| f |Ls(Ω) + |u0|W 1,p(Ω) + |u|W1,2(Ω)). (7.30)
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Theorem 1.6. Let be Ω ∈N0,1, V the space defined in (7.20), A the operator (7.1),
(7.2), 1/s < 2/N, f ∈ Ls(Ω), u0 ∈ W 1,p(Ω), 1/p = 1/s− 1/N, g ∈ Lt (Λ1), 1/t =
(1/p)[N/(N−1)], σ ∈L∞(Λ1). Let u∈W 1,2(Ω) be the weak solution of the problem
Au = f in Ω , ∂u/∂ν +σu = g on Λ1, u = u0 on Λ2. Then

|u|L∞(Ω) ≤ c(| f |Ls(Ω) + |u0|W1,p(Ω) + |g|Lt(Λ1) + |u|W1,2(Ω)). (7.31)

Let us remark that as in the previous part, the data are such that using the
imbedding theorems, according to Theorems 1.4, 1.6, the existence of the solution
or at least the Fredholm alternative takes place.

We can also obtain estimates of type

|u|W s,2(Ω) ≤ c1| f |Ls(Ω), s > N/2, (∗)
which implies that |u|L∞(Ω) ≤ c2| f |Ls(Ω); but in general the estimate (∗) is not true
with our hypotheses.

As we have seen previously, for the Dirichlet problem with the hypotheses of our
Theorems 1.4, 1.5, we obtain that u ∈C0,ν(Ω ).

7.1.6 The Dual Method

Theorems 1.1.–1.6. concern the regularity of the solution. Then, using the duality,
we obtain a class of very weak solutions. For this let us consider the operator A∗
adjoint of A, i.e.

A∗ =−
N

∑
i, j=1

∂
∂xi

(

a ji
∂

∂x j

)

−
N

∑
i=1

∂
∂xi

(bi)+ d. (7.32)

Let us consider σ ∈ L∞(∂Ω), and

((v,u)) =
∫

Ω

(
N

∑
i, j=1

ai j
∂v
∂xi

∂ u
∂x j

+
N

∑
i=1

biv
∂u
∂x j

+dvu

)

dx+
∫

∂Ω
σvudS.

To simplify let us assume the V -ellipticity of the form ((v,u)), i.e.

v ∈V =⇒ |((v,v))| ≥ c|v|2W1,2(Ω) c > 0. (7.33)

First, let us consider the Dirichlet problem.

Theorem 1.7. Let Ω ∈N0,1, V =W 1,2
0 (Ω), A the operator (7.1), (7.2), with (7.33),

G∗ ∈ [L2(Ω)→W 1,2
0 (Ω)] the Green operator corresponding to the problem A∗u= f

in Ω ,u = 0 on ∂Ω . If 1/2≤ 1/q< 1−1/N, let 1/s= 1/q+1/N; if 1−1/N < 1/q,
let s = 1. Then G∗ can be extended by continuity to G∗ ∈ [Ls(Ω)→W 1,q

0 (Ω)].
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Proof. Let us consider f ∈ L2(Ω), u=G∗ f , F =−∑N
i=1 ∂ fi/∂xi, fi ∈ Lp(Ω), 1/p+

1/q = 1 (without loss of generality we assume 1/q < 1). According to Theorems
1.1, 1.4, if v is the solution of the problem Av =−∑N

i=1 ∂ fi/∂ xi in Ω , v = 0 on ∂Ω ,
then v satisfies the following estimate:

|v|Lr(Ω) + |v|W1,2(Ω) ≤ c1(
N

∑
i=1

| fi|pLp(Ω)
)1/p, 1/r+1/p = 1. (7.34)

On the other hand,

((v,u)) =
∫

Ω

N

∑
i=1

∂ u
∂xi

fi dx =
∫

Ω
f vdx,

then using (7.34), we get:

sup
(∑N

i=1 | fi|pLp(Ω)
)1/p≤1

∣
∣
∣
∣
∣

∫

Ω

N

∑
i=1

∂u
∂ xi

fi dx

∣
∣
∣
∣
∣
=

(
N

∑
i=1

∣
∣
∣
∣

∂u
∂xi

∣
∣
∣
∣

q

Lq(Ω)

)1/q

≤ c2| f |Ls(Ω). (7.35)

Now it is sufficient to apply Theorem 2.4.10. �
Remark 1.4. As for N ≥ 3, q < N, W 1,q(Ω) ⊂ LNq/(N−q)(Ω), algebraically and
topologically, G∗ obtained from Theorem 1.7 is such that G∗ ∈ [Ls(Ω)→ Lq(Ω)],
1/q = 1/s − 2/N if 1/2 + 1/N ≤ 1/s < 1, and 1/q > 1/s − 2/N if s = 1. If
bi ∈ W 1,∞(Ω), we can apply Theorems 1.2, 1.5 for the operator A∗ and it follows
that G∗ ∈ [Ls(Ω)→ Lq(Ω)], with 1/q= 1/s−2/N, if 2/N < 1/s ≤ 1/2+1/N, and
q = ∞, if 1/s < N/2. This remark holds also for other problems in this section.

Problem 1.1. Let G∗ be the Green operator defined in Theorem 1.7. Determine the
values of q such that G∗ ∈ [W−1,q(Ω)→W 1,q

0 (Ω)].

Theorem 1.8. Let us consider Ω ∈ N0,1, V the space (7.20), A∗ the operator
defined in the previous theorem, let G∗ the Green operator such that G∗ ∈
[L2(Ω)× L2(Λ1) → W 1,2(Ω)] and corresponding to the problem A∗u = f in Ω ,
∂u/∂ν∗ + ∑N

i=1 biniu +σu = g on Λ1, u = 0 on Λ2. Let s be as in the previous
theorem, 1/t = (N − s)/[s(N − 1)], if 1/2+ 1/N ≤ 1/s ≤ 1; 1/q = 1/s− 2/N, if
1/2+ 1/N ≤ 1/s < 1; 1/q > 1/s− 2/N, if s = 1. Then G∗ can be extended by
continuity to G∗ ∈ [Ls(Ω)×Lt(Λ1)→ Lq(Ω)].

Proof. Let us consider f ∈ L2(Ω), g ∈ L2(Λ1), let u be the solution of the problem
A∗u = f in Ω , ∂u/∂ν∗+∑N

i=1 biniu+σu = g on Λ1, u = 0 on Λ2, F ∈ Lτ(Ω), with
1/τ +1/ρ = 1, and v the solution of the problem Av = F in Ω , ∂v/∂ν +σv = 0 on
Λ1,u = 0 on Λ2. According to Theorems 1.3, 1.6, for v we have

|v|Lr(Ω) + |v|Lr[(N−1)/N](∂Ω) ≤ c1|F |Lτ (Ω), (7.36)
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if 1/2+ 1/N ≤ 1/s < 1, and

|u|L∞(Ω) + |u|L∞(∂Ω ) ≤ c2|F|L2(Ω), (7.37)

if s = 1. We have

((v,u)) =
∫

Ω
v f dx+

∫

Λ1

vgdS =

∫

Ω
uF dx,

then (7.36), (7.37) imply:

|u|Lρ (Ω) ≤ c3(| f |Ls(Ω) + |g|Lt(Λ1)).

�

7.2 The Maximum Principle

This section is devoted to a generalization of the maximum principle. For simplicity
we consider only the case of the operator

A =−
N

∑
i, j=1

∂
∂xi

(

ai j
∂

∂x j

)

+
N

∑
i=1

bi
∂

∂xi
+d ,

where the form A(v,u) is W 1,2
0 (Ω)-elliptic and d ≥ 0. A more general case, without

the restriction d ≥ 0 is treated in a paper by G. Stampacchia [9]. For the Dirichlet
problem we shall prove the following: if u0 ∈ W 1,2(Ω)∩L∞(Ω), and u ∈ W 1,2(Ω)

is the solution of the problem Au = 0 in Ω , u−u0 ∈W 1,2
0 (Ω), then supx∈Ω |u(x)| ≤

supx∈Ω |u0(x)|. We shall deduce the existence of a solution for the Dirichlet problem
corresponding to the operator A with continuous data on the boundary. We have
observed that a such solution is continuous in Ω ; in the paper by W. Littman, G.
Stampacchia, A.F. Weinberger [1] the behaviour of the solution in a neighborhood
of the boundary is investigated; the result is that y ∈ ∂Ω is a regular point if and
only if this property is true for the Laplace operator; we assume bi = d = 0.

7.2.1 The Maximum Principle

Let Ω be any bounded domain, A the operator

A =−
N

∑
i, j=1

∂
∂xi

(

ai j
∂

∂x j

)

+
N

∑
i=1

bi
∂

∂xi
+d (7.38)
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with real coefficients, ai j ∈ L∞(Ω), bi ∈ LN(Ω), d ∈ LN/2(Ω), if N ≥ 3 and bi ∈
L2+ε(Ω), d ∈ L1+ε (Ω), if N = 2, ε > 0. We assume d ≥ 0, and the form

A(v,u) =
∫

Ω

(
N

∑
i, j=1

∂v
∂xi

∂u
∂x j

+
N

∑
i=1

biv
∂u
∂ xi

+dvu

)

dx

W 1,2
0 (Ω) strongly coercive, i.e.

v ∈W 1,2
0 (Ω) =⇒ A(v,v)≥ c|v|2W1,2(Ω), c > 0. (7.39)

We can prove immediately

Theorem 2.1. Let A be given as in (7.38), (7.39), Ω be a bounded domain, u0 ∈
W 1,2(Ω), and almost everywhere u0(x) ≤ M < ∞, M ≥ 0. Let u ∈ W 1,2(Ω) be the
weak solution of the Dirichlet problem Au = 0 in Ω , u−u0 ∈W 1,2

0 (Ω). Then

ess sup
x∈Ω

u(x)≤ M. (7.40)

Proof. 2 Let us consider ε > 0, and u1 = max(M + ε,u) − (M + ε) almost
everywhere. According to Theorem 2.2.3, u1 ∈ W 1,2(Ω), moreover u1 ∈ W 1,2

0 (Ω).

Indeed: u = u0 + h, h ∈ W 1,2
0 (Ω), let us consider a sequence hn ∈ C∞

0 (Ω),
limn→∞ hn = h in W 1,2(Ω). Lemma 1.2 implies limn→∞[max(M + ε, u0 + hn)−
(M+ε)] = u1 in W 1,2

0 (Ω); clearly max(M+ε,u0+hn)− (M+ε)∈W 1,2
0 (Ω). Then

0 = A(u1,u) =
∫

Ω

(
N

∑
i, j=1

∂u1

∂xi

∂u
∂ x j

+
N

∑
i=1

biu1
∂ u
∂xi

+du1u

)

dx ≥ A(u1,u1),

this implies u1 ≡ 0, and hence ess sup
x∈Ω

u(x)≤ M+ ε. �

Exercise 2.1. Let us consider a sequence of domains, Ωn ⊂ Ω n ⊂ Ω , such that for
every compact K ⊂Ω ,Ωn ⊃K, n≥ n0, and let be M ≥ infn supx∈Ω−Ω n

u0(x), M ≥ 0.
With the hypotheses given in Theorem 2.1, prove that ess sup

x∈Ω
u(x)≤ M.

Corollary 2.1. We assume the hypotheses of Theorem 2.1; then we have:

min(0,ess inf
x∈Ω

u0(x))≤ ess inf
x∈Ω

u(x)

≤ ess sup
x∈Ω

u(x)≤ max(0,ess sup
x∈Ω

u0(x)),
(7.41)

|u|L∞(Ω) ≤ |u0|L∞(Ω). (7.42)

2The basic idea of this proof is due to J. Kadlec.
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Theorem 2.2. Considering the hypotheses as in Theorem 2.1 and assuming Ω ∈
N0,1, we have

min(0,ess inf
x∈Ω

u0(x))≤ ess inf
x∈∂Ω

u(x)

≤ ess sup
x∈Ω

u(x)≤ max(0,ess sup
x∈Ω

u0(x)),
(7.43)

Proof. Let M = maxx∈Ω (0,ess supu0(x)), u1 := max(M,u)−M. It follows from
Theorems 2.2.3, 2.4.10 that u1 ∈W 1,2

0 (Ω); we finish as the previous proof. �
We prove as above

Theorem 2.3. Let Ω be a bounded domain, u0 ∈C(Ω)∩W 1,2
0 (Ω). Then

min(0,min
x∈Ω

u0(x))≤ ess inf
x∈Ω

u(x)≤ ess sup
x∈Ω

u(x)≤ max(0,max
x∈Ω

u0(x)), (7.44)

|u|L∞(Ω) ≤ max
x∈Ω

|u0(x)|. (7.45)

Exercise 2.2. With the hypotheses of Theorem 2.3 prove that if d ≡ 0, we get:

min
x∈∂Ω

u0(x)≤ ess inf
x∈Ω

u(x)≤ ess sup
x∈Ω

u(x)≤ max
x∈∂Ω

u0(x).

Let g ∈ C(∂Ω). Let us extend g on R
N to a function continuous on R

N using
the Urysohn theorem. By a process of regularization, we prove that the space of
restriction of functions from C(Ω )∩W 1,2(Ω) on ∂Ω is a dense subset of C(∂Ω).
Let us denote by M the set of restrictions of functions from C(Ω)∩W 1,2(Ω) to
∂Ω . The Green operator G defined by Gg = u is, according to (7.45), such that
G ∈ [M → L∞(Ω)]; as M is dense in C(∂Ω), we have:

Theorem 2.4. Let Ω be a bounded domain, A the operator as in (7.38), (7.39), G be
defined above. Then G can be extended continuously to a mapping from [C(∂Ω)→
L∞(Ω)].

Remark 2.1. If the coefficients of the operator are sufficiently smooth in Ω , then
using Theorem 4.1.3 we prove that the solution belongs to C2(Ω); for the Laplace
operator, we study the solution in a neighborhood of the boundary by the “barrier
functions” method, cf. for instance I.G. Petrovskii [1]. If Ω ∈N0,1 we prove using
Theorem 3.4 below that u ∈C(Ω ).

Moreover, the following theorem holds:

Theorem 2.5. Let Ω be bounded, A be the operator as in (7.38), (7.39), g∈C(∂Ω),
Gg = u be defined in Theorem 2.4, u∗ ∈ C(Ω)∩W 1,2

loc (Ω) be a weak solution of
Au∗ = 0 in Ω , u∗ = g on ∂Ω . Then u∗ = u almost everywhere.
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Proof. Let Ωn ∈N∞ be a sequence of subdomains Ωn ⊂Ω n ⊂Ω such that for every
compact set K ⊂ Ω there exists n0 such that n0 > n =⇒ K ⊂ Ωn. Let ε > 0, gε ∈ M,
|g−gε |C0(∂Ω) < ε. We denote by uε (resp. uεn) the solution corresponding to gε in
Ω (resp. in Ωn). Then using (7.45) we get

|uε −u∗|L∞(Ωn) ≤ |gε −u∗|C(∂Ωn) < ε.

On the other hand, according to Theorem 3.6.7, the functions un extended by gε on
Ω converge to uε in W 1,2(Ω), and then

|uε −u∗|L∞(Ω) ≤ |gε −g|C(∂Ω ) < ε,

and
|uε −u|L∞(Ω) ≤ |gε −g|C(∂Ω) < ε.

�
Starting from the inequality (7.45) we can extend the Green operator G obtained

in Theorem 2.4 on C(∂Ω) to larger spaces.

7.3 Higher Order Equations

We are interested in the behaviour of the solution in a neighborhood of the boundary
for equations of order ≥ 2 with sufficiently smooth coefficients, and sufficiently
general hypotheses about Ω : for instance the “cone property”, N0,1, convexity, etc.
We restrict ourselves to the Dirichlet problem. The basic idea can be found in R.
Courant, D. Hilbert [1] and was developed by the author [5]; here we assume N = 2.
Using the results obtained in the previous chapter concerning weighted spaces, we
shall also prove some results for N = 3.

7.3.1 “The Mean Inequality”

Let us denote Kr =K(0,r) the ball with center at the origin and radius r; we consider
an operator of order 2k,

A = ∑
|i|,| j|≤k

(−1)|i|Di(ai jD
j), (7.46)

ai j ∈Cκi,1(Ω ), κi = max(0, |i|− k−1+[N/2]).

We have the following
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Lemma 3.1. Let r ≤ 1,A be the operator (7.46) in Kr, with |ai j|Cκi ,1(Kr)
≤ c1; we

assume the form

A(v,u) =
∫

Kr
∑

|i|,| j|≤k

ai jD
ivDjudx

to be W k,2
0 (Kr)-elliptic with |A(v,v)| ≥ c2|v|2Wk,2(Kr)

.

Let us consider f ∈ W−k+[N/2],2(Kr), u ∈ W k,2(Kr) the weak solution of Au = f
in Kr. Then u ∈Ck−1(Kr), and

∑
|i|≤k−1

∣
∣Diu(0)

∣
∣≤ c(c1,c2)

(
∑
|i|≤k

r(−N/2−k+1+|i|) ∣∣Diu
∣
∣
L2(Kr)

+ r(1+[N/2]−N/2)| f |W−k+[N/2],2(Kr)

)
.

(7.47)

Proof. Set y = x/r,v(y) = u(ry) and denote Di
y the derivative with respect to the

coordinate variable y. Further denote bi j(y) = r(2k−(|i|+| j|))ai j(ry). Let us prove the

W k,2
0 (K1)-ellipticity with constant c2 of the bilinear form

∫

K1
∑

|i|,| j|≤k

bi j(y)D
i
ywD j

ywdy.

If w ∈W k,2
0 (K1), let m ∈W k,2

0 (Kr) be defined by m(x) = w(x/r). It is convenient to

take the norms in W k,2
0 (Ω) in the following form

(∫

Ω
∑
|i|=k

|Diu|2 dx

)1/2

,

cf. Theorem 1.1.1. We get

∣
∣
∣
∣
∣

∫

K1
∑

|i|,| j|≤k

bi j(y)D
i
ywD j

ywdy

∣
∣
∣
∣
∣
=

=

∣
∣
∣
∣
∣
r−N

∫

Kr
∑

|i|,| j|≤k

ai j(x)r
2kDimD jmdx

∣
∣
∣
∣
∣
≥ r(2k−N)c2 ∑

|i|=k

∫

Kr

|Dim|2 dx

= c2 ∑
|i|=k

∫

K1

|Di
yw|2 dy = c2|w|2W k,2

0 (K1)
.

(7.48)

Now, we have
|bi j|Cκi ,1(K1)

≤ |ai j|Cκi,1(Kr)
. (7.49)
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If [N/2]< k, let us define g ∈W−k+[N/2],2(K1) by

< ψ,g >= r(−N+2k) < ϕ, f >, ϕ(x) = ψ(x/r). (7.50a)

If [N/2]≥ k, let
g(y) = r2k f (ry). (7.50b)

For ψ ∈C∞
0 (K1) we get

∫

K1
∑

|i|,| j|≤k

bi j(y)D
i
yψD j

yvdy =
∫

Kr
∑

|i|,| j|≤k

r(2k−N)ai j(x)D
iϕD judx =< ψ ,g > .

According to Theorem 4.1.2 and Proposition 4.1.1, we have v ∈ W k+[N/2],2(Kρ ),
ρ < 1, then by Theorem 2.3.8, v ∈Ck−1(K1).

If [N/2]> k, it follows according to Theorem 4.1.2 and Proposition 4.1.1 that

|v|Wk+[N/2],2(K1/2)
≤ c3(|v|W k,2(K1)

+ ∑
|i|=[N/2]−k

|Dig|L2(K1)
), (7.51)

where c3 depend only on c1,c2. Indeed: using Theorem 2.7.6 we get

|v|W k+[N/2],2(K1/2)
≤ c4(|v|W k,2(K1)

+ ∑
|i|≤[N/2]−k

|Dig|L2(K1)
)

≤ c5(|v|W k,2(K1)
+ ∑

|i|=[N/2]−k

|Dig|L2(K1)
+ ∑

|i|<[N/2]−k

|Dig|L2(K1/2)
),

∑
|i|<[N/2]−k

|Dig|L2(K1/2)
≤ c6|v|Wk+[N/2]−1,2(K1/2)

≤ 1
2c5

|v|W k+[N/2],2(K1/2)
+ c7|v|W k,2(K1/2)

,

(7.52)

and (7.51) follows from (7.52).
Now let us consider the case k < [N/2]. We have

∑
|i|≤k−1

|Di
yv(0)| ≤ c8(|v|W k,2(K1)

+ |g|W−k+[N/2],2(K1)
),

where the constant c8 depends only on c1,c2. We get

∑
|i|≤k−1

r|i||Diu(0)| ≤ c8
(

∑
|i|≤k

r|i|−N/2|Diu|L2(Kr)
+ r(k−N/2−[N/2])| f |W−k+[N/2],2(Kr)

)
,

and hence (7.47).
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If k ≥ [N/2], we obtain from (7.51),

∑
|i|≤k−1

|Di
yv(0)| ≤ c9

(|v|Wk,2(K1)
+ ∑

|i|=[N/2]−k

|Dig|L2(K1)

)
,

where c9 depends only on c1,c2. Now we get

∑
|i|≤k−1

r|i||Div(0)|

≤ c9
(

∑
|i|≤k

r(|i|−N/2)|Diu|L2(Kr
)+ ∑

|i|=[N/2]−k

r(k+[N/2]−N/2)|Di f |L2(Kr)

)

≤ c9
(

∑
|i|≤k

r(|i|−N/2)|Diu|L2(Kr
)+ r(k+[N/2]−N/2)| f |W ([N/2]−k),2(Kr)

)
,

and we get (7.47) also in this case. �

7.3.2 Existence of a Classical Solution in the Case N = 2

Let us recall that a bounded domain satisfies the exterior cone property if there exists
a fixed open cone such for every y ∈ ∂Ω it is possible to locate this cone in �Ω in
such a way that y is the vertex of the cone. In this case we shall write Ω ∈ Cext , cf.
Fig. 7.1. A bounded domain verifies the exterior ball property if there exists a ball B
such that for every y ∈ ∂Ω this ball can be located in �Ω in such a way that y ∈ ∂B.
In this case we shall write Ω ∈ Bext , cf. Fig. 7.2.

y

Ω

Fig. 7.1
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Ω

y

B

Fig. 7.2

We have the following theorem:

Theorem 3.1. Let us consider Ω ∈ Cext and A is the operator (7.46), A(v,u) is
W k,2

0 (Ω)-elliptic, f ∈W−k+1,2(Ω), the function u is a weak solution of the problem

Au = f in Ω , u ∈ W k,2
0 (Ω) and N = 2. Then u ∈ Ck−1(Ω) for x ∈ ∂Ω , |i| ≤ k− 1,

Diu(x) = 0, and
|u|Ck−1(Ω) ≤ c| f |W−k+1,2(Ω). (7.53)

Proof. According to Theorem 4.2.1, u ∈ Ck−1(Ω). Let us consider xn ∈ Ω , such
that limn→∞ xn = x ∈ ∂Ω , dn = dist (xn,∂Ω), ξn ∈ ∂Ω such that dn = |xn −ξn|. Let
C be the cone defined previously, C ⊂ �Ω , with vertex ξn, and σ(x) = |x−ξn|. Let
us consider the ball K(xn,dn/2). Let us introduce the local coordinates (y′,yN) with
origin at ξn for which the axis yN coincides with the axis of the cone C and consider
lines parallel to the axis yN which cut the ball K(xn,dn/2). Without loss of generality
we assume dn sufficiently small that all parallel lines considered cut C. Let us denote
by Mn the union of open segments on the parallel lines with one end on ∂C and the
other end in K(xn,dn/2). As in (6.27) we obtain

∑
|i|≤k

|Diu|L2
r−2(k−|i|) (Mn)

≤ c1|u|Wk,2(Mn)
,

which gives

∑
|i|≤k

|Diu|L2(K(xn,dn/2))d
−(k−|i|)
n ≤ c2|u|W k,2(Mn)

.

Now it suffices to use (7.47) to prove that limn→∞ Diu(xn) = 0, |i| ≤ k − 1; then
(7.47) implies (7.53). �
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Ω

ξn

Mn

xn

dn

2

Fig. 7.3

For the Dirichlet problem with nonhomogeneous boundary conditions which was
not considered in Theorem 3.1, we have

Theorem 3.2. Let us consider Ω ∈Cext ,N = 2,A as in the previous theorem,

f ∈W−k+1,2(Ω), u0 ∈W k+1,2(Ω)∩Ck−1(Ω).

Then the weak solution u of the Dirichlet problem Au = f in Ω , u− u0 ∈ W k,2
0 (Ω)

satisfies u ∈ Ck−1(Ω) and for x ∈ ∂Ω , |i| ≤ k−1, Diu(x) = Diu0(x). Moreover we
have the inequality

|u|Ck−1(Ω) ≤ c(| f |W−k+1,2(Ω) + |u0|W k+1,2(Ω) + |u0|Ck−1(Ω)).

If Ω ∈N0,1 then W k+1,2(Ω)⊂C(k−1)(Ω) algebraically and topologically.

Example 3.1. Let Ω = {x ∈R
2; 0 < x1 < 1, |x2|< xα

1 , α ≥ 0}, u0 ∈W 3,2(R2), f ∈
L2(Ω). Then the solution of the problem �2u = f in Ω ,u−u0 ∈W 2,2

0 (Ω) belongs
to C1(Ω ).

Remark 3.1. If Ω ∈N0,1, and if the operator A is strongly elliptic, certain results
obtained by the author in [9] imply that the solution obtained in Theorem 3.1 is
κ−hölderian in Ω ; if the coefficients ai j, |i| = | j| = k, are real, we can choose
κ < 1/2.

7.3.3 The Case N = 3

Theorem 3.3. Let us consider Ω ∈ Bext and let A be the operator (7.46) verifying
the hypotheses given in Theorem 6.2.6. Let N = 3, f ∈ W−k+1,2(Ω) and let u ∈
W k,2

0 (Ω) be the solution of Au = f in Ω . Then u ∈W k−1,∞(Ω)∩Ck−1(Ω), and

|u|Wk−1,∞(Ω) ≤ c| f |W−k+1,2(Ω). (7.54)
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Proof. Suppose x ∈ Ω , d = dist(x,∂Ω), ξ ∈ ∂Ω , d = |x− ξ |. Let B the ball as
in Fig. 7.2, B ⊂ �Ω such that ξ ∈ ∂B; let ρ be the radius of B and y its center.
Without loss of generality we assume d < ρ/2. Let B1 be the ball of radius ρ/2
with center y1;y1 is a point on the segment (y,ξ ) such that dist(ξ ,∂B1) = d. Let us
set σx(η) = dist (η ,∂B1). According to Theorem 6.2.7 and Remark 6.2.4, we get

|u|
Hk,2

σ−1
x

(Ω)
≤ c1(| f |W−k+1,2(Ω) + | f |

W−k,2

σ−1
x

(Ω)
), (7.55)

where c1 does not depend on x. By Theorems 6.2.3, 6.2.4, for all ϕ ∈C∞
0 (Ω),

|ϕ|W k−1,2(Ω) ≤ c2|ϕ |
Wk,2

σx (Ω)
,

where c2 does not depend on x, and hence

| f |
W−k,2

σ−1
x

(Ω)
≤ c2| f |W−k+1,2(Ω). (7.56)

Now let Mx be the union of segments as in Fig. 7.3, where one end of each segment
is on ∂B and the other one is in K(x,d/2). From (7.55) and (7.56) we get

∣
∣
∣
∣

u
σx

∣
∣
∣
∣
W k,2(Mx)

≤ c3d−1/2| f |W−k+1,2(Ω),

where c3 does not depend on x; the function u/σx = v ∈ W k,2
0 (Ω); using the

inequality (6.25) on Mx, |i| ≤ k, we get:

|Div|L2

σ−2(k−|i|)
x

(Mx)
≤ c4d−1/2| f |W−k+1,2(Ω),

then for |i| ≤ k:

|Diu|L2

σ−2(k−|i|)−2
x

(Mx)
≤ c5d−1/2| f |W−k+1,2(Ω),

and
|Diu|L2(K(x,d/2))d

(−(k−|i|)−1) ≤ c6d−1/2| f |W−k+1,2(Ω),

and finally
|Diu|L2(K(x,d/2))d

(−(k−|i|)−1/2) ≤ c6| f |W (−k+1),2(Ω). (7.57)

It follows from (7.57) and (7.47) that

∑
|i|≤k−1

|Diu(x)| ≤ c7| f |W−k+1,2(Ω). (7.58)

�
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Problem 3.1. Prove that with the hypotheses of Theorem 3.3, we have u ∈
C(k−1)(Ω ).

Moreover we get

Corollary 3.1. Let us assume the hypotheses given in Theorem 3.3. Assume

f ∈W−k+1,2(Ω), u0 ∈W k+1,2(Ω)∩W k−1,∞(Ω),

and let u be the solution of the Dirichlet problem Au = f in Ω , u− u0 ∈ W k,2
0 (Ω).

Then
|u|W k−1,∞(Ω) ≤ c(| f |W−k+1,2(Ω) + |u0|W k+1,2(Ω) + |u0|W k−1,∞(Ω)).

Remark 3.2. If Ω ∈N0,1 ∩Bext , N = 3, then W k+1,2(Ω) ⊂ Ck−1(Ω) algebraically
and topologically and it suffices in the previous Corollary to assume only u0 ∈
W k+1,2(Ω).

7.3.4 Continuity of the Solution for the Laplace Operator on Ω

The weighted space method and Lemma 3.1 give again the well known results for
the second order Dirichlet problems. Here we consider only the Laplace operator,
but clearly the results can be extended to more general cases.

Theorem 3.4. Let be Ω ∈ Cext , f ∈ W−1+[N/2],2(Ω)∩ Lq(Ω), with 1/q = 1/2−
([N/2]− 1/N),3 u the solution of the Dirichlet problem −�u = f in Ω ,u ∈
W k,2

0 (Ω). Then u ∈C(Ω), and

|u|C(Ω) ≤ c(| f |W [N/2]−1,2(Ω) + | f |Lq(Ω)). (7.59)

Proof. Fix y ∈ ∂Ω , ry = |x− y|, H1 = W 1,2
0,r−α

y
(Ω), H2 = W 1,2

0,rα
y
(Ω). We assert that

the sesquilinear form

A(v,u) =
∫

Ω

N

∑
i=1

∂v
∂xi

∂ u
∂xi

dx

is H2-elliptic for α =−N +2− ε , 0 < ε < 1. Indeed, according to Example 3.3, we
have:

ReA(urα
y ,u) =

∫

Ω

N

∑
i=1

∣
∣
∣
∣

∂u

∂xi

∣
∣
∣
∣

2

rα
y dx+

α
2
(2−N−α)

∫

Ω
|u|2r(α−2)

y dx.

3If Ω ∈ N0,1, then according to Theorem 2.3.4, W [N/2]−1,2(Ω ) ⊂ Lq(Ω ) algebraically and
topologically.
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We have

α
2
(2−N−α)

∫

Ω
|u|2r(α−2)

y dx =
2−N− ε

2
ε
∫

Ω
|u|2r(−N−ε)

y dx.

Let C be the cone in �Ω , cf. Fig. 7.1, with vertex y. Let us introduce the local charts
(x′, x′N) with the origin at y and with the axis x′N parallel to the axis of the cone C. If
a is sufficient small, let us consider the prism P= {x= (x′,x′N), |x′i|< a, |x′N |< c1a}.
If c1 is big enough we obtain that the face located in x′N = −b is in �Ω . Denote
by P+,−

i , i = 1,2, . . .N − 1, the faces of P located in the hyperplanes x′i = ±a and
by P+,−

N the faces in the hyperplanes x′N = ±b. By elementary computations as in
Sect. 1.1, Chap. 1, we obtain for i = 1,2, . . . ,N −1:

∫

P+,−
i

|u|2dP+,−
i ≤ c2a2

∫

P+,−
i

( N

∑
j=1

∣
∣
∣
∣

∂ u
∂x j

∣
∣
∣
∣

2

−
∣
∣
∣
∣

∂u
∂xi

∣
∣
∣
∣

2 )
dP+,−

i , (7.60)

and then
∫ a

−a
. . .

∫ a

−a︸ ︷︷ ︸
(N−2)times

|u(a,x2, . . . ,xN−1,b)|2 dx2 . . . dxN−1

≤ c3a
∫

P+
1

( N

∑
j=1

∣
∣
∣
∣

∂u
∂x j

∣
∣
∣
∣

2

−
∣
∣
∣
∣

∂u
∂x1

∣
∣
∣
∣

2 )
dP+

1 .

(7.61)

From (7.61) it follows that

∫

P+
N

|u|2dP+
N ≤ c4a2(

∫

P+
N

( N

∑
j=1

∣
∣
∣
∣

∂ u
∂x j

∣
∣
∣
∣

2

−
∣
∣
∣
∣

∂u
∂xN

∣
∣
∣
∣

2 )
dP+

N

+

∫

P+
1

( N

∑
j=1

∣
∣
∣
∣

∂ u
∂x j

∣
∣
∣
∣

2

−
∣
∣
∣
∣

∂ u
∂ x1

∣
∣
∣
∣

2 )
dP+

1

)
.

(7.62)

On the faces P+,−
i , we have c5a ≤ ry ≤ c6a, and then using (7.60), (7.62) it follows

that
∫

Ω
|u2|r(α−2) dx ≤ c7

∫

Ω

N

∑
i=1

∣
∣
∣
∣

∂u
∂xi

∣
∣
∣
∣

2

rα dx.

Now choosing ε <max(1,2/[c7(N−1)]) we have the W 1,2
0,rα

y
(Ω)-ellipticity. It is easy

to see that ε does not depend on y ∈ ∂Ω . Now we have

sup
y∈∂Ω

|u|
W 1,2

r
(−N+2−ε)
y

(Ω)
≤ c8| f |Lq(Ω). (7.62bis)
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Indeed, it is sufficient to prove

sup
|v|

W1,2

0,r
(−N+2−ε)
y

(Ω)
≤1

∫

Ω
|v f |dx ≤ c9| f |Lq(Ω); (7.63)

using this last result we apply Theorem 6.3.1. According to Theorem 6.2.3 we get

∫

Ω
|v|2r(N−4+ε)

y dx ≤ c10,

and then (7.63) follows. Theorem 4.2.2 gives u ∈C(Ω). If we now have a sequence
xn ∈ Ω such that limn→∞ xn = x ∈ ∂Ω , dn = dist (xn,∂Ω), ξn ∈ ∂Ω , dn = |ξn−xn|,
then it follows from Theorem 6.2.3 that

(∫

Ω
|u|2r(−N−ε)

y dx

)1/2

≤ c11| f |Lq(Ω),

taking into account (7.62 bis) and Lemma 3.1, and we obtain limn→∞ u(xn) = 0. �
Remark 3.3. If we assume Ω only bounded, we prove without difficulty

sup
y∈∂Ω

|u|
W 1,2

r
(−N+2)
y

(Ω)
≤ c| f |Lq(Ω),

(cf. notations in the previous theorem and in the proof), and then

|u|L∞(Ω) ≤ c(| f |Lq(Ω) + | f |W [N/2]−1,2(Ω)).

Remark 3.4. If

f ∈W [N/2]−1,2(Ω)∩Lq(Ω), u0 ∈W (N/2]+1,2(Ω)∩C(Ω ),

then according to Theorem 3.4, we have for the weak solution of the problem
−�u = f in Ω ,u−u0 ∈W 1,2

0 (Ω),

|u|C(Ω) ≤ c(| f |W [N/2]−1,2(Ω) + | f |Lq(Ω) + |u0|W [N/2]+1,2(Ω) + |u0|C(Ω)).

Remark 3.5. If A is a second-order elliptic operator with sufficiently smooth
coefficients and ai j = a ji, we modify Theorem 3.4 replacing ry by

ρy(x) = (
N

∑
i, j=1

Ai j(y)(xi − yi)(x j − y j))
1/2,
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where Ai j(y) are the elements of the matrix inverse to the matrix of the coefficients
ai j(y).

7.3.5 The Case of the Right Hand Side Equal to Zero

We return now to the hypothesis N = 2. For the solution of the problem Au = 0 in
Ω , u−u0 ∈W k,2

0 (Ω), u0 ∈W k,2(Ω)∩Ck−1(Ω), we shall prove that u ∈W k,2(Ω)∩
Ck−1(Ω). This result was derived by the author in his paper [5] for polyharmonic
operators. We shall use the results on Poisson kernels given in Chap. 4; for simplicity
we assume that

ai j ∈C∞(Ω ). (7.64)

Now we prove

Lemma 3.2. Let us consider r < 1, the operator A defined in (7.46) and satisfying
(7.64) in Kr, and suppose the sesquilinear form A(v,u) is W k,2

0 (Kr)-elliptic with
ellipticity constant c∗. Let u ∈W k,2(Kr) be the weak solution of Au = 0 in Kr. Then
u ∈Ck−1(K̄r), and for |μ |= k−1, μ fixed, we have

Dμ u(0) =
1

r(k+N−1)

∫

Kr

N(x,r)u(x)dx, (7.65)

where
N(x,r) ∈C(Kr), |N|C(Kr)

≤ c(ai j,c
∗).

Proof. According to Theorem 4.1.2, we have u ∈C∞(Kr). With the notation used in
Lemma 3.1 we set

y = x/r, v(y) = u(ry), bi j(y) = r(2k−|i|−| j|)ai j(ry).

For ψ ∈C∞
0 (K1), we have

∫

K1
∑

|i|,| j|≤k

bi j(y)D
i
yψD j

yvdy = 0.

The operator
B = ∑

|i|,| j|≤k

(−1)|i|Di
y(bi jD

j
y) (7.66)

is W k,2
0 (Ω)-elliptic, cf. Lemma 3.1. Now we use Theorem 4.4.1 for Ω = K1 and B∗

and the Dirichlet problem B∗Mr = Dμδ (y) with homogeneous boundary conditions.
The very weak solution of this problem is Mr. According to Theorem 4.1.3 Mr(y) ∈
C∞(K1 −{0}). Let ψ ∈ C∞

0 (K1), ψ(y) = 1 for |y| < 1/2, and let us set Pr(y) =
ψ(y)Mr(y). It follows from Theorem 4.4.1 that
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0 = (−1)(k−1)Dμ
y v(0)+

∫

K1

vNr(y)dy,

where
Nr(y) = B∗(Pr(y))−Dμδ (y).

We have Nr ∈ C∞(K1), and |Nr(y)|C(K1)
≤ c1. Returning to the charts x and setting

N(x,r) = (−1)kNr(x/r), the result follows. �
Theorem 3.5. Let Ω ∈ Cext , A be the operator (7.46), (7.64), the form A(v,u) be
W k,2

0 (Ω)-elliptic, N = 2. Let u0 ∈ W k,2(Ω)∩Ck−1(Ω), u the weak solution of the

Dirichlet problem Au = 0 in Ω ,u− u0 ∈ W k,2
0 (Ω). Then u ∈ Ck−1(Ω), Diu(x) =

Diu0(x), x ∈ ∂Ω , |i| ≤ k−1, and

|u|Ck−1(Ω) ≤ c(|u0|W k,2(Ω) + |u0|Ck−1(Ω)). (7.67)

Proof. Using Theorem 4.1.2, we have u ∈ C∞(Ω) and it suffices to consider
a sequence xn ∈ Ω , limn→∞ xn = x ∈ Ω . Let us set u = u1 + u0. Let us consider
the balls K(xn,dn/2) introduced in the proof of Theorem 3.1 and we use the same
notation for Mn. From Theorem 2.3.4 we have W k,2

0 (Ω) ⊂ Ck−2(Ω ) if k ≥ 2; then
it is sufficient to consider Dμu1, |μ |= k−1. We apply the previous lemma for u in
the discs K(xn, dn/2). Hence we get

Dμ u(xn) =

(
2
dn

)k+1 ∫

Kn

N(x,dn/2)u(x)dx.

It follows that

Dμu1(xn) =

(
2
dn

)k+1 ∫

Kn

N(x,dn/2)u(x)dx−Dμu0(xn) =

=

(
2
dn

)k+1∫

Kn

N(x,dn/2)u1(x)dx+

(
2
dn

)k+1∫

Kn

N(x,dn/2)u0(x)dx−Dμu0(xn).

Denote

pn(x) = ∑
|i|≤k−1

1
i!
(x− xn)

iDiu0(xn),

and let u2 ∈W k,2
0 (Ω) be the solution of Au2 = Apn in Ω . According to Theorem 3.1

we get
|u2|Ck−1(Ω) ≤ c1|u0|Ck−1(Ω), (7.68)
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and for |i| ≤ k− 1, limn→∞ Diu(xn) = 0. Then we obtain

Dμu1(xn) =

(
2
dn

)k+1 ∫

Kn

N(x,dn/2)u1(x)dx+

+

(
2
dn

)k+1 ∫

Kn

N(x,dn/2)(u0(x)− pn(x))dx+

+

(
2
dn

)k+1 ∫

Kn

N(x,dn/2)(pn(x)−u2(x))dx+

+

(
2
dn

)k+1 ∫

Kn

N(x,dn/2)u2(x)dx−Dμu0(x).

(7.69)

But we have the estimate

d−k|u1|L2(Kn)
≤ c2|u1|W k,2(Mn)

,

and hence ∣
∣
∣
∣
∣

(
2
dn

)k+1 ∫

Kn

N(x,dn/2)u1(x)dx

∣
∣
∣
∣
∣
≤ c3|u1|W k,2(Mn)

. (7.70)

Obviously, we have

lim
n �→∞

∣
∣
∣
∣
∣

(
2
dn

)k+1 ∫

Kn

N(x,dn/2)(u0(x)− pn(x))dx

∣
∣
∣
∣
∣
= 0. (7.71)

We obtain

(
2
dn

)k+1 ∫

Kn

N(x,dn/2)(pn(x)−u2(x)))dx = Dμu0(xn)−Dμu2(xn),

and finally ∣
∣
∣
∣
∣

(
2
dn

)k+1 ∫

Kn

N(x,dn/2)u2(x)dx

∣
∣
∣
∣
∣
≤ c4|u2|W k,2(Mn)

. (7.72)

It follows from (7.69)–(7.72) that limn→∞ Dμu1(xn) = 0, and thus u ∈ C(k−1)(Ω ).
The inequality (7.67) then follows from (7.69). �
Exercise 3.1. Let A be the operator (7.46), (7.64),and suppose the sesquilinear form
corresponding to A is coercive. Assuming the hypotheses given in Theorem 3.5,
prove that

|u|Ck−1(Ω) ≤ c
(|u0|W k,2(Ω) + |u0|Ck−1(Ω) + |u|Wk,2(Ω)

)
.
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elliptiques. Bull. Soc. Math. France 83 (1955), 225–250.
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du Centre National de la Recherche Scientifique, Paris.

[4] Spazi di Interpolazione ed equazioni a derivate parziali. 7-ème Congrès de
l’U.M.I. Genova, 1963.

[5] Sul problema di Dirichlet per le equazioni lineari ellitiche in due variabili. Ann.
Mat. Pura Appl. 48 (1959), 257–279.

E. Magenes, G. Stampacchia: [1] I problemi al contorno per le equazioni differ-
entiali di tipo ellitico. (Italian) Ann. Scuola Norm. Sup. Pisa (3) 12 (1958),
247–358.



356 Bibliography

L. G. Magnaradze: [1] Les problèmes fondamenataux de la théorie de l’élasticité
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Schwartz 1960, Paris.
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[8] Sur les équations différentielles aux dérivées partielles du type elliptique du
deuxième ordre. Czechoslovak Math. J. 14 (1964), 125–146.

[9] Sur la coercivité des formes sesquilinéaires, elliptiques. Rev. Math. Pures Appl.
9 (1964b), 47–69.

[10] L’extension de l’espace des conditions aux limites du problème biharmonique
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Dokl. Akad. Nauk SSSR 114 (1957), 938–941.

S. Zaremba: [1] Sur un problème toujours possible comprenant ... Journ. de Math.
pures et appl. (Russian) 6 (1927), 127–163.

Additional Bibliography

N. Agmon: [5] On the asymptotic distribution of eigenvalues of differential prob-
lems. Sem. 1962/63, Ist. Naz. Alta Matem. 2, 556–573.

[6] On kernels, eigenvalues, eigenfunctions of operators related to elliptic prob-
lems. Comm. Pure Appl. Math. XVIII (1965), 627–663.

M. S. Agranovich: [2] Elliptic singular integro-differential operators. (Russian)
Uspech. Mat. Nauk XX (1965), 3–120.

A. D. Aleksandrov: [7] Majorants of solutions of linear equations of order two.
(Russian) Vestn. Len. Univ. (1966), 5–25.

[8] The method of projections in studies of solutions of elliptic equations. (Rus-
sian) Dokl. Akad. Nauk SSSR, 169 (1966), 751–754.



Bibliography 363

J. Barros-Neto: [1] Inhomogeneous boundary value problems in a half space. Ann.
Scuola Norm. Sup. Pisa, XIX (1965), 331–365.

R. Beales: [1] Nonlocal elliptic boundary value problems. Bull. Amer. Math. Soc.
70 (1964), 693–696.

A. V. Bicadze: [2] Normally solvable elliptic boundary value problems. (Russian)
Dokl. Akad. Nauk SSSR 164 (1965), 1218–1220.

N. Boboc, C. Constantinescu, A. Cornea: [1] Axiomatic theory of harmonic
functions. Ann. Inst. Fourier XV (1965), 283–312.

J. Bochenek: [1] On the boundary domains of the n-th eigenfunction for the self-
adjoined elliptic equation. Ann. Pol. Math. XVII (1965), 129–136.

F. E. Browder: [9] Non-local elliptic boundary value problems. Amer. J. Math.
LXXXVI (1964), 735–750.

[10] Asymptotic distribution of eigenvalues and eigenfunctions for non-local ellip-
tic boundary value problems I. Amer. J. Math. LXXXVII (1965), 175–195.

[11] Families of linear operators depending upon a parameter. Amer. J. Math.
LXXXVII (1965), 752–758.

S. Campanato: [8] Su un teorema di interpolazione di G. Stampacchia. Ann. Scuola
Norm. Sup. Pisa, XX (1966), 649–652.

S. Campanato, G. Stampacchia: [1] Sulle magiorazioni in L nella teorie delle
equazioni ellitiche. Boll. Un. Mat. It. XX (1965), 393–399.

A. S. Dynin: [3] The index of an elliptic operator on a compact manifold. (Russian)
Uspech. Mat. Nauk XXI (1966), 233–248.

G. Geymonat: [1] Su alcuni problemi ai limiti per i sistemi lineari ellitici secondo
Petrowsky. Le matematiche, XX (1965), 211–253.

J. Kadlec, A. Kufner: [1] On the solution of the mixed problem. CMUC 7 (1965),
75–84.

S. Kaniel: [1] On the Dirichlet problem for homogeneous elliptic operators with
constant coefficients. J. of Math. Analysis and Appl. 10 (1964), 537–552.

S. Mizohata: [1] Sur les propriétés asymptotiques des valeurs propres pour les
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