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Preface

The first edition of Necas’s book Les méthodes directes en théorie des équations
elliptiques was published in 1967 simultaneously by Academia, the Publishing
House of the Czechoslovak Academy of Sciences in Prague, and by Masson in
Paris. The publication was unique in that it gave quite a general up-to-date account
of Direct Methods (also called Variational Methods) in the context of linear elliptic
equations and systems of arbitrary order in Lipschitz domains, together with an
excellent general introduction to the theory of Sobolev Spaces. The topics the book
addresses were always among the main research interests of J. Necas (together with
non-linear problems). The book was written in French not only because French was
J. Necas’s favorite language, but also due to his collaboration with J. L. Lions and
the Paris school. After the success of the French edition the translations into English
and Russian were discussed at several points, but for various reasons this work was
completed only recently.

I am very grateful to J. Necas’s colleagues and friends, particularly to W. Jiger,
E. Zeidler, P.G. Ciarlet, C. Simader, V. Solonnikov, H. Sohr, R. Glowinski, and
R. Rautmann. The generous support and patience of C. Byrne and M. Reizakis of
Springer were also essential for the success of the project. The first version of the
translation into English was prepared by G. Tronel of Université Paris VI. Additional
modifications of the translation were carried out by A. Kufner in cooperation with
0. John, V. Sverik, and G. Koch. LaTeX2e typesetting was finalized by E. Ritterova
and O. Ulrych. As the editorial coordinator of the publication I would like to thank
all those mentioned above and also many others who contributed to the final success
of the task. In particular, the support of my mother and my sister was invaluable.

The content as well as form of the translated work keep strictly to the author’s
concept with no attempt to update or restructure it significantly. Such changes would
have destroyed the unique historical value of the work. In addition, the huge progress
that the theory of PDEs went through since the first edition of the book would
require both considerable theoretical extensions and vast additional comments. We
thus present Necas’s work essentially in the form in which it was published in 1967,
because it is in some sense timeless in that it gives a definitive presentation of the
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topics it addresses, still very relevant today. Quoting C. Simader, the book is as vital
now as it was in 1967.

Prague 2011 Sdrka Necasovd



About the Translation

When Prof. Jindfich Necas’ book Les méthodes directes en théorie des équations
elliptiques in 1967 appeared I was a PhD student at the University of Munich
(Ludwigs-Maximilians-Universitaet Muenchen). My advisor, Prof. Dr. Ernst Wien-
holtz, immediately ordered this book for the library. One has to know that at this
time only a few books on Sobolev spaces and their applications to PDE - problems
existed: Translations of S. L. Sobolev’s book (1964), the books by S. Agmon (1965)
and L. Bers, F. John and M. Schechter (1964), where the last two books only treated
L? - Sobolev spaces. Solely looking at the list of contents of Ne¢as” book convinced
us that this book is of enormous importance for us. But there was a great problem:
Prof. Wienholtz and I learned Latin for several years at school, but we never learned
French. Therefore trying to understand the book was a permanent fight as well with
the language as with the difficulty of the material - even though we found out quickly
that the presentation was very well understandable. One great advantage of this
book is that it contains all facts on the spaces W,Sk)([)) forall 1 < p <« (nowadays
called Sobolev spaces). In addition he regarded the spaces V}“ () whose definition
is more in the spirit of Sobolev’s original definition. Here I found in well readable
form the spaces W,gk) () with k non integer, all facts on traces and much more. The
main part of the book concerns the problem how an elliptic boundary value problem
could be translated in a weak form and in the solution of the resulting functional
equation in suitable function spaces. Further regularity properties are studied.

In February 1969 after receiving my PhD I had the opportunity to participate in
the Oberwolfach meeting on Partial Differential Equations. There I met first time
Prof. Necas. Having the maturity of his book in mind, I was very much surprised
by his Juvenileness. He was not yet forty. Unfortunately this was the last time to
meet him for more than 20 years. After 1968 he did not behave in the sense of the
occupying Soviet forces. Only in May 1990 at a Spring School held in Roudnice
nad Labem (Czech Republic) I met Nec€as again. He nearly did not change during
the past 21 years. On the contrary he see seemed to me more happy as in 1969: He
lived now in a democratic, free mother country.

vii



viii About the Translation

I learned a lot of things from this book and it is until today a standard reference
for my students - and I am convinced that many students all over the world will
appreciate and use the underlying English edition of the book, which is as vital as
in 1967.

C. Simader, Bayreuth 2010



Preface to the French Edition

This book is devoted to the theory of linear partial differential equations of elliptic
type; it is based on the work of the Seminar of Partial Differential Equations at
the Mathematical Institute of the Czechoslovak Academy of Sciences as well as on
a lecture series I gave at the Prague Charles University.

The content of the book concentrates on the solution of boundary value problems;
less attention is given to the problem of eigenfunctions and eigenvalues. The
solution of the problem is sought in the Sobolev space W2, i.e. in the Hilbert
space of functions with bounded Dirichlet integral. The definition of the boundary
value problem, based on the concept of the integral of energy and its first variation,
is expressed in the form of an equality between a certain sesquilinear form and
some functionals determined by the data. From this equality, existence theorems are
deduced. I call this approach the “direct method” which corresponds in general to
the use of this notion by other authors. This point of view seems to be very useful
and in principle simple, and can be used to solve the other questions considered in
this book as well, e.g., the regularity of solutions, the introduction of the concept of
very weak solutions, the use of Rellich’s identity etc. This book also contains the
theory of Sobolev spaces. It is assumed that the reader is familiar with basic notions
and results from functional analysis, which can be found in the literature.

I tried to include in the book, in a natural way, a number of recent results,
published as well as unpublished, of other authors and of myself, or at least to
mention them in the bibliography. The choice of subjects and bibliography is, of
course, not exhaustive and depends on the author’s taste. In some sense, the book is
related to the paper by E.Magenes and G.Stampacchia [1].

The chapters are divided into sections (two digits, the first denoting the corre-
sponding chapter; Sect. 3.2 is the second section in Chap. 3), sections are divided
into subsections (three digits, 3.2.5 is the fifth subsection in Sect. 3.2). Formulas
are numbered succesively throughout the corresponding chapter; theorems, lemmas,
remarks, exercises etc. are numbered succesively throughout the corresponding
section. If we refer to a theorem etc from another chapter, we add a new digit at

ix



X Preface to the French Edition

the front, e.g. Proposition 6.2 from Chap. 3 (i.e. the second theorem in Subsect. 3.2)
is referred in other chapters as Proposition 3.6.2.

A few words about the content: The first chapter describes, in a simple form,
the results of Chaps. 2 and 3 together with some questions concerning numerical
methods, etc. This chapter is addressed to a larger group of readers than the other
chapters. In the second chapter, we describe the theory of the Sobolev spaces W57
together with imbedding theorems and the problem of traces and extensions. The
third chapter is devoted to the definition of the boundary value problem and its
solution and includes the Fredholm alternative. We deal here with apriori estimates
of functions satisfying the Lopatinskii conditions at the boundary, and investigate
the dependence of the solution on the coefficients of the operator, on the coefficients
appearing in the boundary conditions and on the domain. In short, systems of
equations are discussed.

In the fourth chapter, the methods of differences and of compensation are used to
prove the regularity of solutions. The dual approach leads to the very weak solutions,
with the Green kernel as a particular case. The fifth chapter is devoted to Rellich’s
equality. There we deduce, for instance, the existence of the solution of the Dirichlet
problem for a second order differential operator with square integrable boundary
data and without assumptions about the regularity of the boundary. In the sixth
chapter, weighted spaces are introduced and used for the investigation of boundary
value problems with non-degenerated differential operators. The seventh chapter
deals with questions of regularity based on the maximum principle and on the mean
value theorem.

Besides theorems and their proofs, there are also remarks, examples and exer-
cises in the book. The latter ones can also serve as announcements of new results
and approaches, and not only as pure exercises. There is also a list of open problems.

I want to express my gratitude to the fellows of the Department of Partial
Differential Equations of the Mathematical Institute, A.Kufner and J.Kadlec, who
have read the manuscript and contributed to its improvement, and further to Prof.
V. Ptak, and Dr. L. Pachta, the reviewer.

Prague 1966 Jindrich Necas
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Chapter 1
Elementary Description of Principal Results

Chapter 1 is intended for those who want to acquire, as quickly as possible,
a knowledge of the basic elements and results of the theory of elliptic equations;
naturally, it is therefore reduced to the exposition of only the most important and
easy results. We also have in mind non-mathematician readers whose interest is
oriented more towards applications and numerical methods. Nevertheless, reading
Chap. 1 is recommended to those who will study the following chapters to
familiarize themselves with the basic notions which theory will meet again in
the rest of the book. For the moment, we will limit ourselves to citing only the
works of R. Courant and D. Hilbert [1]; S. G. Mikhlin [2]; E. Magenes and
G. Stampacchia [1], where further literature can be found, and to S. Agmon [4];
J.L. Lions [4]; V. I. Smirnov [1]; S. L. Sobolev [1]; G. Hellwig [1].

1.1 Beppo Levi Spaces

1.1.1 Definition of W*?

We denote by RV the N-dimensional Euclidean space with generic point x =
(x1,X2,...,%n), and set

N
bl = ()2
i=1

We denote by 2 a bounded or unbounded domain, i.e. an open and connected subset
of RV,

We denote by C=*(€) the set of infinitely differentiable complex-valued functions
on 2 which can be continuously extended with all their derivatives to the closure
Q of Q. If Q is unbounded, we suppose that functions from C*(€2) vanish
in a neighborhood of infinity; of course, this neighborhood can be different for
different functions.

J. Necas et al., Direct Methods in the Theory of Elliptic Equations, 1
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8 _1,
© Springer-Verlag Berlin Heidelberg 2012



2 1 Elementary Description of Principal Results

We denote by C;(£2) the subset of all functions from C*(£2) with compact
support in ; here, the support of ¢, supp ¢, is defined as the closure (in RV) of
the set of all points x such that ¢ (x) # 0. Consequently, every ¢ € C;’(£2) vanishes
identically in a neighborhood of 0, the boundary of Q.

We denote by Lz(Q) the space of all complex-valued functions which are square
integrable over (2; the set LZ(Q) is equipped with the scalar product

(vu) = /9 v(x)u() dx (1.1)

where dx = dx; dx; ... dxy. The integrals are considered to be Lebesgue integrals.
L?(Q) is a Hilbert space. Wherever there is no ambiguity, we will write simply
L? instead of L? ().
Let i = (i1,0,...,iy) be a vector whose components are non-negative integers.
We call this vector a multiindex. Denote

N
i = in.
n=1
For u € C*(Q), we denote by Du the expression

: olily
Dlu= .
8x1 8x2 ...0xy

For k = 1,2,3,..., we introduce on C**(£2) the scalar product

(v u)wraia) = () = Y /SzDivDiﬁdx. (1.2)

i<k

The space W5?(Q) is defined as the closure of C**(Q) with respect to the norm

(v, v),lc/ % we also write simply W2 instead of W*?(Q). This convention will be
used in the sequel for other spaces as well. For the norm (u,u) ,i/ 2
notation [ug or [ulyr2(q)-

If f e Whk2(Q) and |i| <k, D'f is defined as a function from L*(€). Indeed,
according to the definition of W*2(€2), f =1lim,, .. f, in W*?(Q) where f, belongs
to C=(Q); hence, for |i| <k, D'f,,n=1,2,...,is a Cauchy sequence in L*(Q). We
denote its limit in L2 () by D' f and call it the generalized derivative (distributional
derivative, derivative in the sense of distributions). D' f is uniquely determined by
virtue of the following assertion:

, we will use the

Proposition 1.1. Assume f € W52(Q). Then for any ¢ € C3(Q) and for any i,
li| <k

/Q<pDifdx=(—1)|l’|/QDi<pfdx.
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Indeed, since the identity is satisfied for every f,, from C*(Q), we obtain it for
f by passing to the limit. The uniqueness of D'f follows now from the fact that
Cy (L) is dense in L, (£2). For details see S. L. Sobolev [1].

The space W*? is again a Hilbert space if equipped with the scalar product (1.2).

We denote by Wé‘ 2(Q) the closure of Ci(£2) with respect to the norm of
wk2(Q).

The spaces WX2(Q) are called spaces of functions with “finite energy”.

1.1.2 Equivalent Norms

For applications, it is important to find different norms which are equivalent to
1/

(v,v), ? and to consider boundary values of functions from Wk2(Q2) as well as the

quotient space W%?2 /P, where P denotes the subspace of polynomials of degree up
tok—1.

Theorem 1.1. Let Q2 be a bounded domain. The scalar product

0

(V,M)Wk,2(9> =y QDiijﬁdx, (1.3)
lil=k

defines a norm on Wé{’z (Q) which is equivalent to (v, v),i/z.

Proof. 1t is sufficient to prove the so-called Friedrichs inequality

N .
Zdx < /
Lo e,

for any function ¢ from C7(€2).
The domain £ can be placed inside a cube |x;| < a, i=1,2,...,N. Extending ¢
by zero outside of €2, we have that

0 2
a_)(z dx (1.4)

_ [ o9

(P(le)CZauwa)— a_xl(ély)CZV"?xN)délv

and the Schwarz inequality leads to

2
| (x1,%2,...,xn)|* < 2a dé;. (1.5)

a |
a(p(§17x27"'7'xN)
x|

—a

By integration with respect to x; over the interval [—a,a] it follows that

a a (9 2
/ |q0(x1,x2,...,xN)|2dx1 §4a2[ a—;ol(él,xz,...,xN) d&]. (16)

—a a
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=

Fig. 1.1

By repeated integrations with respect to x,,x3,...,xy over the interval [—a,a] we
get (1.4) with the constant ¢ equal to 4a.

Remark 1.1. The previous proof holds even in the case that €2 is bounded only in
one direction, for instance in the direction of the x; axis (cf. Fig. 1.1 where ¥ =
()Cz, P ,xN)).

Exercise 1.1. Let Q be bounded or unbounded, Q' C Q, Q' bounded, RN — Q 0.
Prove that for u € Wé‘ 2 (Q), the following inequality holds:

12
|ulyr2(qry < const(€L2') (Z/Q |Diu|2dx> . (1.7)
i—k

1.1.3 Concept of a Trace

In what follows, we will mainly work with bounded domains whose boundaries are
continuous. The boundary d€2 of € is called continuous if the following conditions
are satisfied:

— there exist positive numbers o > 0 and 8 > 0, systems of local charts
(Xr1, %25+« Xn) = (X, xpn), ¥ =1,2,...,M, and continuous functions a, defined
on closed (N — 1)-dimensional cubes |x.| < o, i =1,2,...,N — 1, and such that
every point x at the boundary d€ can be represented at least in one of the charts in
the form x = (x}.,a,(x}));

— the points (x,,x,y) such that |x,| < o, i =1,...,N — 1 (we denote this set by A,)
and a,(x.) < xn < ar(x) + B belong to £ while the points (x).,x.y) such that x. €
Ay, ay(xL) — B < x;n < ar(x.) are outside of Q. (Cf. Fig. 1.2.).
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Fig. 1.2

The boundary 02 is called Lipschitz (or lipschitzian) if the functions a, above
satisfy the Lipschitz condition on A,, i.e.

XYy € Ay == la(x) — ar(yy)| < constlx) —yy.

We will show that, in a certain sense (which will be specified), the functions
from W*2 () have boundary values on € together with their derivatives of order
< k— 1; these values generalize in a natural way the boundary values of a function
continuous on . We will call them traces.

We denote by L?(9€Q) the space of functions which are square integrable
over Q2.

Theorem 1.2. Let Q be a bounded domain with lipschitzian boundary. Then there
exists a uniquely defined, linear and continuous mapping T : Wk2(Q) — L?(0Q)
such that for x € 9Q and v € C*(Q), it is defined by T (v)(x) = v(x).!

Proof. Let V, be the subset of £ of points x = (x., x,v) for which x, € A, a,(x,.) <
Xy < ar(xy) +B. _
During the proof, we will omit the index r. Let v € C*(€2); then we have

(aw)) = = [ S B (T, al¥) < T<ale) .

Using the Schwarz inequality, we obtain

u(f)*(‘

b @) <2 (ﬁ Lo

Bl 9gv 2
’a—(x/,ézv) d§1\1—1—2|v()c/,‘t)|2 ) (1.8)
8xN

'In the sequel, we will write simply 7'(v) = v.
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Integrating this inequality with respect to T over the interval [a(x'),a(x’) + 3], we get

a(x')+B ) 2
ﬁv(x',a<x'>>|2s2(ﬁ2 / Ry d@)
(1.9)

)

+2/ lv(x',7)|%dT.

Now integration over the cube A leads to

ﬁ/\vx a(x |2dx/<2ﬁ /dx’/ ‘ (X, xn)

+2/dx’/ XXN)| dXN

(1.10)

The surface element of dQ can be expressed as

ds = <1+2 <§j> > ”dx’.

for i < N — 1, the derivative < T is bounded since the function a(x’) satisfies the
Lipschitz condition and its first derivatives exist almost everywhere in A. Hence the
assertion of our theorem follows from (1.10). ]

In Chap. 2, the reader will find several generalizations of Theorem 1.2; the space
L?(9Q) will be replaced there by other Banach spaces equipped with a more fine
structure.

Corollary 1.1. Let Q be a bounded domain with lipschitzian boundary, |i| < k— 1.
Then there exists a uniquely defined, linear and continuous mapping T; : wk2(Q) —
L?(9Q) such that for u € C*Q,

Tu = D'u.
In the sequel, we will denote for simplicity the trace of u € W!?(Q) on 9 again

by u.

1.1.4 The Poincaré Inequality

We shall prove the Poincaré inequality for the cube |x;| < a,i=1,2,...,N.

Theorem 1.3. Let Q be the cube |x;| < a, i=1,2,...,N. For u€ W'?(Q), the
following inequality holds:
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2

2 2 1 /
/\u| dx < 2a N/ Z ax, _(2a)N Qu(x)dx (1.11)
Proof. Foru € C*(Q) and x,y € Q, we can write
X1 Ju
M(X)—Lt(y): a (510’2, 7)’N)d§l
yi X1
2 Ju
+/ —— (18,3, 8)dE + (1.12)
Jyy axz
XN a
+ a - (-x17x2; xN*héN)déNa
YN OXN

and consequently,

Julex) = u(y) 2 = Ju@)|* + |u ()P~ wx)uy) — u(y)ulx)

2

< 2aN /a o g )| &+
a —(&1,y2,- -,
< ol o 1,2 YN 1 (1.13)
a| du 2
— d .
. 8XN(X1,X27 ,EN) 5N>
Integration over the product 2 x € yields
20a)" | Ju(v)dx
Q
Wt N o |2 2 (1.14)
< 2aN(2a)N* / —(x dx—i—Z‘/uxdx ,
<20V [ (3|00 [ty
and the result follows. U

1.1.5 Rellich’s Theorem

The identity mapping W'?(Q) — L?(Q) is linear and continuous, but we have
a more precise result, namely Rellich’s theorem:

Theorem 1.4. Let 2 be a bounded domain with continuous boundary. The identity
mapping W12(Q) — L*(Q) is compact (cf. F. Riesz, B. Sz. Nagy [1]).

Proof. A bounded subset M of some Banach space is precompact if and only if for
every € > 0 there exists a finite e-net in M, i.e. some elements uy,uy,...,u; € M
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such that for every v € M, one has

vEM = min |v—u<e.

=12,.,

Let & > 0. We can find a set Q,Q C Q, such that for all functions u from W'2(Q),
for which |u|W1_z(Q) < 1, we have the estimate

(/Q_Ql|u|2dx>l/2<8/6. (1.15)

To prove it, let us consider the set V, (cf. 1.1.3), in the proof we again omit the
index r. Letv € C3(Q2). If a(x') < yy < a(x')+ B /2, we then have:

W) =~ [ 2 e+, T), ald) +B/2 < T<ald) 4B
yv OXN

We can deduce that

P <28 [ [ 2 g dee oo )

Integrating the last inequality with respect to T over the interval [a(x’),a(x") + B]
we get

Bt <2 [ | 2w

d§N+2/ v(x', 7)[*dt. (1.17)

Now we integrate (1.17) first over A and then with respect to yy over the interval
[a(x"),a(x’)+ 8], 6 < B. We get
dxy

a(x') +5
/dx// 7yN|d)’N<2ﬁ6/ dx// ) ‘ (x',xn)
) (1.18)

+26/B/ dx’/ V(o) oy

2

This inequality is satisfied also for u € W'?(Q). If § is small enough, using (1.18)
for all » (omitted in (1.18)) we obtain (1.15); for £2; we can take

Q) ={xe Q, dist(x,0Q2) > 1},
A small enough.

Let us cover 2] by cubes C; C Q,i=1,2,...,l, with edges less than or equal to
€/(6v/2N). We deduce that
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1/2 1/2
()" ([, o)
Q Ul C;

i=1
€ N 2 2 1<

. w) e L E o]
‘6</c21 ) s & e |

Let us consider the linear continuous mapping of W!?(Q) to the /-dimensional
complex space A defined by y; = [, u(x)dx,i=1,2,...,1. Since A is finite-dimen-

(1.19)
du

9x;j

sional, this mapping is compact. Hence for the unit ball of W'?(£), |u|W112( o) < Lit
is possible to find uy,uz, ..., us such that for every u in this ball there exists some u;,
satisfying

I
ﬁzl /Ci|u—u,|dx‘<8/3. (1.20)

For this function u# we have that

1/2 1/2 1/2
(/ uu;|dx) g(/ |uu,dx> +</ uut|dx)
Q Q-0 Q

<e/3+€e/3+¢e/3=¢

as a consequence of (1.15) and (1.20). Hence uy,uy,...,u; form an €-net in L2(Q)
for the ball [uly12o) < 1. O

1.1.6 The Generalized Poincaré Inequality

Now, we generalize Theorem 1.3:

Theorem 1.5. Let Q be a bounded domain with continuous boundary. Then for
u € Wk2(Q), the following inequality holds:
' 2
/D’udx ) (1.21)
Q

Proof. To the contrary, let us assume that there does not exist any constant for which
inequality (1.21) holds. Then we can find a sequence of functions u; € W5?(Q),
s=1,2,..., such that |us|yr2( o) = 1 and

2)

‘”|€Vk-2(.(2) < const ( D /Q |D'ul*dx + D

lil=k lil<k

2/ Diu2dr+ Y

/Diusdx
li|=k 2 li|<k /€2

|us|a/k.2(g) > (
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Hence, it follows that for |i| = k, lim,_ .. D'uy = 0 in L?(£2). On the other hand,
due to Theorem 1.4 we can find a subsequence u,;; which strongly converges in
WA L2(Q). Let u = lim;—se u, in WX 12(Q). We have lim; e 5, = u in W2 (Q);
but D'u = 0 for |i| = k, and hence u is a polynomial of degree < k — 1. Obviously,
we have

lim Dl'uxjdxz/ Diudx=0, i<k
] JQ Q

and so u = 0. But this contradicts the fact that 1 = lim; e, [[us,[|yr2(q) = [[ullyr2(q)-
(]

1.1.7 The Quotient Spaces

Let Py_y) be the space of polynomials of degree < (k—1) and P C Py_ ) a linear

subspace. We denote by W52(Q) /P the quotient space of classes ii of functions
u € W52(Q); u,v € ii & u—v € P. The norm in the space W*2(Q)/P is defined in
the usual way:

|ﬁ|Wk,2(Q)/P:li161£|u|wk72(9). (122)

The quotient space of a Banach space is a Banach space. (Cf. F. Riesz, B.Sz.
Nagy [1], L.A. Ljusternik, V.I. Sobolev [1].)

Example 1.1. Let k = 2; P can be the set of constants or the set of first order
polynomials ag + ajx; +axxs + ...+ ayxy with Z{»V:l a; = 0; etc.

If P = P_1), we obviously have for u € i:

1/2
i,12 -
<- Q ‘t‘z:k |D M| dx) < ‘M‘WkQ(Q)/P(k—l)’ (123)

and the left hand side of (1.23) depends only on the class ii. Moreover we have the
following theorem:

Theorem 1.6. Let Q be a bounded domain with continuous boundary. The follow-
ing inequality

1/2
|ﬂ‘Wk*2(Q)/P(k,1) < const (/Q Z |D’u|2dx> (124)
li|=k

holds for u € .
The space Wk’Z(Q)/P(k_l) is a Hilbert space with the scalar product

/ S DivDiadx with vevuc
Q il=k
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Proof. 1f it € W52(Q)/Py_y), then it is possible to find a function u € i such that
Jo D'udx = 0 for |i| < k. Hence (1.24) is a consequence of (1.21). O

The quotient spaces W52 (£2) /P are Hilbert spaces too:

Theorem 1.7. The quotient space W*%(Q)/P is a Hilbert space with the norm
(1.22).

Indeed: W5?(Q) = P4 K i.e. the direct sum of P and its orthogonal complement
in the hilbertian structure (1.2). If it € W*?(Q)/P, then there exists exactly one
element ug € @, ux € K; let us put (%,@)yx2(g)/p = (vk, ux). Then we have:

2 _: 2 _: 2 2
[ty )/p = influlipea o) = Inf(luklyia o) + lurlyea )

= ‘ul(|‘2;vk,2(g)-

1.1.8 Other Equivalent Norms

In the previous subsections we have constructed equivalent norms in the space
W¥2(£2) orin some subspaces. Now, we give three theorems with some other typical
examples.

Theorem 1.8. Let Q2 be a bounded domain with continuous boundary. Then we
have for u € Wk2(Q) that

‘ 1/2
|ulyyi2(q) < const (/Q|u|2dx+/QZ|D"u|2dx> : (1.26)
i=k

Proof. We shall prove that W*?(Q) is a Banach space (indeed a Hilbert space) with
respect to the norm given by the right hand side of (1.26). Then we use the Banach
theorem on isomorphism (cf. L.A. Ljusternik, V.I. Sobolev [1]).

Hence let u; be a Cauchy sequence with respect to the “new” norm. Accord-
ing to Theorem 1.6 there exist polynomials p; of degree < (k — 1) such that
limg e (145 4 ps) = uin WH2(Q) for the “natural” norm. Since u; is a Cauchy
sequence in L*(Q), the sequence p; is a Cauchy sequence too, but in a finite-
dimensional space. Because all norms in a finite-dimensional space are equivalent,
ps — pin Wk2(Q). O

By the same way we obtain the Friedrichs inequality:

Theorem 1.9. Let Q2 be a bounded domain with lipschitzian boundary. Let
I' C dQ, meas(I') # 0. Then for u € W'2(Q) we have
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1/2
< 248 5| 9u 2dx 1.27
|u[y12(q) < const r|u| + QZ 3 . (1.27)
i=1

Finally we prove

Theorem 1.10. Let Q2 be a bounded domain with lipschitzian boundary. Then for
u € W>2(Q) we have

1/2
|ulw22(q) < const </ |u|2dS+/ D |Dul? ) . (1.28)

li]=2

Proof. We proceed as in the proof of Theorem 1.8 taking into account that
(J5¢ lu[>dS)!/? is a norm in Py O

In Chap. 2, we shall consider Sobolev spaces wkp (Q), 1 < p < oo, which are
L? analogs of W*?(£). We shall prove various imbedding theorems for which the
theorems of this section are model cases. For p > 1 and for sufficiently smooth
domains, we will define trace spaces. Cf. S.L. Sobolev [1], J. Deny, J.L. Lions [1],
E. Gagliardo [1, 2], J. Necas [11].

1.1.9 An Imbedding Theorem

The inclusion W*2(Q) C L?(Q) has the following sense: the imbedding (i.e. the
identity mapping) of W*2(Q) into L?(Q) is continuous; we call this inclusion an
algebraic and topological inclusion. Another type of inclusion, which is a particular
case of an imbedding theorem, is given by the following:

Theorem 1.11. Let Q be a bounded domain in R*. We have Wz‘z(Q) C C(Q)

algebraically and topologically; C(Q) is the space of continuous functions on Q,
which is a Banach space with respect to the norm

[l ) = max Ju(x)].
xeQ

Proof. We can put £ into a big square, say into (—a,a) x (—a,a). For ¢ € C5’(Q)

we have that
/ /ﬂl I 8 (&1,62)dE1 d&,,

hence

o< [ [[3%

o\ 1/2
8x18x2 |d§<2 (/—a/—a 8x18x2 g ) ’
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Remark 1.2. For domains with lipschitzian boundary and for u € W*2(Q), it is
possible to define, in terms of traces, Diu on 9€2, |i| < k— 1, also exterior normal
derivatives, d'u/dn’, i = 0,1,...,k — 1; d'u/dn’ € [*(IQ). If dQ is smooth,
for instance a (k + 1)-times continuously differentiable hypersurface, then using
local charts we can define the spaces W'2(9Q), and prove without difficulty the
inequalities

8_"14
on!

< constulyizg), i=1,2,....k—1.
W(k—i—l).Z(aQ)

We can formulate the converse question, i.e.: Given ¢; € wk=i=12(9Q), i
0,1,...,k— 1, can one find u € W*?(Q) such that d'u/dn’ = @; on dQ? The answer
is negative. For k = 1, we can construct a continuous function ¢y on d€2 such that
there is no function u € W!2(Q) with ¢y as trace. An example of such a function
(cf. for instance S.G. Mikhlin [2]) was given by J. Hadamard.

But if ¢; € W¥=42(9Q), the answer is positive. For details see Chap. 2.

Exercise 1.2. The mapping T defined in Theorem 1.2 is compact. Hint: Use (1.10)
with 8 small enough.

Exercise 1.3. Let 2 be a bounded domain with continuous boundary. Then we
have

+2/ |Du|* dx )1/2.

li|=k

|| yk2(q) < const ( Y

i| <k

/x")cl2 XN
0 172 N U

(Cf. Theorem 1.5.)

Exercise 1.4. Let Q be a bounded domain with continuous boundary. Let P be the
set of constants; then the norm |u|Wk}2( @)/p 1s equivalent to:

<1<Z<k/ Dl dx )1/2.

Exercise 1.5. Let 2 be a bounded domain with continuous boundary and C C €2

a cube; then
1/2
Uiz <const</|u dx+/ S |Diuf? > .

li|=k

Exercise 1.6. Let € be an ellipsoid. The analogue of (1.28), i.e. the inequality

1/2
‘u|wk,2(g) < const (/ |u‘2ds+/ 2 |Dlu|2 )

lil=k



14 1 Elementary Description of Principal Results

is not true if k = 3; if €2 is not an ellipsoid, and if €2 is bounded with lipschitizan
boundary, then the inequality is true for k = 3.

Exercise 1.7. Theorem 1.2 is not true in case that the boundary dQ is not
lipschitzian. Hint: Consider a domain in R? with a cusp.

1.2 Boundary Value Problems for Elliptic Operators

1.2.1 Elliptic Operators

Let k be a nonnegative integer, let a;; be measurable and bounded complex-valued
functions defined on Q, |i|,|j| < k;i= (i1,i2,--,iN)s J = (J1sJ2,- -5 JN)-

A differential operator given by a matrix a;; will be written in the following
form:

A=Y (-1)lDi(a;D). (1.29)
lil,]j|<k

If the coefficients a;; are |i|-times continuously differentiable in £, then we can

define for u 2k-times continuously differentiable in €2:

Au= Y (=1)D'(a;Du).
il 171<k

The operator (1.29) is elliptic at the point x € Q, if for £ € RV, £ #£ 0, we have:

> a(0)EE A0, ET=ENER.EY. (1.30)

lil,]jl=k

The operator is elliptic in €2 if (1.30) is satisfied almost everywhere in €2, and
uniformly elliptic in €2, if there exists a constant ¢ > 0 such that almost everywhere
in Q the following inequality holds:

Y, @w(0)EE| = g (1.31)

lil,]jl=k

Let u be in W52 () and let f be in L2(£2); we shall say that Au = f weakly in Q
or that u is a weak solution of the equation Au = f in L if for all ¢ € C(L2) the
following identity is satisfied:

/ﬁijDi(ijﬁdx:/Q(p]_‘dx. (1.32)

lil| jl<k” €
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Example 2.1. We take a;; = 1 fori= j =1, a;; = 0 otherwise (i, j are usual indices,
not multiindices, i, j = 1,2,...,N.) As a result, we obtain the Laplace operator:

i%(la—x,)

Y @it = &P,

i,j=1

Moreover

which implies that (1.31) is satisfied.

Example 2.2. Let a;; (again with usual indices i,j), i,j = 1,2,...N, be real
constants, and assume that the quadratic form

N
z a;;&ig;
ij=1
is positive definite. Then the operator
N9 d
A= (a,-j—>
1121 dx; 0x;

is uniformly elliptic. The same property holds for the operator

N9 N9
A=— ,jzlax,<”a >+Za )—i—;:lqa—xj—i—d

where a;;,b;,c;,d are arbitrary real constants.

Example 2.3. Consider |i| = |j| =2, a;; = 1 if i = j and only one index i is non
zero, a;; = 2 if i = j and two indices iy,i; are non zero; a;; = 0 if i # j. As
a result, we obtain the biharmonic operator /A2, which is uniformly elliptic since
the following identity is satisfied:

> @g'e =g
lil,]j1=2
The same is true for the operator

d d d d
2, Y _ v v
A+ax1(A) A+ax2+ax3+...+axN 2.

Example 2.4. For N =2, we take aj| = 1, ajp = a, a»; = —a, apy = 1, where a is
a constant. The operator
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2 9 (9
"2 ()

is formaly equal to —A!

Example 2.5. For N =2 and ¢ a constant, we define

92 02 92 02
A= (9_)6% (18_)%) * 8)618)62 (2(1 B G) 8)61(9)62)
02 92 92 92 92 02
+52(7g) 33 (o) 73 (153).
which is formally equal to /2!

Example 2.6. Forl=1,2,3,... we define

A= (=11 |i|2:‘lDi (;!Dl) .

1.2.2 Decomposition of Operators

Using integration by parts, we get:

Proposition 2.1. Let a;; be |i|-times continuously differentiable functions in £, u €
Wk2(Q). Let us assume that u is 2k-times continuously differentiable in Q, and
Au € LZ(Q). Set f = Au. Then Au = f is satisfied in the weak sense in €.

Examples 2.4 and 2.5 show that a particular operator allows several decomposi-

tions. We will say that A} = A, in Q, if for all u € C*(Q), ¢ € C; () we have:

A

Proposition 2.2. Let A1,A; be two second order operators,

S @D oD’ dx. (1.33)
lil.|jl<k

S, 4y g |

lil,|j] <k Q

) d N9
A== Za, Z )b, L v 1=1,2.
I i7j211 0x; ( t 8xj) i=1 Yox

Assume that a;;; =aj;, | = 1,2, a;j; are continuously differentiable in Q, and that
bj1,cpare continuousin 2,1 =1,2. If Ay = Ay in Q, then we have Re a;; | = Re a;; 2,
bi1=bjp, c1 =ca.
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Indeed: choosing # = 1 in (1.33) we have:

/modx:/ Cedy=c1 =c.
Q Q

Fory € Q and iy, jo two indices set u(x) = (x;, — i, ) (xj, —j,). Integrating by parts
in (1.33) we get for ¢ € C5'(Q):

/Alu(pdxz/Agu(pdx:>A1u:A2uinQ.
Q Q
But at the point y we have:

Aru = ajgjo 1(¥) + @joig 1 (¥) = @igjo2(¥) + ajgig2(y) => Re a;j1 = Re ajj 2,

and if we choose u(x) = x;,, we get b, | = bj; . O

Remark 2.1. Under the same hypotheses as in Proposition 2.2, with real functions
a;j such that a;; = aj;, we can show that the decomposition of the operator is
uniquely determined. This is not true if k > 2, cf. Example 2.5.

1.2.3 The Boundary Operators

Let ©2 be a bounded domain with lipschitzian boundary. We say that the boundary
dQ is smooth in a neighborhood of y € d€2 if for an atlas of charts (x',xy) (cf. the
definition in 1.1.3), y belongs to a subset A of dQ defined by ¥’ € A, xy = a(x’),
where a € C*(A).

If 0Q is smooth in a neighborhood of each point y € dQ we say that the boundary
is smooth.

Letk=1,2,3,... be a fixed integer. We divide the set {0,1,2,...,k— 1} into two
subsets {j[,jz,...,j#}, {il,iz,... ’ik—ﬂ}'

If u = 0, the j subset is empty, if it = k, the i subset is empty.

Let 2 be a bounded domain with boundary d€ almost everywhere smooth,
and let I be an open set of dQ. We define on I' the boundary operators By,
s=1,2,...,u in the following form:

Qs

Bsszﬂ,

(1.34q)

where d/s /dn’s is the ji-th derivative in the direction of the exterior normal n; with
respect to the surface measure, the tangent plane exists almost everywhere on dQ.
The operator Fj is defined by:

Fo= Y cuD', (1.34b)

li|<k—1
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where the functions c; are measurable and bounded on 0£2. In a neighbgrhood of
a smooth point y, the boundary is given in a chart by x = (0,a(0)), 0 € A, and we
assume that F is given by:

glil
Fo= Y dy—— - (1.34c)
1 1 IN— P
ii<k—1  00,'d0y ...doy" | dniN
where iy = i; and i; is one of indices i1, i2,. .., ity . For simplicity we can define By

first on C*(€2) and then on W*2(€) using the trace operators.

Now we can define stable boundary conditions in the following setting: we
decompose the almost everywhere smooth boundary 0Q into disjoined open sets
I;;i=1,2,...,K, such that

meas (8!2 \ OE) =0.

i=1

For every i, we introduce a non-negative integer ;, U; < k — 1, and operators Bjq,
s=1,2,..., 1;; a function u € W*2(Q) satisfies the boundary conditions Bj;u = 0 on
0Q,i=1,2,...,kand s = 1,2,...,1;, if B;;u =0 on 92 in the sense of traces. We
denote by V the subspace of functions u from W*2?(Q) such that B;u = 0 on Q.

Let us remark that for some particular cases the definition of V can be generalized
for domains with weaker smoothness.

1.2.4 Green’s Formula

Let us give a particular case of the partition of unity (cf. L. Schwartz [1]):

Proposition 2.3. Let F be a compact set in RN, and G1,Ga,...,Guy be open sets
covering F. We can find ¢; € C3(G;), i =1,2,...,M, 0 < ¢; < 1, such that

M
x€F =Y ¢;(x)=1.
i=1

Proof. We construct open sets G,G),...,G), such that G, C G;, i = 1,2,.... M,
which also form a covering of F. There exists an open set Gy such that
U?QIG,- = RY and that dist(Gy41,F) > h > 0. Let h be small enough with
dist(G},dG;) > h, i = 1,2,...,M. Let us consider w(h,x) = exp(|x|*/(|x*> — h?|))
for |x| < h, and @(h,x) = 0 for |x| > h. The function ®(h,x) belongs to Cg (RV).
Each a», i=1,2,...,M+ 1, can be covered by a set of balls with radius equal to &
and center y;;j,j = 1,2,... . Let us assume that the covering is locally finite, which
is possible. Denote
vi(x) = o(hx—yi).
J
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Then we have that

M
Vi €G3 (Gi), x € F = Y wi(x) # 0, Yrp1(x) =0.
i=1

=

Let us take @
Wi(x
0i(x) = ST
S wix)
The functions ¢; satisfy the hypotheses of Proposition 2.3. (I

Let Q2 be a domain with continuous boundary, cf. 1.1.3. Hereafter we shall use
the following notations:

U= {xeRY x = (X, xn),%. € Ar,ar(x)) < xv < a,(xX') + B},
r=12,...,M.

Let Uy be a subdomain of €2 such that
UM+1 CQ, U?iTlUr o Q.

Let ¢, € C5(Uy), r=1,2,...,M + 1, be functions which form a partition of unity
for Q and such that ¢,, r = 1,2,...,M, form a partition of unity for Q.
Let us recall the definition from 1.1.3:

Ar={x eR" ! x| <, i=1,2,...,N—1}.
We denote
VE={xeRY x= (X, xn),x. € Ar,ar (X)) < xon < ar(x')+ B},
Vo ={xeR" x=(x,xn),x. € Ar,a, (X)) — B < xv < ar(x)},

A= {x eRY x= (X, x,n)}, X, € Aryxon = ar (X))}

r

We denote by n = (ny,ny,...,ny) the exterior normal at a regular (smooth) point
y of dQ. Let us assume that y € A where A is described by (0,a(0)), 0 € A. Let
us denote:

G={x, x=(,xy), xi=0; +tni(0), i=1,2,....N—1,
xy =a(o)+tny(0), |t| < 8, 6 > 0}.
We assume that 6 is small enough and such that the transformation defined by

x=,xy), xi=o+tn(o), i=1,2,....N—1,
R (1.35)
xy =a(o)+tny(o), cEA,|<b
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is one-to-one and infinitely differentiable together with its inverse transformation
from A x [-§,6] to G.

If 0Q is smooth, and if it is covered by the open sets G,Ga,...,Gy defined
above, let y; € C5(G;), i = 1,2,...,M, be a partition of unity on Q. Let

Gu1 CGyCcQ, UG >0

and, moreover, let W1 € C (Gar+1) be such that

M+1
XENQ— Z v (x) =1

r=1

Now we give Green’s formula, a formula which will be very useful later:

Proposition 2.4. Let Q be a bounded domain with smooth boundary. Let A be the
differential operator (1.29) with coefficients in C*(Q). Let u,v € C*(Q). There exist
boundary operators:
Ly = Z dsiDia
[i|<2k—1—s

with dy; infinitely differentiable on 0Q, s = 1,2,...,k— 1, such that

Ja

Proof. According to the definition from 1.2.4, we put v, = vy, and compute (1.36)
for v,. For r = M + 1 we obtain (1.36) imﬂlediately since vy4+1 € C5°(Q). Forr <M,
we use Green’s formula: for w,® € C;(Q2) it is

Y @;D'vDudx = /vAudx+/ Zas (1.36)

lil, |l <k

J0) ow
[ = | Srodir / weoon; dS. (1.37)

We denote by n; the component of the exterior normal in a local chart.
Starting with [, vAudx we obtain the left hand side of (1.36), and using the local
charts (o,7), the sum of integrals can be written

/b dlily, olil i
A 80{' ,..801@’:11 onin 3611'1 __-adx}}i—ll onin )

where b € C3(Q), |i| <k—1, |j| <2k— 1~ |i|. Integration by parts with respect
to o gives (1.36) for v, r = 1,2,...,M; the summation of formulae (1.36) for v,
r=1,2,...,M+1 gives the result. (I
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1.2.5 Sesquilinear Forms
We define for the operator (1.29) a corresponding sesquilinear form:

A(v,u) = Y. a;D'vDudx, (1.38)
il 1<k

i.e. a form linear in v, antilinear in « and continuous on W*2(Q) x Wk2(Q).
Besides (1.38) we introduce the boundary forms a(v,u):

Proposition 2.5. Let dQ be almost everywhere smooth, and

k—1 r
a(v,u):/mz ¥ Eri%nﬁds, (1.39)

r=1i|<k—1

where by; are measurable and bounded on 0Q, the derivatives being considered in
the trace sense. Then a(v,u) is a sesquilinear form on W*2(Q) x W*2(Q) which
vanishes if at least one of the elements v,u is in W(f’z([)).

Indeed, it is sufficient to observe that

v r! o

— " Divil
on’ 2 1o i vn,
n M:rll'lz""lN'

where n! = n'i‘ nlz2 . n;{,"
If now 92 is smooth, under some conditions, it is possible to take |i| <2k—1—r
in (1.39). Details can be found in J.L. Lions [3].

Let us consider the boundary operator

Y buD', r=0,1,2,...k—1,
|i|<2k—1—r

where the coefficients b,; are (|i| —k -+ 1)-times continuously differentiable on dQ
for |i| > k, and measurable and bounded otherwise. We say that the operator is at
the most (k — 1)-transversal if, in local charts, it can be written as

Y b N

- - iy <k-—1.
ri i iN_1 )
li|<2k—1—r (9(711 ...8GN71 otin

Theorem 2.1. Let dQ be smooth.> Let v,u be in C3(Q) and b,; measurable and
bounded for |i| < k and (|i| — k + 1)-times continuously differentiable on 92 for

2It is possible to weaken the hypotheses on 9£2; it suffices that dQ is smooth enough.
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li| > k. Define

k—1 _ 9 )
a(v,u) = / S Y 5.2 pids, (1.40)
02 S <o, on

and assume that the operators

S bD'

li|<2k—1—r

are at most (k — 1)-transversal. Then the form a(v,u) can be extended by continuity
to a sesquilinear form on W52 (Q) x Wh2(Q).

Proof. Using the partition of unity from 1.2.4, we consider only the case v = wy,
w € Cy(£2). a(v,u) is a sum of integrals of the following type (we omit the index r):

E&‘YV 0l
W&G]"l . Qa1 grin

where b are as smooth as by;. If |i| < k, we are in the setting of the assumptions
of Proposition 2.5. Let us consider |i| > k; we have |i| —k < |i| — iy — 1, and by
integration by parts in (1.40) we obtain integrals of the following type:

/_ a‘ |+S k aku ds
c— - - ,
S I Te e A Yo L Yo e

where ¢ is continuously differentiable on Q. We have s+ |i| —k <k—1,k—iy > 1;
without loss of generality we can assume /; > 1, and denote

olil+s—k,, ok 1y
Jo oo lar " aoh.. g0 tai
it 9ol ool

We investigate the following integral:

do
/A C\'Va—o_1 dS

Then we have:

/w—dS— /dt/ (cw—) ds =
ot (71
/ / de 8_(» _dw 8(0 *w ds
2" 90 " “or 9oy T Moo

Setting ¢(0,1) = ¢(0,0) yields

(1.41)
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$ - d*w 8 Jd ,_ . Jdo

Taking into account the regularity of the transformation (1.35), we get from (1.41)
and (1.42)
|a(v,u)| < const|v|yra () |ulyraq)-

O

Remark 2.2. If dQ is smooth in the neighborhood of y € €2, we can define (1.40)
for b,; with support in A (cf. definition in 1.2.4). We obtain again a sesquilinear
form on Wh2(Q) x Wk2(Q).

1.2.6 Boundary Value Problems

The aim of this section is the definition of a boundary value problem for an elliptic
operator with general data:

Let Q be a domain with almost everywhere smooth and

lipschitzian boundary. (1.43a)

LetI3,..., T be a partition of the boundary 02 into disjoint open (1.43b)

sets.

Let A be the differential operator (1.29) with the corresponding (1.43¢)
sesquilinear form (1.38). e
Let a(v,u) be the sesquilinear boundary form (1.39) or (1.40), the (1.43d)
choice depending on the smoothness of the boundary 9. '
LetBis, i=1,2,...,x, s =1,2,..., lU;, be boundary operators. (1.43¢)
Let f € L2(Q), ug € Wy (Q), g, € LX), i = 1,2,...,K, 1 = (1.43f)

1,2, k—u;.
A function u € Wk’Z(Q) is called a weak solution of the boundary value problem
if the following conditions are satisfied:
u—ug€V (1.44a)
and forevery v € V (cf. 1.2.3)

K k=i o Dy,

A(v,u)+a(v,u):/S'ijfdxfz1 2‘1 [ g, ds. (1.44b)
i=1t= i
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We shall give a formal interpretation of the properties of the solution; a precise
interpretation will be given in Chap. 4.

The sense of (1.44a) is well defined: on I;, B;;u = Bjsuq in the trace sense. For
convenience we shall denote Bjug by h;s and we shall write Bjsu = h;g on Q.

Let us consider (1.44b): first we have C;(£2) C V, hence Au = f in the weak
sense (cf. Proposition 2.1). To give a sense of functions g;, let us for simplicity
assume k = 1, dQ regular (smooth), a;j from (1.29), b,; from (1.39) or (1.40),
¢si from (1.34) infinitely continuously differentiable. Let us assume u € C~ (ﬁ) (in
this case f € C*(Q)), and v € V. By Proposition 2.4 we have:

- k=1 oy k=1 v
A(v,u) +a(v,u) = /QvAudx—F/aQ 2; ﬁL,-udS—F/aQ 2{ ﬁMiudS,
i= =

with
Ml»u = Z b,’thu.
1<2k—1—i

Now applying (1.34), d’s /dn's = F; we get:

k*ﬂ itv

_ iy —
Av,u)+a(vu) = /QvAudx—i— o D P (Li,u+Mu) dS
t=1

u
+/ Y Fov (Lju+ Mjju) dS.
00 s=1

Using the partition of unity y,, r = 1,2,...,M from 2.4, we integrate by parts
and taking into account (1.34c) we finally obtain

o k=l iy, _ ki giny,
A(v,u)+a(v,u):[(2vAudx+ 39;—21 WCtudS:/Qvfd)c—i-/agtz1 Wg,dS,

where C; is the operator generated by L; + M;, and by the corresponding derivatives
of Fj, s=1,2,...,u. Here Ciu = g, on Q. If ¥ > 1, we “obtain” C;u = g; on I,
i=1,2,...,x,t=1,2,....k— p;. For simplicity we shall write C; u = g;, on d€2.
The conditions on Cj,u depend on Bjs, on the decomposition of A, and on the
form a(v, u).
We shall give a justification of these considerations in Chap. 4.

1.2.7 Examples

For a given operator A with the associated sesquilinear form A(v,u), and for the
given boundary sesquilinear form a(v,u) and the space V, we define on W52(Q) x
Wk2(Q):

((vu)) =A(v,u)+a(v,u). (1.45)
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We can define also the adjoint operator:

AT = z (_])MDl(alej)a

lil,1j1<k
and the sesquilinear form A*(v,u) = A(u,v). If we put a*(v,u) = a(u,v), we define
by (1.43a)—(1.43f) the adjoint boundary value problem.

Example 2.7. Let us consider A = — /A with the associated sesquilinear form

dv au

() / lz{ax, ox;

Letustake I = 9Q,a(v,u) =0,Bu=u,V={ve W2(Q),y=00n dQ}. For the
solution of —Au = f in Q, we get u = up = g on Q. This problem is called the
Dirichlet problem.

Example 2.8. Let A = —/A\, with the same decomposition as in previous example,
a(v,u) =0. We don’t put any conditions on B on €, so k— i = 1 (it is not necessary
to prescribe ug), V.= W1?(Q). We have:

veV: /Z{g;g;dx /vfdx+/ vgdsS.

Then —Au = f weakly in 2 and formally
dv au
= I ids — / vAudx
/ 12{ ox; (9x, 12{ dx; '

and the solution u takes on dQ the value

N du

8= Za _n7

where du/dn is the exterior normal derivative. This problem is called the Neumann
problem.

Example 2.9. Let N =2, A = —/\, with the decomposition given in Example 2.4,
a a real number, a(v,u) = 0. We choose again V = W!2(Q), f € [*(Q), g €
L%(9€). We have for v € W!2(Q)

/ Jv du  ovdm  Jvdu dvJn dx_/ 7+/ = ds
o\dm ox  Yoxion Yomon oman) T Jo T [0 89

then —Au = f weakly in Q and by formal integration by parts
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Alvu) = —/Q vAﬁdx—F % (c;?x_ ni +ac§xﬁ2n1 —a%ng + 88_)?2”2) ds
1 1

and

,ﬂ( _ )+ﬂ( )
gi&xl ny—anp 93 an| +ny).

The vector (n) —any, any +ny) is directed into the exterior of 2 and is never tangent
to the boundary. This problem is called the oblique derivative problem.

Example 2.10. We can obtain the same problem in a different way: Let us put
A = — A\, with the usual decomposition. We assume d€2 is smooth enough and for
simplicity let £ be simply connected; let s be the length of the arc of the curve 9Q
positively oriented. Set
du
= —d

a(v,u) / av——ds.
Choosing V = W!'2(Q), f € [*(Q), g € [*(9Q), we get —Au= fin Q, du/dn+
adu/ds = g on dQ. This is the previous boundary condition.

Example 2.11. Let Q2 = I + 15 + A, measA = 0, A = —A with the classical
decomposition, a(v,u) = 0. We take Bju = u on I7, no condition prescribed on I3,
feEL*(Q),gc*(IR),V={veW'?(Q),v=0o0nTI};letuy € W'?(Q). Then the
solution of the problem is as follows: —Au = fin Q,u=uy=goonIj, du/dn=g
on I;. We call this the mixed problem.

Example 2.12. Denote A = —A with the classical decomposition. Let / be a mea-
surable and bounded function on 9Q, a(v,u) = [, hvudsS. Let V = W2(Q),
feL?*(Q), g e L*(dQ). For the solution of the problem we have:

12 N ov Ju
veW?(Q) = ng 5 dx+ hvudS vfdx+ vgdS

Then formally —Au = f in Q, du/dn+ hu = g on d€Q. This problem is called the
Newton problem.

Example 2.13. Let us decompose the domain €2 into two subdomains €2 + €2, and
a set of measure zero (cf. Fig. 1.3). On Q| we put A = —a/\, on £, A = —b/\,
where a, b are positive constants, a # b. Set

3V Ju ov da -
VM ‘/Ql i= lgxiaxl +/2b121 ax; 8)6, a(vau):()

and let Bu = u on 9Q. Let up be in W'2(Q), f € L*(Q). We denote u; = u in €.
Formally the problem corresponds to —aAu; = fin Qy, —bAuy = fin £y, u; = uy
on Ay, up = ug on Ay, where Aj = 9dQ N IR, Ay = dQ NI, and let us denote
A =001 NdE,. On A we have u; = uy (in the trace sense) and formally, denoting
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Q

Fig. 1.3
by n the exterior normal to dQ;, adu;/dn = bduy/dn; this relation is an interface
condition on A. This problem is called the transmission problem.
Example 2.14. We take N =2, k = 2, A = A? with the sesquilinear form
0%v 9°u %v  d%u 0%v 0%
A(v,u) = /
Q

ool Pomemonion Tovoe )V =0;
ax% ax% dx10xy 0x10x2 ax% 3x%> ) a(V,u)

we consider I = dQ; Bju = u, Byu = du/dn; V ={v € W22(Q), v=adv/dn =
0ondQ}, f € L*(Q), up € W>2(Q). The solution corresponds to the problem
ANu=fin Q,u=ug=g ondQ, du/dn = dug/dn = g, on JQ. This is the
Dirichlet problem for the biharmonic operator A2,

Example 2.15. Wetake N =2, k=2,A = A2 the decomposition of the operator
as in Example 2.5, o real, a(v,u) =0, V = W2%(Q), f € [*(Q), g, € L*(9Q),
g2 € L*(9Q). For the solution of the problem we consider:

veWw?(Q) =

T T Y e
Q 8x% 8x% 0x19x2 0x19x2 8x% 8x% 8x% 8x% 8x% 8x§

:/ v]_’dx—i—/ vg_ldS—i—/ @g—zds.
Q 20 9Q dn

If the curve d£2 has a positive orientation, formally we obtain:
_ __ ov—
A(v,u) = / vAudx+/ vTuds—i—/ —Muds
Q 9Q 9Q on
where

0%u 2%u 0%u
Mu=cocA 1-0) | —n’+2——n —n
u=olut( >(ax%”1+ 8x19xznln2+8x%n2)’
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on s

Then the solution u satisfies A%y = f in Q,Tu = g; on dQ and Mu = g> on Q.
This is called the Neumann problem for the biharmonic operator.

d d (d%u Pu , , 5 Ju
Tu= ——Au—i— (1 — 0-)8_ <a—x%n1n2— m(l’ll —I’lz) — a—x%l’lln2> .

Example 2.16. Take the same hypotheses as in the previous example, but with
Bu=uondQ,V={veW?*(Q),v=00ndQ}. Let uy € W>?(Q), f € L*(Q),
g2 € L*(9Q). The solution u satisfies A?u = f in Q, u = ug = gy on dQ, Mu = g,
on dQ. This problem is the intermediary problem for the biharmonic operator.

Example 2.17. Under the same hypotheses as in Examples 2.15 and 2.16, we define

for a a real constant :
(v, 1) / v 8ﬁd
a(v,u) =a — —ds.
90 dn odn

The solution satisfies A%u = f in Q, u = up = g1, Mu+a du/dn = g on 9Q.

Example 2.18. Let us solve the problem given formally by A%u = fin Q, u= g,
on dQ, Au = gr on dQ. We cannot set simply o = 1 in Example 2.16 for reasons
to be explained later. But we can proceed as follows: we find ® € W!?(Q) such
that Aw = f in Q, ® = g on dQ. Then we solve the problem to find u such that
Au= o in Q, u = g; on dQ. The initially posed problem leads to a system of
simple equations that we can solve successively as a unique equation.

Example 2.19. Let A = A%+ 1. We want to solve (formally) the following
problems:

Nutu=finQ, Au=gy, (d/dn)Au=g,ondQ; (a)
Autu=FfinQ, u=g;, Au=grondQ; (b)
AN utu=finQ, du/dn=gy, (3/In)Au=g,ondQ. (¢)

For (a) we put Au = o and for ® we have A0+ o = Af in Q, o = g,
dw/dn = g, on 9Q; this is the Dirichlet problem for the operator A2 + 1:
i.e. a problem of our type is considered. For @ known, we find u by A?u = Ao,
and then u = f — A%u.

Concerning (b), we put A2 +1 = (A +i)(A —1i), and (A —i)u = ®; we have
(A+io=f, ®=g,—ig ondQ; this is again a problem of the considered type. If
o is found, we want to find u such that (A —i)u = @0 in Q, u = g on 2 and we are
in the setting of the definition from 1.2.6. For (c) we can proceed as in the case (b).

There exist problems which don’t enter in the setting of the definition of 1.2.6, or
which cannot be transformed into problems of that type. For instance if we want to
solve the problem (A2 4 1)u= f in Q, (a) u = g; on I, (3/dn)Au = g, on AL,
or (b) (du/dn) = g1, Au= gy on dQ.

If we put Au = , the problem is to solve the system Au—w =0, Aw+u=f
inQand (a) u=g;, do/dn=g; on dQ; (b) du/dn=g;, ® = g on IQ.
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Such systems will be solved in Chap. 3.

Generally to find a weak solution is more natural than try to find a classical
solution; this is connected with physical considerations. Nevertheless the problem
of regularity of weak solutions which will be discussed in Chap. 4 is very important,
in particular in applications.

Other possible formulations of boundary value problems, even in the classical
sense or in a more general form than in the definition of 1.2.6, will be discussed
in Chaps. 4 through 7. For references see M. Schechter [4, 5], F. E. Browder [3-5],
S. Agmon, A. Douglis, L. Nirenberg [1, 2], J. Necas [1, 2, 8], etc.

The terminology concerning the boundary value problems as in the definition of
1.2.6 is not unified: if Bju = u, Bou = du/dn,...,Byu = d*'u/dn*~"!, we call it
a Dirichlet problem; on the contrary, if no condition is given, we call it a Neumann
problem. For other problems with a(v,u) =0, I] = dQ we call it an intermediary
problems. If a(v,u) # 0 with condition (1.40), and V = W*?(Q), we call it an
oblique derivative problem. If d€ is decomposed into more pieces I3,I3,...,Tk
we call it a mixed problem. Cf. also E. Magenes, G. Stampacchia [1].

Exercise 2.1. Let us take for n € C5'(£2),

A A A (o DA P DA o
 dx \ dxg ox1 n8x2 0xs naxl oxs \ dx

8x1 8x2 8x2 8x1 '

Formulate the Neumann problem for this operator.

Exercise 2.2. Later in Chap. 2, we shall see that if the boundary of 2 is almost
everywhere smooth, then V = {v € W*?(Q), v=09v/dn=... = d*1v/an*! =
OondQ} = Wé"Q(Q). Prove that the formulation of the Dirichlet problem does not
depend on the decomposition of the operator A.

Exercise 2.3. Let be N = 2, dQ smooth. Prove that Example 2.16 is formally
equivalent, for g; = g» = 0, to the problem A%y = fin Q, u =0,
Au—[(1—0)/p](du/dn)=0on dQ, where p is the curvature radius on Q.

1.3 The V-ellipticity, Existence and Uniqueness of the Solution

1.3.1 The Lax-Milgram Lemma

The proof of the existence of a solution to a boundary value problem is based on
a simple generalization of the F. Riesz theorem due to P.D. Lax and A. Milgram:

Lemma 3.1. Let H be a Hilbert space, and ((v,u)) a sesquilinear form in H x H
satisfying:
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()] < elvllul, =0, (1.46)
[(vv)] > ey, a>0. (1.47)

Then every functional F on H can be uniquely represented in the form ((v,u)) = Fv
with u € H. Moreover, [u| < (¢/o)|F|.

Proof. Let (v,u) be the scalar product on H. The sesquilinear form ((v,u)) defines
for u € H a functional on H which can be uniquely represented, according to
the F. Riesz theorem, by (v,®),® € H. This defines a one-to-one bounded linear
mapping Z : H — H: if Zu =0, ((v,u)) =0, then ((#,u)) =0 and (1.47) implies
u = 0. The mapping Z is open; indeed, ot|u|?> < |((u,u))| = |(u,Zu)| < c|u||Zul,
then alu| < c|Zu|; Z(H) is a closed subset of H. Let us assume Z(H) # H;
in this case there would exist a w # 0 such that (w,Zu) = 0, then for u € H,
a|w|> < |(w,Zw)| = 0 = w = 0; hence we have a contradiction. O

1.3.2 Solving the Boundary Value Problem

Let us assume that the space V and the sesquilinear form (1.45) are given. The form
(1.45) is called V-elliptic if there exists a constant o > 0 such that

veV = |((nv)|>aS. (1.48)

We have

Theorem 3.1. A boundary value problem with a V-elliptic sesquilinear form
((v,u)) has a unique solution u, satisfying

K k—U;
|M‘Wk.2(g) < Const(|f|L2(Q) + |u0|Wk2 + 2 z Ig,;\Lz 39 (1.49)

i=1t=
Proof. Let us put
K k—p;
Fv-/vfdx—!—z 2/ E tg,t — ((v,up))-
i=1 t=1

According to Theorem 1.2, the expression

v _
o ngt ds

is a functional on V, which is a Hilbert space with scalar product (1.2). From
Lemma 3.1, we deduce the existence of a unique @ € V such that for all v e V,
((v,®)) = Fv, and
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K k—U;
|®|yrag) < const(|flp2(q) + [uolwrza) + X, D, Igil2@0)- (1.50)
i=11=1

If we put u = @ + ug, we obtain a solution such that (1.49) is true due to (1.50). Let
uy, up be two solutions of the problem. Then u; —uy €V, ((uy —up,u; —up)) =0,
and consequently u; = u5. (]

Example 3.1. Let us consider

Noovou o _
((v,u)):/g (Z{ a_x,a_x, —|—vu> dx.

Clearly ((v,u)) is W!?(Q)-elliptic, hence V-elliptic if V C W!?(Q). The
considered sesquilinear form corresponds to the operator —/\ + 1.

Example 3.2. Let us consider

()=, (; 3—3—‘) .

Let V = {v=W!"2(Q),v=0o0n dQ}. The form ((v,u)) is V-elliptic according to
(1.27) where we choose I' = 0 Q.

Example 3.3. The sesquilinear form,

N ov ou
() = [ <Za—a—> &

is not W12 (Q)-elliptic. Indeed: for u = const, ((u,u)) = 0.
Remark 3.1. If dQ is almost everywhere smooth, then

V={veW:(Q),v=0v/dn=...= 3 v/on*"' =00n 9Q} = W} *(Q).

The Dirichlet problem can be defined for any bounded domain if V = Wé( '2(.(2)
(and under some restrictions also for  unbounded, RY — Q # 0.)

1.3.3 The Case of Quotient Spaces

To overcome the difficulties which appeared in Example 3.3 we proceed as follows:
Let P C Py_y) (cf. 1.1.7) and for a given V, let P C V. We assume that ((7,i))

is a bounded sesquilinear form on W*2(Q)/P x W*2(Q)/P defined by ((V,ii)) =
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((vu), v e, ueid |((v,d)| < const[Plyraq)plilyraq)p: We say that the
sesquilinear form ((¥,4)) is V /P-elliptic if:
FEV/P=|((7,9))| 2 alilfug)p. >0 (1.51)
After a simple adaptation of the proof of Theorem 1.7, and if we put V = P+K,
we get:

Proposition 3.1. The space V /P is an Hilbert space with the norm:
v = inf . 1.52
Ply/p mt |V|W/<>2(Q) (1.52)

Theorem 3.2. Let a boundary value problem be given for the sesquilinear form
((9,#)) which is V / P-elliptic. A necessary and sufficient condition for the existence
of a solution of the problem is the so-called compatibility condition, i.e.

_ K k—u; atp
P dx —g,dS=0. 1.
per— [ pfar+Y Y [ SPgas—o (1.53)

i=11t=1

In this case the solution is determined uniquely modulo a polynomial p € P; we
have for a appropriately chosen function u

K k=i
|M‘W’<-2(Q) < COHSt(|f|L2(Q) + |’40|Wk2 + z z |gtf‘L2 aQ (1.54)

i=1t=

A possible and uniquely determined choice for p € P is :

/pﬂdsz. (1.55)
Q

Proof. Let us set

K k—H;
o= [ a3 3 [ S, ds— ()

i=1t=1

According to (1.53), and since ((¥,49)) = ((v,up)), F7 is a functional on V /P. We
apply again Lemma 3.1, taking into account Proposition 3.1. Then there exists
a uniquely determined @ € V /P such that vV € V/P — ((¥,®)) = FV, and the
following inequality holds

K k—p;
sup |F7| <const(|f|Lz +|u0|wkz +Z 2 \gn|L2 3_@ (1.56)

[#ly/p<1 i=1 1=
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Let us put u = o + up, ® € @. Clearly, u is a solution of the problem. If uy, u;
are two solutions, we have ((d] — 1z, ] —ii2)) =0, so u; —up € P. If we decompose
Wk2(Q) = P4K using the scalar product

/ (vii+ Y, D'vD'i) dx,
Q

li|=k

we get a solution u € i, u € W*?(Q), u = up + ux, up € P, ug € K; \uK|Wk,z(_Q) =
lit 2o Q)P = < @l yx2(q)/p + [Holwr2(q)- Then by (1.56) and Lemma 3.1, we get for
ug the estimate (1. 54) clearly (1.55) is true for ug. O

Let us observe that V-ellipticity is a particular case of V / P-ellipticity for P = {0}.

Exercise 3.1. Let £ be a domain with continuous boundary, P C Py_y). In L*(Q),

let Py_y) = P+Q and py,ps,..., p; be an orthonormal basis of Q. Then W52 (Q)/P
is a Hilbert space with the scalar product

Ja

1.3.4 Conditions of V-ellipticity

ZD‘ vD'i dx—i—Z/ viip; dx

li=k

The aim of this chapter is not to consider very general conditions, usually of
algebraic type, implying V-ellipticity and V /P-ellipticity. We restrict the problem
to a simple theorem with hypotheses often satisfied in practical cases.

Theorem 3.3. Let Q2 be a bounded domain with continuous boundary. Let for i =

(i1,i2,...,in), |i| =k, & be arbitrary complex numbers. Let us assume:
Y YIUEE TGP e>o. (157)
lil.|jl=k li|=k

Suppose that the sesquilinear form ((v,u)) = A(v,u) + a(v,u) satisfies

Re (((v,v))— / EijDiijde> >0. (1.58)

li,|j]=k 7

Let V be a subspace of W*(Q), P C VN Py_yy, ((7,i)) = ((v,u)) a sesquilinear
form on Wh2(Q) /P x W*2(Q) /P; moreover we assume:

pEVNPi_)y={Re((p,p)) =0 peP}. (1.59)

Then the sesquilinear form ((v,i)) is V / P-elliptic.
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Proof. It is easy to see that the sesquilinear form
/ Y D'vD'udx (1.60)
Qi

is a scalar product on V/Q,Q =V N Py_y). Indeed, according to Theorem 1.7,
Wk2(Q)/Q is a Hilbert space which can be decomposed into a direct sum:
Wk2(Q)/Q = V/Q+H/Q; let @i, € V/Q be a Cauchy sequence for the norm
generated by (1.60). Theorem 1.6 implies the existence of p, € P ) such that
U+ py is a Cauchy sequence in W52 (Q) and a fortiori ii,, + p, is a Cauchy sequence
in Wk2(Q)/Q; but iy, + pn = iy + Gns Gn € H/Q, s0 ii, is a Cauchy sequence in
Wk2(2)/0Q. Now we prove that

((%,@)) + (@ 7)) (1.61)

is a scalar product on V /P. Let ¥; be a Cauchy sequence with respect to the norm
(Re ((7,7)))!/2. Using (1.57), (1.58) there exists py € Q such that lim_..(vs+ py) =
vin Wk2(Q).

Obviously (1.59) implies that (1.61) defines a scalar product on Q/P. Since
7y + Py is a Cauchy sequence in W*?(Q)/P, it is also Cauchy with respect to the
scalar product (1.61). Hence j; is a Cauchy sequence in W2 (Q) /P, and also ¥ is
a Cauchy sequence, and the result follows from the Banach isomorphism theorem.

|

Remark 3.2. The condition (1.57) implies the uniform ellipticity, i.e. (1.31); the
converse is in general not true.

Let us observe that very often, if (1.57) is true, there exists a constant A > 0, such
that ((v,u)) + A (v,u) is W52(Q)-elliptic. The case A = 0 is treated by the Fredholm
alternative (cf. Sect. 1.5 and Chap. 3).

Example 3.4. We consider Example 2.7; the form ((v,u)) is V-elliptic; cf.
Example 3.2.

Example 3.5. Let us consider Example 2.8; according to Theorem 1.6 or Theo-
rem 3.3 we get the W!?(Q)/ Pg)-ellipticity. The necessary and sufficient condition
for the existence of a solution (the compatibility condition) reads

/fdx+/ gdS =0.
Q 0Q

The solution is unique modulo a constant.

Example 3.6. Let us consider Example 2.9. Obviously, (1.57) is satisfied. We have
the W12(Q)/ Pyp)-ellipticity, and we have to add

/fdx+/ 2dS = 0.
Q 0Q
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Example 3.7. Let us consider Example 2.9 with a = i. If v(x) = x; —ixy, we have
((v,v)) = 0, hence the W'2(£2) / Pg)-ellipticity does not hold.

Example 3.8. Let us consider Example 2.10, a real. We have

Rea/. u@ds:o7
Joo ds

which implies that (1.58) is satisfied. (1.57) is obvious and we have the
wi2(Q)/ Pg)-ellipticity. We have to add the compatibility condition

/fdx+/ gdS=0.
Q 0Q

Example 3.9. Considering Example 2.12 with & > 0,k # 0, from (1.27) or Theo-
rem 3.3 we get the W2 (Q)-ellipticity.

Example 3.10. We consider Example 2.11. Then the W' (Q)-ellipticity follows as
in Example 3.9.

Example 3.11. We consider Example 2.13. The V-ellipticity is a consequence of
Theorem 1.6 or Theorem 3.3.

Example 3.12. We consider Example 2.14. The hypotheses (1.57) and (1.58) are
satisfied. Concerning (1.59), let p € V N P). We have p = dp/dn =0 on 9€2, but
since p = a+ bx + cx, we have bnj +cny = 0 on dQ; as Q is a bounded set,
b=c=0, then a = 0 because p = 0 on d€2. Then Theorem 3.3 can be applied. We
can also prove the V-ellipticity directly from (1.28).

Example 3.13. Let us consider Example 2.15. We have
160 +2(1 = 0)[C0l + 681180 + 06l + |6l

= (1= 0)(1&ul +1&2P) + o (1Eul? + 182 +2(1 = 0)|Ci2l* + 0 (Cn i

+82811) > (1= 0)(16u P +1 8> +21812/%).

Then if 0 < 0 < 1, (1.57) is satisfied and according to Theorem 3.3 we get the
wk2(Q)/ Pyyy-ellipticity. A necessary and sufficient condition for the existence of
a solution can be written as

/fdx+/ g1dS=0, /xlfdx—i—/ x1g1dS+/ x182dS =0,
Q oQ Q 0Q oQ

/xzfdx—i-/ x1g1d8+/ x182dS=0.
Q 0Q 0Q
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Example 3.14. We consider Example 2.19 (b). For the sesquilinear form

dv du _
/ (;{ . axl) dx+i /Qvudx

the hypotheses of Theorem 3.3 are satisfied. If V = {v € W!?(Q),v = 0 on 92},
we get the V-ellipticity.

Inequalities (1.49), (1.54) imply that the solution depends continuously on the
data.

In Chap. 4 it will be proved that under conditions of regularity of f and of
the coefficients a;;, the regularity of the solution in the interior of €2 is given by
Theorems 3.1, 3.2. If f and a;; are smooth enough, then the solution u is a classical
solution of the equation Au = f in Q.

Moreover, if A is a smooth open subset of d€2 and if ug, g;; are smooth enough,
we obtain a justification of the formal interpretation for the boundary conditions
Cyu = gj; in the trace sense or in the classical sense; we have also the same
interpretation for the conditions Bjsu = hjq.

Example 3.15. Let us define the operator

N9

A=— 28)6, (a,,8 >+2b

i,j=1
where b; are continuously differentiable in Q. ajj, b;, c are real functions. We assume
(the so-called Picard condition):

S 2 1Y ob
Y aij&iéi > algl, a>0, cx)—5Y =—=>0.
ij=1 25 ox;
Ifv = Wo1 ’2([2), then the form
dv Ju Ny
bi—udx / udx
/:JZ1 ”8 8 +/Q;=zi ’ax,»” +chu

is V- elliptic. Indeed, we have:

> PP,

/ zbax, Z

and on the other hand, for complex numbers &,
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N
ajj+aji .
> LG > alg
i,j=1 2

we are in the hypotheses of Theorem 3.3 or we simply use Theorem 1.1.

Exercise 3.2. Consider Example 3.13 and prove that if o = 1, then the
W22(Q)/P)-ellipticity does not hold.

1.3.5 Nonstable Boundary Conditions

The conditions Bj;u = 0 in the definition of 2.3 are called stable; clearly if v, € V,
and lim;, .. v, = v, thenv € V < B;;v = 0 on dQ. In contrast to this, the conditions
Cisu=0on dQ are called nonstable (cf. 1.2.6), this can be justified by the following:

Theorem 3.4. Let the sesquilinear form ((v,u)) be V-elliptic, let N C 'V be the
subspace of all solutions of the problem Au = f in Q as f € L*>(Q) changes,
with boundary conditions Bisu = Cyu =0 on dQ. Then N =V (with respect to
the norm (1.2)).

Proof. Let Z be the mapping defined in Lemma 3.1. Let us assume N # V, then
Z(N) # V, hence there exists v € V,v # 0, such that for all u € N, 0 = (v,Zu); =
((v,u)) = (v, f). Then v = 0, and this is a contradiction. O

1.3.6 Orthogonal Projections

The solution of the Dirichlet problem can be obtained by the method of orthogonal
projections (cf. S. Zaremba [1], H. Weyl [1], J. Deny, J.L. Lions [1], etc.):

Theorem 3.5. Let A = A* be a selfadjoint operator and the sesquilinear form
A(v,u) be W*2(Q)/P-elliptic; moreover we assume A(v,v) > 0.3 Let V = {v €
Wh2(Q),v=09v/dn=...=d*v/In*"1 =0 0on dQ}. We denote by Q =V P the
direct sum; Q is a closed subspace of Wk72(Q), H /P is the orthogonal complement
of Q/P in W*2(Q) /P obtained using A(v,ii). Let ug be in W5 (Q), iig be the class
generated by ug, lig =i+, ii € H/P, ¥ € Q/P. Then there exists precisely one u € i,
v €V, v €V such that uy = u+v; u is the solution of the Dirichlet problem Au = 0

ou _ u k-1 ok—1y
3—3 = a—ﬂ“,..., 8nk*? M?P 09Q.

in Q, u=u,

Proof. The sesquilinear form A(¥,ii) is a scalar product on W&2(Q)/P. But V N
P;—1) =0, and so there exists exactly one v € Vsuch thatv € V. Let us set u = up — v.

We have u € i, and we also have ((v,u)) = 0 for v € V which implies Au = 0 in Q.
O

3The expression A(v,v) does not change sign; if necessary, we take —A (v, u) instead of A(v, u).
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1.4 The Ritz, Galerkin, and Least Squares Methods

1.4.1 The Variational Method

For simplicity, in this section we consider only the case P = {0} and homogeneous
boundary conditions (Bjsu = Ciu = 0 on d€2 — see 1.2.6). These considerations can
be easily extended to the general case, and this extension is left to the reader.

Proposition 4.1. Let ((v,u)) = ((u,v)) for u,v € V,((v,u)) V-elliptic, ((v,v)) >0
(cf- footnote in Theorem 3.5); ((v,u)) is a scalar product on V. Let vs, s = 1,2,.. .,
be an orthonormal basis in V with respect to ((v,u)), u the solution of the problem
Au= fin Q, Bisu = Cypu=00ndQ. Then

=Y e,
s=1

where cg are the Fourier coefficients of u:

cs:/Qﬁsdx. (1.62)

Indeed, ((u,v)) = [ fydxforveV. O

Now let us assume that the functions v are elements of a basis in V, that they are
linearly independent, but in general not orthogonal. Then we have:

Proposition 4.2. We preserve the hypotheses given in Proposition 4.1 without
the assumption that vs are orthonormal, assuming only that they are linearly
independent. For every n we compute the Fourier coefficients cpi, i = 1,2,...,n as
a solution of the linear system:

2((v,~,vj))c,,,~=/fv_jdx, j=12,....m (1.63)
i=1 Q

the determinant of (1.63) is not equal zero.
We have limy, e 31| Cpivi = in Wk'z(Q), where u is the solution of the problem.

Proof. The determinant of (1.63) is a Gram determinant, and in our case, it is # 0.
The condition (1.63) corresponds to the minimal value of

((u_icm'vivu_ icnivi))~ (1.64)

However, since v form a basis, we have that
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n—yoo

n n
lim ((u— Y cpivisu— Y, cuivi)) = 0. -
i=1 i=1

We now introduce the original formulation of the variational method; for details
cf. S.G. Mikhlin [2, 3]:

Proposition 4.3. With the previous hypotheses, u € V is a solution of the problem
mentioned if and only if it realizes the minimal value of the quadratic functional

((v,v)) —2Re / vfdx, veV. (1.65)
Q
Proof. Let u be the solution of the problem; then we have forall h € V:

((u+h,u+h))—2Re (u+h,f)= ((u,u))+ ((u,h)) + ((h,u)) + ((h,h))

(1.66)
—(u+h,f)=(futh)=—((u,u))+((h,h)).

If u is a solution, it follows from (1.66) that (1.65) is minimal for u. If forv=u+nh
the functional (1.65) attains its minimum, then (1.66) implies that v = u. O

In problems from physics, (1.65) expresses the energy.

Remark 4.1. It follows from (1.66) that (1.64) attains its minimum for v =37, c,v;
if and only if it is the case for (1.65): this is the method of Ritz.

The choice of vy is crucial for the numerical stability of Ritz’ method as n — eo;
cf. S.G. Mikhlin [1], I. Babuska, M. Prager, E. Vitasek [1].

Remark 4.2. The system (1.63) can be obtained by the method of Galerkin: we look
for the solution in the form ¥} ¢,v; and we impose (X7, caivi,vj)) = (f,v;),
j=12,...,n.

1.4.2 The Galerkin Method

We now describe a generalization of Galerkin’s method giving also a theoretical
tool for the proof of the convergence of the finite differences method. Cf. later
Example 4.1.

Let V}, be a finite-dimensional subspace of V defined for all 4 € (0,1). We say
that limy,_,gV,, = V if for all v € V : limy,_,o(dist (v,V},)) = 0.

Theorem 4.1. Let a boundary value problem, with homogeneous boundary condi-
tions and the corresponding V -elliptic sesquilinear form (not necessarily hermitian)
((v,u)) be given. Let u be the solution of the problem. Then there exists a uniquely
determined uy, € Vj, such that for all v € Vj,:

((vun)) = (v, f), (1.67)

and limy,_guy, = u in Wh?(Q).
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Proof. Let vi, i = 1,2,...,n;, be a basis of linearly independent functions in Vj,.
We set u;, = ZI'Z jcivi. Using (1.67) we obtain a system of linear equations with
nonzero determinant, hence uy, is uniquely defined. We have ot|uy|? < |((up, uz))| =
|(un, )] < [unlk]flo, and so,

alupli < |flo- (1.68)

We claim that limy, o u, = u weakly in W52(Q).

Indeed: if this is not the case, then due to (1.68) the |uy|; are bounded by
a constant, and we can extract a subsequence up,, lim; o 1y, = u* weakly, u* # u.
Let us consider v € V. We can find vy, € V,, lim; v, = v strongly. We have
(V> un;)) = (v, f), hence lim; oo ((vy;, up,)) = ((v,u*)) = (v, f) for v € V and then
u* = u. This is a contradiction to our assumption.

Let us chose vy, € V}, such that limy,_,o v, = u; we have:

,11135([((% — Up,Vp — uh))]
= }llig(l)[((vh,vh)) — ((un,vn)) = (Vi un)) + ((un,up))]

= B [((vi, v1)) = (Gan v)) = (Vmy 1)) + (i, £)] = 0.

h

Fig. 1.4

Example 4.1. 'We consider in the plane R? the square Q2 = (0,1) x (0,1),A = —A.
We solve the mixed problem —Au = fin Q, f € LZ(Q), u=0forx; =0,x1 =1,
0<x<1l;xp=0,0<x; <1;9u/dn=0forx; =1,0 < x; <1.Letx;; = (ih, jh),
i,j=1,2,...,(n+1), (n+1)h = 1 be the points of the network mesh %. The space
V}, is a space of functions of height 1, cf. Fig. 1.4; for j = n+ 1 we take the restriction
of a pyramidal function on £2. We denote by v;; the pyramid with center x;;; V =
vew!2(Q),v=0forx; =0,1, 0 <xa < I;x0 =0, 0 < x; < 1}. It is easy to
see that the restrictions of functions in C’(R?) on € are equal to zero on the part
of boundary introduced in the definition of V, which are dense in V; it follows
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that lim;_,o V), = V. If we are looking for a solution of the form u;, =%, ;cijvij,
an approximating solution, we obtain (1.67) by setting ¢;; =0,i=1,n+1, j =0,
dij = (v,-j7 f), and we have the classical linear system in finite differences method:

i,j<n, 4cij—ciy1,j—Ci-1,j—Cij+1—Cij—1=djj,

. 1 1
j=n+1, 2c¢j— ECiJrl,j— Ecifl,j—ci.jJrl — ¢ j—1=djj.

More details on this example can be found in J.L. Lions [6], J. Céa [1-3], I. Babuska,
M. Prager, E. Vitasek [1], S.G. Mikhlin [2].

1.4.3 The Least Squares Method

For the least squares method, starting from inequality (1.49), we obtain:

Proposition 4.4. Let a boundary value problem be given with homogeneous con-
ditions and with a V-elliptic form ((v,u)). Let v; be a sequence of approximating
solutions of our problem such that Av; = f; is a basis in Lz(Q). Let up = Y71 cpivi
be defined by the minimum of

A

Then lim,, e, = u in WE2(Q).

2
dx. (1.69)

z",‘ cnivi— f
i=1

If f € W'2(Q), then the solution of the boundary value problem can be found as
the minimum of the functional (for ((v,u)) hermitian, ((v,v)) > 0):

((»v)) = 2Re (v, f)+ Y, (D’Av— D’ f,D/Av— D/ f);
lj]<t

this is the Courant method.

The sequence u, in Proposition 4.4 can converge to the solution in stronger
norms, for instance in W22(Q’) for every Q' C Q. These questions will be
considered in Chap. 4.

We can again generalize Proposition 4.4: instead of taking the minimum of
Yo criAvi — f in L2(Q) we can study this minimization problem in Wm(Q) if
f € W'2(Q). The convergence of the sequence u, to the solution can be stronger,
for instance in W**+12(Q') for every Q' Q; for I sufficiently high, limy_se s = u
in the classical sense. Cf. Chap. 4 for these questions.

For other numerical processes, like the gradient method, the Treftz method,
the Schwarz method, see S.G. Mikhlin [2, 3], I. Babuska [1], M. Préger, [1],
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F. E. Browder [2], I. Babuska, M. Prager, E. Vitasek [1], Z. Ch. Rafalson [1], M.
Sh. Birman [1], etc.

Exercise 4.1. Prove that u is the solution of the Dirichlet problem —Au = 0 in €,
u = ugp on 9L if and only if the functional

2

) e

L

attains at u its minimum among functions from W!2(€Q) for which u = ug on 0Q.

dv

Ix;

1.5 Basic Notions from the Spectral Theory

1.5.1 Eigenvalues and Eigenfunctions, the Fredholm Alternative

In this section we introduce the basic material and properties of spectral theory and
related questions. We restrict ourselves to the case of a hermitian V-elliptic form
((v,u)), ((v,v)) > 0 and endowe V with the scalar product ((v,u)). The general case
will be considered in Chap. 3.

Let a boundary value problem be given, and let us consider the homogeneous
case, i.e. the data on 9Q are equal to zero. If f € L>(Q), there exists a uniquely
determined solution u of this problem. We define the Green operator, a continuous
linear operator G : L*>(Q) — W*2(Q), by Gf = u.

Hereafter the following proposition will be fundamental:

Proposition 5.1. The Green operator is compact from'V to V.

Proof. Let f,, be a bounded sequence in V. According to Theorem 1.4 it is possible
to extract a subsequence f;,, which converges in L?*(Q), and then by Theorem 3.1
the sequence Gf,, convergesin V. U

A complex number A is called the eigenvalue of the operator A and of the
considered boundary value problem if there exists a function u € V,u # 0, such
that ((v,u)) — A(v,u) = 0 for v € V. This function u is called the eigenfunction
corresponding to A.

Let us observe that we can consider the so called generalized spectral problem:
to find the eigenvalues associated to the form ((v,u)) — A(v,Bu) = 0 where B is
a continuous linear operator B: V — L?(Q); cf. S.G. Mikhlin [2].

From the definition of G, we can obtain the following:

Proposition 5.2. The number A is an eigenvalue and the corresponding function u
is an eigenfunction if and only if

u—AGu=0. (1.70)
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If f € L*(Q), then the function u is a weak solution of the problem Au— Au = f
in Q with homogeneous boundary conditions Bij;u = 0,Cyu = 0 on d€2 if and only
if

u—AGu=Gf. (1.71)

We immediately get

Proposition 5.3. The Green operator is selfadjoint (on 'V with the scalar product

((v,u))) and positive.

Proof. We have ((Gv,u)) = (v,u) = (u,v) = ((Gu,v)) = ((v,Gu)). O
According to the Riesz-Fredholm and Hibert-Schmidt theory, cf. F. Riesz, B.Sz.

Nagy [1], using Propositions 5.1-5.3 we have

Proposition 5.4. The set of eigenvalues of the operator G is a countable set Ay, n =
1,2,... The eigenvalues are real and positive, the sequence A, is non-decreasing
and tends to infinity. There exists a basis of orthonormal eigenfunctionsin'V, say v,,
where v, corresponds to the eigenvalue A,. We have:

1
7 = max((Gf.f)) = (Gva,va)) (1.72)
the maximum being taken over f €V such that ((f,f)) = 1 and ((f,vi)) = 0 for
i=1,2,...n—1.

If A # A, then the equation

u—AGu=F (1.73)

has a unique solution for every F € V; if A = A; then the previous equation has
a solution if and only if

((vi,F))=0 (1.74)

for all eigenfunctions v; corresponding to the eigenvalue A = A;. If the condition
(1.74) is satisfied, the equation (1.73) has a unique solution modulo a linear
combination of eigenfunctions corresponding to A;.

1.5.2 Eigenvalues and Eigenfunctions, the Fredholm
Alternative (Continuation)

We now give another interpretation of Proposition 5.4.

Theorem 5.1. For the boundary value problem considered above the set of eigen-
values is countable, the eigenvalues are real, positive, non-decreasing and tend
to infinity. There exists an orthogonal basis of eigenfunctions, say v,, with v,
corresponding to A,.
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We have

Ao = min {2Y) (1.75)

forveV, (vy)=0i=1,2,...,n—1,
p = V), (1.76)

IfA# A, i=1,2,.... then for every f € L*(Q), there exists exactly one solution of
the problem Au— Au= f in Q, Bijsu = Cyu=0o0n dQ; we get

|2 () < const|f]12(q)- (1.77)
If A = A, the problem considered has a solution if and only if

(vi,f)=0 (1.78)

for all eigenfunctions v; corresponding to A;. If condition (1.78) is satisfied, the
solution is unique modulo a linear combination of eigenfunctions corresponding to
Ai. In this case we can find a unique u satisfying

(V[,M) :07 (179)
where the v; are the eigenfunctions mentioned, and we get:
|ulyi2 () < const|f];2 (). (1.80)

Proof. Using the fact that ((Gv,u)) = ((v,Gu)) = (v,u) and v; — A,;Gv; = 0, the result
follows from Proposition 5.4. U

Proposition 5.5. The set of functions lil/ zvi is an orthonormal basis in L*(Q).

Indeed

/AiA
Aidj (@i, @) = \/ 2ij (91, G;)) = T/((q)iaq)j)) = i)

J

on the other hand, V is dense in LZ(Q), hence v,, which is a basis of V, is also
a basis in L?(Q).

Proposition 5.6. For f € L>(Q), let

F= 3 (v Zwn) s Tt
i=1
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be its Fourier series. The solution u of the boundary value problem with homoge-
neous boundary conditions can be written as

oo

u= Z(f,vn)vn.

i=1

Indeed, we have

oo

W=2M%MM—ZMMW (1.81)

n=1

Remark 5.1. The eigenfunctions are useful if we want to develop the solutions of
boundary value problem into a series. From (1.81) we get in L?(Q):

N N

N
im A (f,vn)vn = 1im Y Au(f,00)vn = 1im [ (F v/ 2avn) v/ Foava] =
~ n—ee & n—yoo

noee i =1

this is not the general case. The details can be found in S.G. Mikhlin [1].

In the numerical computation of eigenvalues we can use (1.75) and try to solve
the problem of minimization in subspaces generated by functions hy,hs, ..., hy,
where h,, n=1,2,... form a basis in V. This is the Ritz method, cf. S.G. Mikhlin
[2] . There are plenty of references about the computation of eigenvalues and
eigenfunctions: the Courant principle (cf. R. Courant, D. Hilbert [1]) or the
comparison method (cf. L. Collatz [1]). Cf. also G. Polya, G. Szeg6 [1], L.E. Payne,
H.F. Weinberger [3], A. Weinstein [1], Y. Dejean [1], etc.

1.5.3 The Gdrding Inequality

The spectral theory provides us with a general tool to solve boundary value
problems. We replace the V-ellipticity by the Gdrding inequality (cf. Chap. 3 and
E. Magenes, G. Stampacchia [1], L. Garding [1]). Now we assume ((v,u)) to be
hermitianin V.

We say that the sesquilinear form satisfies the Gdrding inequality if there exists
a Ap > 0 such that ((v,u)) + Ag(v,u) is V-elliptic.

From Theorem 5.1 we deduce immediately:

Corollary 5.1. Let a boundary value problem be given with homogeneous bound-
ary conditions. Assume that the Gdrding inequality is satisfied for ((v,u)), i.e., for
v eV we have

((v,v)) + Ao(v,v) > const|v[3. (1.81bis)

If 0 is not an eigenvalue, then there exists a unique solution of the problem Au = f
inQ, fe LZ(Q), Bisu =0, Cyu = 0 on dQ, and the following inequality holds:

|M|Wk,2<Q) S COHSt|f|L2(Q). (182)
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If 0 is an eigenvalue, the solution exists if and only (v;, f) = 0 for all eigenfunctions
corresponding to 0. In this case the solution is unique modulo a linear combination
of these eigenfunctions.

Remark 5.2. Corollary 5.1 gives us again, under the above hypotheses, Theorem
3.2:if ((v,u)) is a V/P-elliptic form (and hermitian with ((v,v)) > 0) (1.81bis)’
holds for all Ay > 0. The space of eigenfunctions corresponding to 0 is exactly P.

Here we give a lemma which is a particular case of a lemma by J.L. Lions:
Lemma 5.1. Ler Q be a bounded domain with continuous boundary, k > 2. Then
for every € > 0, there exists A.(€) such that for u € W*(Q)

|M‘Wk—l,2(_Q) < €|M|Wk72(_Q) +A(8)|M|L2(Q). (183)
Proof. We proceed by contradiction. There exists € > 0 and a sequence u,, such that

y €W(Q),  Junlyio12(g) > Eltnlyra gy +nlital 2 (0)- (1.84)

Without loss of generality we can assume |u, |2 (@) = 1. It follows from Theo-

rem 1.4 that we can extract a subsequence u,,, converging to some u in Wk’l*z(Q).
Then (1.84) implies that lim; .. u,, = 0 in L?(Q) and hence u = 0. But this is not
possible because by (1.84), \u|W/<_|,z(_Q> > €. O

We can prove a theorem giving conditions sufficient for the validity of the
Garding inequality:

Theorem 5.2. Let the following conditions be satisfied: A = A*, ((v,u)) = A(v,u),
a(vyu) =0, dQ continuous. We assume (1.57). Then if A is big enough, (1.81 bis)
holds with V = Wk2(Q).

Proof. We have

((v,v))Ho(v,v):/ Y 5,-]-Diijde+/ Y a,»jD"vavdx+Ao/Q|v|2dx.

il jl=k il jI<k
[i]+]j]<2k—1
For § > 0, and two numbers a, b, we have:
) b?

From (1.57), (1.85), and Lemma 5.1 it follows the existence of ¢; such that

k2 i2a 2 d. .
ve Wk (Q), ((v,v))zcl/glzkmw dx K‘/Q| 2 dx (1.86)

Then (1.81bis) follows with 49 = 2xk.
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Exercise 5.1. Prove Theorem 5.1 for the general boundary value problem. Hint:
Given ug, gir, f, let u; be the solution for the operator A. Finally consider the
problem with homogeneous boundary conditions: Auy — Aup = Auy in £, Bisup =0,
C,-,uz =0on a.Q






Chapter 2
The Spaces W7

The theory of the spaces W5? for p = 2, outlined in Chap. 1, has been sub-
stantially developed; now there exist plenty of spaces of analogous type. The
fundamental sources are: S.L. Sobolev [1], S.M. Nikolskii [2], J. Deny, J.L. Lions
[1], E. Gagliardo [1, 2]; see also N. Aronszajn [3], N. Aronszajn, K.T. Smith
[1-3], N. Aronszajn, F. Mulla, P. Szeptycki [1], V.M. Babich [1], O.V. Besov
[1, 2], S. Campanato [3-7], E. Gagliardo [3], V.P. Ilyin [1, 2], G.N. Jakovlev [1],
W. Kondrashov [1], L.D. Kudriavcev [2], J.L. Lions [5], E. Magenes [4], K. Maurin
[1], N.G. Meyers, J. Serrin [1], J. Necas [11], S.M. Nikolskii [3-8], G. Prodi [1],
L.N. Slobodetskii [1, 2], V.I. Smirnov [1], S.V. Uspenskii [1-4], L. De Vito [1].

2.1 Definitions and Auxiliary Theorems

2.1.1 Classification of Domains, Pseudotopology in Cy(£2)

In Sect. 1.1.3, we introduced domains with continuous or lipschitzian boundaries; it
was a particular case of a more general definition:

A bounded domain Q is of type M, where k is a non-negative integer or
infinity, 0 < p < 1, if there exist functions a, as in 1.1.3 defined in the closures
of cubes A, = {¥ € RV, |x| < o, i = 1,2,...,N — 1}, u-holderian together
with their derivatives of order < k, which means that for x.,y. € A,, there is
|D'a,(x.) — Dia,(y.)| < c|x. —y.|*, |i| < k.! If u = 0, the functions a, and their
derivatives of order < k are only continuous in A,, and for simplicity we shall write
NkO = Mk,

Let Q be a domain in RY, k a non-negative integer or k = oo, 0 < pu < 1. We
denote by C**(Q) the space of complex-valued functions whose derivatives of

!Hereafter various constants will be mostly denoted by the same letter c. If necessary, we shall use
indices or another appropriate notation.

J. Necas et al., Direct Methods in the Theory of Elliptic Equations, 49
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8_2,
© Springer-Verlag Berlin Heidelberg 2012
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order < k are p-holderian on the closure of €. If u = 0, the functions and their
derivatives of order < k are only continuous on ; we then write simply C¥(Q)
instead of CK0(Q). If k < oo, we endow C¥(2) with the following norm:

lul ek @) = > max|D%u(x)|, (2.1)

|or| <k ¥EL

and CAH (Q) with the norm defined by:

ID%u(x) — D%u(y)|
|u] . = |ulcx )+ sup . (2.2)
chr@ e ‘O;kxve!)x;év |x — y[H

The spaces C¥(Q) and C**(Q) are Banach spaces. We denote also by C*(Q)
(resp. C**(Q)) the spaces of functions continuous (resp. t—holderian) together
with derivatives of order < k in £2.

For C5(Q2), see 1.1.1.

On C7 () we introduce a pseudotopology (cf. L. Schwartz [1]): Let ¢, be
a sequence in C3(€2). Then lim, .. @, = @ in C (L), if there exists Q' C Q' C Q,
Q' bounded, such that the support of ¢, (denoted by supp ¢,) and the support of ¢
are included in €, and for all k > 0, lim,,_.. @, = ¢ in C* (@)

Following L. Schwartz [1], we will for some time denote the space Cj (£2) by
2(Q). The space of distributions on  — the dual of Z(Q) — will be denoted by
2'(Q). For f € 2'(2), we denote the value of f at the point ¢ € Z(2) by (@, f).

The derivative D' f of the distribution f is again a distribution, defined by the

formula ) o
(p.D'f) = (~1)!(D'e.1), ¢ €2(Q) (23)
If f, is a sequence in 2'(Q2), we say that lim,_,.. f, = f in 2'(Q) if for all ¢ €

2(Q) we have: .
Jim (o, fu) = (9, /).

Let L] (£2) be the space of locally integrable functions on £2. We define the
1mbedd1ng L}, .(Q)C 7'(Q)by

Wjﬁﬁéwﬂm 0c2(Q), fell,

Obviously we have:
Proposition 1.1. If fi, > € L}, .(2) and if for every ¢ € P(Q)

<(P7fl> = <‘p7f2>7 (24)

then f| = f» almost everywhere in €.

Indeed: It follows from (2.4) that for every interval I C €2, we have:

Jride= [
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Let B be a Banach space such that Z2(Q) C B; B is called normal if 2(Q) is
dense in B.

If 2(Q) C B algebraically and topologically, then B’ C 2’(£2), algebraically and
topologically. B’ is a subspace of distributions.

Exercise 1.1. If f € C¥(Q), then, for |i| < k, D'f in the classical sense and D'f in
the sense of distributions coincide.

Hereafter if f € 2/'(Q), D'f will denote the derivative in the distribution sense.

2.1.2 The Space L?(£2), Mean Continuity

Let 1 < p < c. We denote by LP(£2) the space of p—integrable functions on 2
with the norm:

e = [ irowras) 23)

this space is a Banach space, it has a countable basis, it is reflexive for p > 1. The
following mean continuity property holds:

Theorem 1.1. Let Q be an open set in RN, f € LP(Q), f(x) = 0 for x ¢ Q. Then
for each € > 0, there exists 6 > 0 such that

lz] <6 = (/Q f(x+z)—f(x)|”dx)l/p <e.

Proof. Let us assume Q2 bounded and € > 0. There exists v < meas (£2) such that

1/p
McCQ, meas(M)<v:>(/ |f(x)pdx> < g/3.
M
According to Lusin’s theorem, there exists a closed set F C Q, meas (F) >

meas (£2)— (1/2)v such that f is continuous on F. Then there exists 6 > 0 such that

€
lZl<éd=x€F, x+z€F, |[flx+2)—f(x)]< 3(meas ()17
For z fixed, |z|] < 0, we denote
H ={yeRN y=x+z,xcF}, F,=FNH,=F—(F—H,).
We can choose & sufficiently small such that H, C €. Then we have:

meas (F;) > meas (Q) — % — {meas (Q)— (meas (Q)— %)}

= meas (Q2) — v,
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ie.
meas (Q —F,) <v

We get:

(/ f(x+z)— |de>1/p (/ f(x+z)— )de>l/p

€
3(meas (2))!/r

i </Q—F |f(x+z)|pdx> 1/”+ </Q_F f(x)|de> l/p <e

if Q is unbounded, for any € > 0, we can find a ball K(r) with radius > 1 such that

</Q —K(r—1) |f(x)|pdx) . <e/3.

Then we can repeat the proof given previously for the bounded set Q NK(r—1)
with /3 and 6 < 1. O

’ </QF [f(x+2) —f(x)”dX> " meas (F)'/”

2.1.3 The Regularizing Operator

Let 4 > 0. We define the regularizing kernel by:

©(x,h) exp(|x|?/(|x* = #%))  for x| <h,
X, =
0 for |x| > h.

The kernel is a function in C*(RY). The regularizing operator is the operator
mapping L?(£2) into itself and defined by

i) = 5 [ ot—ymr)ay 2.

where |

K= w(x,1 dx:—/ o(x,h)dx.
lv|<1 (1) N Jix<n (1)

Of course, we can use also other regularizing kernels; Sect. 2.5.5.
By an immediate computation we get:

fu(x) = lK/Z<1 o(z,1)f(x+hz)dz

where f(x) =0 forx ¢ Q.



2.1 Definitions and Auxiliary Theorems 53

In what follows, we will use the following notation: let By,B; be two Banach
spaces, and T a bounded linear mapping defined on B; with values in B,; we shall
write T € [B] — Ba).

Theorem 1.2. The operator which defines f,(x) by (2.6), has the following prop-
erties: it belongs to [LP(Q) — LP(Q)], f, € C°(Q) (and also € C*(RN)), and
limy, o fp = f in LP(Q).

Proof. We have to prove:
[fuler @) < Clf @), }'ig(l)fh = finLP(Q); (2.7)

the other properties are clear. We always set f(x) = 0 for x ¢ €2; then we have:

[ 1) = ) as

1 . P
/|<1 D) f(x+hz)d —;/‘zmw(z,l)f(X)dZ dx
1 P
< /Q (; [, oE D)= flae) ax =106
If p = 1 then the Fubini theorem implies:
1) < e /| \<1d?/g £l ) — f(3) d. (238)

If p > 1 then using the Holder inequality and the Fubini theorem we get:

I(h) gc/gdx et |f(x+hz)—f(x)|”dz=c/|z‘<ldz/g|f(x+hz)—f(x)|pdx;

(2.9)
the result follows according to (2.8), (2.9) and Theorem 1.1. The inequality in (2.7)
can be obtained by a trivial modification of the proof. t

2.1.4 Compactness Condition

The following theorem is due to Kolmogorov.

Theorem 1.3. Let Q be a bounded domain, M C LP(Q). M is precompact if and
only if:
M is a bounded set, (2.10)

the functions f € M are mean-equicontinuous. (2.11)
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Proof. First, let us prove that the conditions are sufficient; as previously we set
f(x) =0 forx ¢ Q. According to (2.8), (2.9) we have:

1/p
i@ <esup ([ g -reopa) . @

[z[<h

Let € > 0; we can find § > 0 such that h < 6 == |fi, — flrr(@) < €/2. Let M), =
{fn, f € M, h fixed}. The functions f;, are bounded by the same constant and they
are equicontinuous, hence M, is a relatively compact set in C°(£), and there exists
an £/2(meas (2))"/P-net, say Se, in C°(Q). It follows from (2.12) that S is an
e-netin LP(Q).

Now we prove the necessity: If M is relatively compact then (2.9) holds. Let
fi,f2,--, fr be an (&€/3)-netin M. According to Theorem 1.1, each f;,i=1,2,... k
is mean continuous, and there exists 6 > 0 such that

2 < 6 = (/Q fr+2) — FOPde < (/3)7, i=1,2,... k.

Hence, if f € M, there exists an index i such that | f — fi[;»(@) < €/3, and

lzZ] <6 = (/Q f(x+z)—f(x)|”dx)l/p <e.

O

Exercise 1.2. Prove Theorem 1.1 using the fact that for 2 bounded we have

LP(Q) =C(Q).

Exercise 1.3. Prove Theorem 1.3 for €2 unbounded with the following additional
condition: for each € > 0 there exists » > 0 such that

feM— _ fx)Pdx < e,
Q—K(r)

where K(r) is a ball with center at the origin and with radius r.

2.2 The Spaces W-P(Q)

2.2.1 A Property of the Regularizing Operator

Let us recall that Lf’gC(Q), p > 1 is the space of complex-valued functions defined
on 2 which are locally p—integrable on €2 (i.e. on every compact set in £2). The

following proposition is obvious:
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Proposition 2.1. Let f; € 2'(Q2),i=1,2. Then
DY(fi+f) =D*fi+ D%, D*(Afi) =AD", DU(DPf;)=D"Pf.

Theorem 2.1. Letuc 7'(Q), Q" C Q, Q* bounded. Suppose that D®u € Ll (Q),
p > 1. Then there exists hg > 0 such that for h < hy, x € Q* we have:

D%uj,(x) = (D%u)p(x), (2.13)
lim D%u;, = D%u in LP (Q7). (2.14)
h—0

Proof. Indeed: if ¢@,(y) = (1/khY)®(x — y,h), then uy,(x) = (@p,u) for h < hy,
x € Q*, with hy < dist (Q*,9€). Using the definition from 2.1.1, it follows that

D%up(x) = (—1)\*{(D* @, u) = (@4, D%u)

= K—;ZN/‘Qa)(xfy,h)Dau(y)dy: (D%u)(x);

(2.14) is a direct consequence of Theorem 1.2. O

2.2.2 The Absolute Continuity

Let  be a domain in RY, P a line verifying PN Q # 0. A function defined almost
everywhere in € is said absolutely continuous on the line P if it is continuous on
each closed interval of PN Q.

Theorem 2.2. Suppose u € L}, () and du/dx; € LP(Q), p > 1. This function
changed on a set of measure zero is absolutely continuous on almost all lines
parallel to the axis x;.* Let us denote by [du/dx;) the usual derivative and by du/ dx;
the distribution derivative. Then we have almost everywhere [du/dx;| = du/dx;.
Conversely, if u € L}D .(Q) is absolutely continuous on almost all lines parallel

to the axis x; with [du/dx;] € LP(Q), then we have du/dx; = [du/dxi].

Proof. Let us prove the second part: If ¢ € 9(2), by integration by parts we get
(@,[du/dxi]) = (@,du/dx;). For the first part, let = U7_, C;, where C; are cubes;
this cover is locally finite, which is always possible. Let C be one of these cubes, and
v € 2(Q) such that w(x) = 1 for x € C. Let us put v = uy;v € L' (). Obviously
dv/dxi = (du/dx;)y+u(dy/dx;). Putv = dv/dx; = 0 for x ¢ Q. Let K be a cube
big enough such that Q C K.

2The set of all intersections of parallel hyperplanes where  is not absolutely continuous, with the
hyperplane x; = 0, is a set M such that meas (y_;)M = 0.
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Let us define v*(x) by:

x,a
Vi(x) = av(x,, X1, EXint, .oy ) dE (2.15)

for the points (x1,...,Xi—1,Xit1,---,Xn ), Where
Let y € 2(£2) be a function with y (x) = 1 on supp v.
For all ¢ € Z(Q), we have:

dv
g(xlw~'7xifla§axi+17"'va) dé < oo,
i

y = 0
/Q(pv dx:/Q(/ (p(xl,...,xi,l,i,xiﬂ,...,xN)di)a—;(x)dx

[ e o

then almost everywhere v(x) = v*(x); it is clear that v* is absolutely continuous on
almost all lines parallel to the axis x;, and almost everywhere [dv*/dx;] = dv/dx;.
But since almost everywhere on C v*(x) = v(x), the result follows. O

Remark 2.1. According to Theorem 2.2, a function f not absolutely continuous on
[0, 1] (or continuous) which has almost everywhere a derivative such that [df/dx] €
L'(0,1), satisfies [df/dx] # df/dx. The well known example is a monotone
function continuous on (0, 1), £(0) =0, f(1) = 1, df/dx = 0 almost everywhere.

2.2.3 The Spaces W"P(Q)

For an integer k > 0, and p > 1, we denote by W57 ()3 the subspace of functions
f € LP(L) such that for || < k,D%u € LP(Q). On W*?(Q) we define a norm by:

ulyiriy = (3, / |D%u|Pdx)V?, (2.16)

lor| <k

and, if p = 2,Wk?(Q) is an Hilbert space for the scalar product defined by (1.1.2).
The membership of u in W*?(Q) is a local property, indeed.

31f u € W52 (Q) by the definition from 1.1.1, then in general it is the same as in the definition given
here; the converse is not true. Later we shall see that for Q € MO the two definitions coincide. In
N.G. Meyers, J. Serrin [1], it is proved that C*(Q) NW*?(Q) is dense in Wk (Q).
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Proposition 2.2. Let ;i = 1,2,...,l, be domains satisfying Uleﬂi D Q. If
uc Whr(Qy),i=1,2,...,1, thenu € W*P(Q), and

1
lulwiro) < c; [l wir(qy)-
=

Proof. Let |o] < k. We denote by g; the derivatives D%u in €;; it follows
immediately from the definition of D%u that if ;N Q; # 0, then g; = g; almost
everywhere in £;N€;. We define g(x) = g;(x) in £2;, and let ¢ € C5 (£2). According
to Proposition 1.2.3, there exist functions y; € C5’(£2;) such that

i
X € Suppqo:>Zy/i(x)=1.

i=1

We have:

1 1
(D%@,u) = <D°‘(§ vip),u) = (1) Y (yig, )

i=1

]
i=1

O

Remark 2.2. According to Theorem 2.2, there is a definition equivalent to the
previous: u € WHP(Q), if u € LP(Q) and if, after a modification of u on a set
of zero measure, # remains absolutely continuous on almost all lines parallel to
the x| axis and if [du/dx;] € LP(Q) (cf. Theorem 2.2). By another modification
[Ju/dx;) € LP(R2), etc.

There exists another definition for p = 2, k = 1 due to B. Levi related to
Remark 2.2: WP(Q) is the subspace in L”(£2) of functions u which, and after
a modification on a set of zero measure, remain absolutely continuous on almost all
lines parallel to the axes x1,x2,...,xy; the derivatives [du/dx;] € LP(Q).

Here an adaptation of a theorem of J. Deny, J.L. Lions [1]:

Theorem 2.3. For W''?(Q), the definition from 2.2.3 and the definition of B. Levi
are equivalent.

Proof. If u € W7(Q) by the B. Levi definition, then it is the same as by our
definition according to Theorem 2.2. Let u € W!7(£2); we use the steps used in the
proof of Theorem 2.2: uy = v € W'7(K), where K is a cube (—/,1)" sufficiently
large such that suppv C K. According to Theorem 2.1, limy,_,gv;, = v in L?(Q),
limy,_0 dvdx; = dv/dx;in LP(K),i=1,2,...,N. Letus set fori = 1,2,...,N:

Xi (9
gi(x)z/ L (it 1E 1) (2.17)

— oo i
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Then g;(x) is an absolutely continuous function on almost all lines parallel to the

axis x;; we have:
lim/ / ( dx1> ' =0,
h—0

tlmes
then we can find a sequence A, lim,,_,.. 1, = 0, such that for almost all lines parallel
to the axis x

A
—1 8x1 8x1

avhn v

(9)61 3)61
We deduce that lim,—. vy, (x) = g1(x) on almost all lines parallel to x;. The same
property holds for i = 2: we can extract a subsequence h,,,, of the sequence £, such
that limy, e v, (x) = g2(x) on almost all lines parallel to the axis x», etc. Step by
step we construct a sequence vy, , such that limg_,., v, (x) = g;(x) on almost all lines
parallel to xy,x2, . .., xy; it is clear that limy_,e v, = v*(x) = v(x) almost everywhere
in 2. We conclude as in the proof of Theorem 2.2. O

lim
n—eo | g

dx; =0.

Exercise 2.1. If u € W''?(Q), prove that |u| € W'P(Q) and lullwir@) <

lulwir(q)-
Hint: use Theorem 2.3.

2.2.4 The Spaces W*P(Q) (Continuation)

Proposition 2.3. The space Wr? (Q) is a Banach space with a countable basis,
reflexive for p > 1.

Proof. The space W» (€2) is complete, this is a consequence of the definition from
2.2.3; WKP(Q) is a closed subspace of the space [L”(£2)]* which has a countable
basis and which is reflexive if p > 1. Here, s is the number of indices || <k. O

Proposition 2.4. Let u; be a sequence in 9'(Q), with |D%u;|1p(q) < c1, p > 1, and
im0 ut; = u in the sense of distributions. Then D%u € LP (), and |D* u|Lp )y <ci.

Proof. For ¢ € Ci(L2), we have:

lim (¢, D%u;) = lim (—1)1*/(D% @, u;) = (—1)1*/(D%@,u),

i—oo i—oo
(@, D%u; / @D%u;dx
But 2(Q) = L1(Q) for ¢ > 1, hence lim;_.. D%u; = g weakly in LP(L2), and

(@.8) = limisee (@, Du;) = limiee (= 1) "D, u5) = (=1)*(D @, ). U

Remark 2.3. If p = 1, Proposition 2.4 is true if the sequence D%u; is weakly
compact.
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2.2.5 The Spaces Wy'"(Q)

We denote W(f P(Q) = 2(Q), the closure of Z(Q) with respect to the norm of
WhP(Q), and Wk4(Q) = (WP ()’ the dual space of Wy (€).

Proposition 2.5. Suppose p > 1; then every function f € W 54(Q) can be written
(not uniquely) in the following form:

f= 2 D%, (2.18)
|or| <k
where 11
fo €LI(Q) and —+-=1.
P 4q

Proof. Let s be as in the proof of Proposition 2.3. We have Wok’p(.Q) C [LP(Q)].
According to the Hahn-Banach theorem, f can be extended on [L”(Q)]°. But
(L7 (Q)]*) = [L7(Q))", hence

N
(@) = =3 [ vgds
i=1
with g; € L9(Q). If v € Wy 7 (Q), we get:

=3 (—1)‘“‘/9D%fadx

Jor| <k
with fy, € L1(€Q); then

VED(Q) = fv=1_(v, Y, D*fa).

o<k

O

Exercise 2.2. If p > 1, prove that the closed unit ball in W57 (Q) is weakly
compact.

Remark 2.4. 1If Q is a domain such that its complement C£2 has a positive measure,
then for k > 1 we cannot have Wg’p(ﬂ) = W*P(Q); details can be found in J.L.
Lions [5]. But if Q2 = RN we have:

Proposition 2.6. W,"(RY) = Wk?(RY),
Proof. Let ¢ € 2(RYN) satisfy ¢(x) =1 for x| < 1, ¢(x) =0 for |x| > 2. Ifu €
Whr (RN, let us put u,(x) = u(x)@(x/r). Clearly lim, .., = u in W5?(RN). Using

Theorem 2.1, we get limy,_, u,, = u, in W*P(RY) (we use (2.6)); but u,;, € Z(RN).
O
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2.3 Imbedding Theorems

2.3.1 The Lipschitz Transform

Lemma 3.1. Let Q2,0 be two bounded open sets, T a one-to-one continuous
mapping, T : O — Q, with a Lipschitz inverse, i.e.

T ) =T (W) < ey (2.19)

Letu e LP(Q),p > 1. Thenv(y) = u(T (y)) € L(O), and we have:
|V|L[) < c|u|U; (2.20)
Proof. Using the regularizing operator (we put u(x) = 0 for x ¢ Q), we get
limy,_,ouy, = uin LP(Q). Let S, be a rectangular lattice in RN formed by cubes with

sidelength d; let us consider cubes Ci,Cy,...,Cy, wWhose closures are contained
in O; we have:

my
P — n P
/|uh )P dy = 11m§d inf iy (T(3) )" (2.21)

According to (2.19) we have:
meas (C;) < ¢;meas (T(C(;)). (2.22)
Indeed: if y; is the center of C;, and if d7(C;) is the boundary of T(C;), we get
“19T(C;)) C 9C;. Using (2.19) if x € dT(C;), and denoting x; = T'(y;), we have

lx —xi| > 2| T~ (x) —yi| > (1/2)dcy, hence T (C;) contains a ball with center x; and
radius (1/2)dc, and we have (2.22). Furthermore,

mg my

a3, inf luy(T(3))|” < e1 Y, meas (7(C)) inf un(TG)IP < e | 7 as,
=175 i=1 Q
(2.23)
and then
/\uh |"dy<cl/ |un(x)|P dx. (2.24)

Now limy_,ou, = u in LP(L), and we can extract a subsequence, say uj,
such that lim; ;o up, = u almost everywhere in €2. It follows from (2.19) that
lim; o4y, (T (y)) = u(T(y)) almost everywhere in O. The Fatou lemma gives
(2.24). 0

Lemma 3.2. Let Q.0 be two bounded open sets, and T and T~' one-to-one
Lipschitz mappings, T : O — Q. Let u € WHP(Q), p > 1. We have u(T(y)) €
WP(0), and if we set v(y) = u(T(y)) we get:
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|V|Wl,p<0) S C|M|Wl.p(Q). (225)

Proof. Let us put u = 0 outside of £2, and let u, be the regularized function. The
function v")(y) = u,(T(v)) is a Lipschitz function in O, hence a posteriori it is
Lipschitz on all lines parallel to y,y»,...,yy. Then we have in the usual sense:

n N ;
v _ %% (2.26)
ayi j=1 8xj ayi

according to Theorem 2.2 it holds in the sense of distributions. We have
limy,_,0 duy,/dx; = du/dx; in LP(Q*) for Q* C Q,limy,_ouy, = uin LP(£2). Let us
denote O* = T~1(Q*). According to the previous lemma, dv(") /9y, is a Cauchy
sequence in L”(O0*). We get:

v X Ju dx;
F_y A 2.27
8)/,' =1 8xj 8y,' ( )

and then, using again the previous lemma, we have v € W!?(0), and hence the
inequality (2.25). ]

2.3.2 Density of C*(Q) in WkP(Q)

In Chap. 1, we introduced another definition of Wk’z(Q) (cf. the definition in 1.1.1);
we can generalize it for p > 1.

Problem 3.1. Characterize the domains such that C*(Q) is dense in W7 (Q).

We know that these two definitions are equivalent under certain conditions (cf.
E. Gagliardo [2]), V.P. Iljin [1]); let us denote by Cg(RN ) the space of restrictions

to Q of functions in C**(RV) (clearly we have C%(]RN ) C C=(Q)). We have:

Theorem 3.1. Let Q € M°. There is C5(RY) = Whr(Q).

Proof. Using the notations introduced in 1.2.4, we set u, = u¢,. We get immediately
u, € W"”’(Q); using the local charts (x/,x.v), let us define u,,, r < m by
Uy, (X, xn) = up (XL, %,y 4+ A). If 4 is sufficient small, we have u,; € W*P(Q), and
according to Theorem 1.1 limy_,u,; = u, in W5P (). We have u,;, € W5P(Q,),
with ©; D Q. It follows from Theorem 2.1 that limy,_,qu,, = u,3 in WoP(Q). If
r=m+ 1, we have limy, 0 Uy 1 4 = U1 in WEP(Q), s0 up), = 3" w5, and we
get limh_>07)L_>0 Uy, =1u in Wk’p (Q) O
Example 3.1. Let 2 be the disc in R? with center at origin and radius 1, without

the segment 0 < x; < 1, x, =0. Then C* (ﬁ) #+ Wk’P(Q), if k> 1, p > 2 (the result
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is true if p < 2, but at the moment, we are not able to prove it). Indeed, according to
Theorem 1.1.2 we can define traces “from top” and “from bottom” on the segment
mentioned. If we have C=(Q) = WP (Q), these traces will coincide, but this is not
possible in polar coordinates (r,0) if we consider the function *@ € WP (Q).

A bounded domain is called starshaped with respect to the origin if there exists
a positive continuous function on the unit sphere, say &(x/|x|), such that Q = {x €
RN |x| < h(x/|x|)}. We have (cf. V.I. Smirnov [1]):

Theorem 3.2. Let Q be a starshaped domain with respect to the origin. Then
WhP(Q) = CZ(RN).

Proof. Indeed: let u € W*P(Q) and put u; (x) = u(Ax), 0 < A < 1. According to
Theorem 1.1, lim, _,; uy =u in W5 (Q). Denoting ) = {x€RN, x=y/A,yc Q},
we have u; € W5P(€;), but Q C Q. Obviously, for every & > 0, there exist A,
h > 0 such that [u ), — u|ypq) < & O

In the statements of Theorems 3.1, 3.2, the properties of 2 are used; but it is
possible to generalize these theorems in the following form:

Theorem 3.3. Let €2 be a bounded domain such that there exists a sequence
of domains £, n = 1,2,... such that Q C €,, £, D Q,1; N>, = Q, and
let us assume that for every u € WhP(Q), there exists u, € W5P(Q,) such that

limy e [y — ttlyyip() = 0. Then C%(RN) =wkr(Q).

Proof. Let u, = 0 outside of €2,,; according to Theorem 2.1 we can find a sequence
hy, such that limy,—yeo Uy, — ”n|wk-p(_Q) —=0. 0

2.3.3 The Gagliardo Lemma

Let us prove a lemma due to E. Gagliardo [2]:

Lemma 3.3. Let C be the cube (—1,1)V, let C; denote its faces (—1,1)N~! for
x;=0. Let f; € IN"1(C;), i = 1,2,...,N, and define f; in C by
fi(x) = filx1,- oo Xim1, X415+ - -5 xN). Then

N N
/C|Hﬁ|dc <TII (/C AN ac) ™Y (2.28)
i=1 i=1 i

Proof. We use a recurrence process over N. For N = 2 inequality (2.28) is a simple
consequence of Fubini’s theorem:

1 1
LiAlzlac= [ inta)lan [ 1500,

Let be N > 2, and let us assume that (2.28) holds for N — 1; we have:
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1
1= [\AseguldC= [ IA1C) [ 1fafs- il dn.
| _
Using the Holder inequality for p; =N—1,i=1,2,...,N — 1, we get:

Ay 1/(N-1)
IS/ |fi|dC1H(/ IﬁlN*‘dxl) : (2.29)
C pale SR

Now using again the Holder inequality for p=N—1,g=(N—1)/(N—2) in (2.29),
we get:

/ |f1|dc l/N 1) /H / ‘fl|N ldx)1/(N72)dC1)(N72)/(N71). (230)

Using now the recurrence hypothesis, denoting Cy;,i = 2,...,N, the projections of
C; on the hyperplane x; = 0, we finally get:

1
/C /1|‘fl‘|N71dx1)1/<N72)dC1
1=

N
/ acii [ A an) " T 1)
Cii i=2 i

Then taking into account (2.30), we get (2.28). O

2.3.4 The Sobolev Imbedding Theorems

Now, let us start with the first of the imbedding theorems; basically these theorems
are due to Sobolev (cf. S.L. Sobolev [1].) Here we use an adaptation of the method
of Gagliardo (cf. E. Gagliardo [2]). Let us recall that if for two Banach spaces
B1,B,,B; C B; is an imbedding algebraically and topologically, then this means
that each element in B) is an element of B, and for every x € By, |x|p, < c|x|p,. We
use the notation introduced in 1.2.4.

Theorem 3.4. Let Q ¢ N, 1 < p < N.If1/q=1/p—1/N, then W'P(Q) C
L1(Q) algebraically and topologically.

Proof. Tt is sufficient to prove that u, = u@, € L4(V,). We define a mapping T on
the cube C = {|y;| < 1,i=1,2,...,N}, T :C = V, using x = (x., x5 ), y = (¥}, yrv )
for simplicity we omit the index r, and we set:

¥ =ay, xv=(B/2w+aloy)+B/2. (2.31)
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The mapping T and its inverse are lipschitzian between C and V. According to
Lemma 3.2 it is sufficient to prove that v € L7(C) where v(y) = u(T(y)), and the
corresponding inequality. Let v € W!?(C), and equal zero in a neighborhood of the
sides of the cube, except the side yv = 1, |yi| < 1,i=1,2,...,N—1, cf. Fig. 2.1

YN

supp v

Fig. 2.1

Theorem 2.1 implies the existence of a sequence v;, lim;_...v; = v in
WP (C),v; € C*(C) with the support mentioned. We prove first the following
inequality:

Wilzaiey < clvilwie(e)s (2.32)

then we can pass to the limit as / — oo and we obtain:
Vlzac) < cVlwinc)- (2.33)
Let v € C*(£) with the support mentioned and let us consider the function:
Vi — |v(y)|(prp)/(pr)

as a function of the variable y; (all other local charts are fixed). On the interval
(—1,1) we have almost everywhere:

d Np— d
=z v(y)| VPPV (N=p) < #W“NF*N)/(N*P) _V : (2.34)
dyi N—p dyi
in fact, it is sufficient to use the inequality
dlfl| _|df
| <= 2.35
’ dt |~ |dt ( )

which holds for an absolutely continuous function almost everywhere on (—1,1).
Using (2.34) we get:
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N
‘Sl‘lpl |v(y)|(prp)/(pr)7 p— p/ |v|(VP=N)/(N=p)
yi| <

v
R

dy;. (2.36)

Let C; be the projection of C on the hyperplane y; = 0, p > 1. Using Holder’s
inequality we get from (2.36),

/ sup |v(y)|NP=N/IN=P)gc;
Gilyi|<1

(p=1)/
_Np p(/||Np/diC>p p</
C

(r=1)/p
< Np p (/| |Np/N P dC) |V|W1~P(C)-

Taking into account Lemma 3.3 and (2.37), it follows that

/\ |N”/NpdC</l_[sup|v|p/NI7

i=1 |yi|<1

ovP

1/p
dC) (2.37)
9)’5

1/(N=1)
<11 (/ sup |v|<N””)/(N”>dCi> (2.38)
Gi

i=1 lyi|<1
§ Np—p N/(N=1) , . Mo/ (V-p) g (Np—N)/(Np—p) NJ(N-1)
— N |V| | |W1p )
—p c
and hence
(N=p)/Np _
(/ v|Np/(N”)dC> <Np—p i (2.39)
c N—

Going back to the index r, for r = m+ 1 we cover Um+1 by a finite number of cubes
and using a partition of unity we again arrive at the inequality (2.39), and we have
the result for p > 1. If p = 1 then (2.36) becomes:

| oy
sup [v(y)] S/ = | dy,
<1 110y

and by Lemma 3.3, we obtain

/|V|N/N 1dC</Hsup |V|1/N 1
i=1|yil<1
1/(N-1)
ac) <

N 1/(N-1) N
H </ sup |V|dCi H ( wl, 1 () >
i=1 \/Ci yil<1 i=1

which completes the proof. U

3yz
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Remark 3.1. Theorem 3.4 is obviously true for a finite union of domains of the
type N1,

A domain has the interior cone property if there exists a fixed cone such that
each point of 2 is the vertex of this cone appropriately placed into 2. We can
easily prove that such a domain can be decomposed into a finite union of domains
of the type M1, cf. E. Gagliardo [2].

Remark 3.2. In J.L. Lions [5], Theorem 3.4 is proved for Q = R". The proof
follows the same ideas.

Example 3.2. The number ¢ = Np/(N — p) in Theorem 3.4 is the best possible: the
function u(x) = |x|~(V/2*+1In~! |x| defined on the ball Q = {x € RV, |x| < 1/2},
N >3, isin W!2(Q); on the other hand,

/ |u| PN/ V=248 qy — oo for &> 0.
Q

Theorem 3.5. Let Q € N%! p = N. Obviously W''P(Q) C L1(Q) algebraically
and topologically for any q,1 < g < oo

Theorem 3.6. Let Q € M, p > 1, kp < N. Put 1/q = 1/p —k/N. Then
WkP(Q) C L1(Q) algebraically and topologically.

Proof. We proceed by recurrence with respect to k: the theorem is true if k = 1; we
assume that it is true for k — 1. Then D% € W!'P(Q), || < k— 1, hence D%u €
LT (Q) with 1/g* =1/p—1/N=>uec W14 (Q) — uc LI(Q). 0

Obviously, we have also

Theorem 3.7. Let Q € N!, p > 1, kp = N. Then WP (Q) C L9(Q) algebraically
and topologically for any q, 1 < g < oo.

2.3.5 The Sobolev Imbedding Theorems (Continuation)

Theorem 1.1.11 is a particular case of an imbedding theorem if kp > N. Now we
follow the ideas of C.B. Morrey [3]. Hereafter we shall say that for a Banach space
B, Bc (" (5) algebraically and topologically if every function f € B (where B is
a subspace of measurable functions on £2) can be modified on a set of measure zero
in such a way that this modified function is absolutely continuous on Q; moreover
we have:

max | f(x)| < c|f|s.
x€Q

Theorem 3.8. Let Q € %! p > 1,kp > N, and denote
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—(N/p) if k—(N/p)<1,
pus <1 if k—=(N/p)=1,
=1 if k—(N/p)>1.

Then W5P(Q) C CO*(Q) algebraically and topologically.

Proof. We proceed as in the proof of Theorem 3.4: we consider u,, r < m; obviously
u, € WkP(V,), and
|“r|wk17 V) <Cl|“|wkn Q) (2.40)

Let us consider the case k — (N/p) < 1; we have (k—1)p < N, and thus, by
Theorem 3.6,

lurlyra(v,) < 2lulyeny,) (2.41)
where 1/g =1/p — (k—1)/N. For simplicity we omit the index r. If we use the

mapping (2.31) we have to consider u € W!4(C), and due to Theorem 3.1, it is
sufficient to assume that u € C(C), and to prove the inequality

|| con @) < c3lulyia(e)- (242)

To do this, let yji7,yp) € C; it is always possible to find a cube C, with faces parallel
to the faces of C such that yyj,yp) € Cp C C and with sides of length equal to p,
P < |y —ypl < VNp, of. Fig.2.2 (N =2).

Y2

Y12

Fig. 2.2
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Lety € Cp. We have:

) / (o510 = 302)) O = 13) o

<C4p/

and then using the change of variables z = y;; +1(y — y;), we get:

/ | 7” Y] |dy
< eap N+1/ —th/c

ptj=1

O+ 1)

‘ — y)dy —u y[J
(2.43)
7)|dz,

By,

where
Cor ={z€Cpz=y[j) +1t(y—y[;),y €ECp}-
Now from the Holder inequality and from (2.43),

‘— () dy —u(yp;) §C5|”|W1=4(C)pk_(N/p)a

hence

lu(yy) — ()| < 2¢sulyrageyp* NP < 2eslulyrage) by =y VP (2.44)

Let yo),y € C; we have:

y[o1+t(y yio)) (i = joyi) | dt

(o) < Juy |+/
then by integration with respect to y over C we obtain as above:

lu(yio))| < eslulwrac), (2.45)

and with (2.44) we have (2.42).

Concerning u,, it is sufficient to cover U,; by a finite number of cubes
contained in €2, and using a partition of unity, we obtain again (2.42). Hence, the
case k— (N/p) < 1 is proved.

If k—(N/p) =1, weuse p’ < p, and the result follows.

If k— (N/p) > 1, there exists a positive integer m such thatk— (N/p) —1 <m <

—(N/p)=0<k—m—(N/p) <1, then D%u € W*""P(Q), |a| < m;D%u=v
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is continuous, the case 0 < k — (N/p) < 1 having been proved, thus u € C%'(Q);
the theorem is proved completely. U

Remark 3.3. As an immediate consequence of the previous theorems, we obtain
imbedding theorems for the derivatives. For instance, if u € WA?(Q), Q € M%1,
(k—m)p<N=D%uecL1(Q)withl/g=1/p— (k—m)/N and |o/| < m.

Example 3.3. Theorem 3.4 does not hold if for instance Q is a domain in R? and
its boundary contains a sharp cuspidal point: Assume

Q={xeR%0<x <1,x <x%pexp(—p/x1)}, 1<p<2,

and u(x) = exp(1/x;). We have:

1
[ tutrax=2 [ exp(p/xyexp(—p s an <,

u

a)C]

Jo

on the other hand, if ¢ > p,

P 1 1
dr=2 [ =5 exp(p/x)exp(—p )} dn <.
X1

1
[ luttax =2 [ expla/n)exp(—p il dn = .

Concerning the imbedding theorems if Q = RN cf. J.L. Lions [5]; if Q is
unbounded, cf. J. Deny, J.L. Lions [1]; for £2 unbounded and the estimate of type
(1.1.4); cf. also the previous paper.

2.3.6 Extension, the Nikolskii Method

Let u € Wé('p(Q). We define the extension of u on RY: let u = lim,_,e. @, @, €
Cy(Q). @, is a Cauchy sequence in W5?(Q), thus in W5P(RY), the sequence
converges to v € W5P(RVY). Obviously, the restriction operator (denote it by R)
which maps a function from W*? (RV) onto its restriction on Q satisfies Rv = u. We
write v = Pu where P is the extension operator P € [Wy 7 () — WkP(RV)]; P is
linear and continuous.

Corollary 3.1. Let Q2 be a bounded domain. Then Theorems 3.4-3.7 hold if we
replace W*P(Q) by Wé"p(!)).

Proof. Indeed, take a cube C D Q: for the extension P, we have P € [Wé‘ P(Q) —
wkr(C)). O
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If Q C Q and u € WP(Q;), we have u € W5P(Q) and we can formulate
a question:

Problem 3.2. For what domains Q does R(WXP(RV)) = WhkP(Q)?

A.P. Calderon [2] proved that this equality holds for Q € M%!, p > 1; we shall
prove it in the case Q € 9%*~1! p > 1 and for Q e N*!, p =2.

Lemma 3.4. Let Q2,0 be two bounded open sets and T a one-to-one continuous
mapping, T : O — Q. We assume that T is (k— 1)-times continuously differentiable
in O, the derivatives of order k — 1 are lipschitzian in O; we assume also T~
lipschitzian in Q. Let u € WoP(Q),v(y) = u(T (v)). Then we have:

Vlwkr (o) < clulyrpq)- (2.46)

Proof. Let u € W*P(Q), we put u = 0 outside of £, and let u;, be the regularized
function. Let vy (v) = un(T (y)). We can compute the derivatives of order < (k— 1)
of vy in the usual sense; for [ot| = k— 1, D%vy) is an absolutely continuous function
on all lines parallel to the axes y;. For |of| < k, the derivatives D“v[h], taken in the

distribution sense, are bounded on Q. If lor] <k, Do‘v[h] is a Cauchy sequence in

LP(Q*) due to Lemma 3.1. We deduce v € W*P(Q*); according to formulae as
(2.26) for D%v, || < k, and according to Lemma 3.1 the result follows. O

The following theorem is based on an idea of S.M. Nikolskii, cf. V.M. Babich [1].

Theorem 3.9. Ler Q € ML 1< p < o. The extension operator P exists and
maps WP (Q) linearly and continuously into WP (RV).

Proof. Let u, = u@,, the function u,,+1 belongs to Wok P (Q), hence we extend it by
zero outside of €2. Let us consider u,,r < m, and omit the index r. Let T be the
mapping of the prism
K={ye RN,y = O yn), il < o,i=1,2,...,N—1,0<yy < B}
to V (cf. 1.2.4, Chap. 1), defined by
X =y, xy=yy+aly). (2.47)

All hypotheses in Lemma 3.4 are satisfied, u € W*?(K) and the inequality (2.46)
holds. We denote:

K,:{yeRNa|yi| <o,i= 1a2a~~~aN_17|yN| <B}7
Ky ={yeRV |y|<a,i=1,2,....N—1,0<yy <kB},
K ={yeR lyi|<a,i=1,2,....N—1,-B <yy <0}
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Let us extend u by zero outside of K on K, and put for yy <0

u(y',yw) =3 Au(y', —iyn), (2.48)
where the coefficients A; are defined by
k
1= ()%, a=0,1,....k—1. (2.49)
i=1

The determinant of this linear system is not equal to zero, thus the A/s are
uniquely determined. Clearly u € W*?(K_), but we have also u € W& (K'). To see
this let us consider D%u, |a| < k. Assume that u € C*(K); according to Theorem 3.1,
if we pass to the limit we get u € WEP(K). Let ¢ € C5(K'), and let us consider:

y)dy = /D"‘ dy+z7t/ Do (y)u(y', —iyy)dy. (2.50)

Leta = (0q,00,...,0n5) and letus set o = o + o, o’ = (0,...,0, ooy ). Now using
integration by parts in (2.50) we get:

Do(y)u(y)dy = (—1)l
K

“u(y)dy

O(N ,
“”Zl / —ay(%gy)D“ u(y', —iyn)dy

k
\a\/(p )D%u(y)dy+ (—1) Ia\/ 27% —l)a/Dau(y/,—in)dy

oN ) . JON— Jj / j—1
, (i ¢(Y,0) 9 /
+2(—1>/(ZA,(—1)1 -0 ST 5T D u(y',0)dy.

(2.51)
According to (2.49), the last term of (2.51) is equal to zero, then

|u|Wk,p(K/) S C|M|Wk‘p(K)' (252)

The mapping (2.47) and its inverse satisfy the hypotheses of Lemma 3.4 for Q = U,
0=K.

We obtain the extension of u on U such that u € WP (U) and u is equal to
zero in a neighborhood of dU. If we put u = 0 outside of U we have constructed
an extension operator. Now we go back to the index r, and denote this extension
operator by P,; we have the result if we put Pu = Z:":ll Pu,. (|
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2.3.7 Extension, the Calderon Method

We describe the method of A.P. Calderon only for p = 2 : we shall introduce
some simplifications as in the work of J. Necas [9]. We shall finish with remarks
concerning the case p # 2.

Let a(x") be a lipschitzian function in the cube A = {|x;| < o, i=1,2,...,N—1}.
Let us denote by C(y) the cone xy > yy, |¥' —y'| < k(xy —yy). We can find x
sufficiently small such that the set A = {x € RV ¥’ € A, xy = a(¥’)} has an empty
intersection with C((x',a(x’))), ' € A. Let us denote K. = UycaC((X,a(x))); we
choose y > 0 such that ¥ € A = a(¥') < ¥, and define K = {x € K., xy < 7}; cf.
Fig.2.3.

Fig. 2.3

Let u € C*(K) be a function with support in K UA, cf. Fig. 2.3. We denote by §
the unit sphere with center at the origin O and let 6 € SNC(0). Now for x € K, we
have:

0o k
[ et 1) & = (- D). (259

Letus denote 0! = oyl ! ... ay!, 0% = 6,1 0,2 ... o\ ; we get:

k |
j;k (exp(—t)u(x+10)) =exp(—1)(—1)F ¥ D“u(x+t6)6“|Z—|!'(|Z|)(—l)°‘.
lor| <k
(2.54)
Now let v(o) be a real infinitely differentiable function on S with support in
SNC(0), v(o) >0, [(v(o)dS = 1. From (2.53) and (2.54) we get:

u(x) = dS/ Lexp(—1)(—1)¥

(k—
x Y (- ‘O‘MZ" <|a>6"‘D°‘u(x+tG)dt,

|a|<k
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and the substitution y = x +to leads to

i ol (K, G-,
)= =17 o l 3, o (o) e ”(y)]

o<k

(2.55)

.
< exp(—x— )i (—i) da,

where (x) = v(—x); formula (2.55) is an adaptation of the Sobolev identity, cf.
S.L. Sobolev [1].
If f € L'(RY), we denote by f(&) the Fourier transform of f defined as

7&) = [ expl=itx £ ax

if f € L*>(RN),f is defined by the Plancherel method (cf. S. Bochner, K. Chan-
drasekharan [1]). We have

Lemma 3.5.
weWa(®Y) = [ 1a@)R(1+1EP g <=,

and
1/2

cilubyoge < ([ JEPO+EPAGE) < coliyaan,

Indeed, it is sufficient to use the Parseval identity (cf. the book of S. Bochner,
K. Chandrasekharan [1]); for f,g € L>(R"), we have:

1 -
mﬁ“:@WAN@&

by the definition of W*2(RV) in 2.2.3 and by the well known properties of the
Fourier transform such as

—

0 Cr®R) = (j—;’:)@ —i£p(8), et

Remark 3.4. If Q = RY, then from Lemma 3.5 follows easily a particular case
of Theorem 3.8, i.e.: if 2k > N, then W*2(RV) c CO(RV) algebraically and
topologically. This follows from

[ Fene < ([ F@ra +|&|2>’<d5)1/2 (/RNW)W,
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and from the inverse transform:

1) = g fon T explifx,£))d.

With the notations of this section, K, ..., we have:

Lemma 3.6. Let M C KUA be a closed set, and u € Wk*Z(K), supp u C M. Let us
denote by W C Wk2(Q) the set of functions with support in M. Then there exists
a mapping P € [W — Wk2(RN)] such that RPu = u.

Proof. Letu € WNC>(K). Let us put for || < k:

_ JD%(x) for xeK,
fa(X)_{O for x¢K.

For x € R, we define:

_ ] ot (kY =)
0= G LEJ(WWW] ’

cepl—i—Du (222 ) o= 3 [ ne-nsaar
lo|<k

It is clear that [y |[Io(x)|dx < e, |0t| < k, thus according the to theorem about the
Fourier transform of a convolution, we get:

(2.56)

0(&) = ; Io (&) fu(&). (2.57)
la|<k
For |o¢| < k, we have
o ()] < Cr(1+[EH) T2, (2.58)

Indeed, it is sufficient to consider:

Jul8) = (kfl)!/w |x|¢fim expl—liu () exl-ite &) s
/ 1+16§ gds
Clearly we have:
’ max Va(&)] < e (2.59)

let || > 1. Let us consider the vector 1 = & /|&|. Without loss of generality we can
assume the support of i sufficiently small such that if (o) # 0, then (o, 0p) > 1/2,



2.3 Imbedding Theorems 75

where oy = (0,0,...,—1); then we can find € > 0 such that if |ny| < &, n ¢ supp U,
and if |nn| > €, o € supp i, |(0,1)| > ¢3. In the case |Ny| < € let us introduce
anew system of charts generated by vectors 6',62,...,6", such that —(c", 0p) =

(1-n3)'/2, 6! =n, where the coordinates are i, 12, ..., Ty. We put T = (7', 7y)

and obtain: AT
. t')dr
ey= [ MO
O foe Wil

with A indefinitely differentiable if |7'| < 1, and with supp A in |[7T'] < 1.
Using integration by parts, we get:

[ A(Tyde 1 I [ (012 /07 ) dr!
o (Tin|ED)F (k= DVGIEDS! Jlwar 1+in[E]
. - (2.60)
o i (@12 /at ) (1 — in E])d7
(k=D EEN! S« 1+ 27|82
We have:
, k1 k1Y .7/ 1
’/ G A/azf z)dr SC4/ d_?zgc_ﬁ, (2.61)
i<t 1+ 7(E) 11+ E R T el
To simplify the notation, let us set § = ¥ 11 /975! we get:
o(7)|¢|tdt 6(0,12,...,7v—1)|E|TdT
2ER £ 12 dr
i<t 14+17|€| lv|<1 1+ 17(&|
5(+) - 5(0 ) 202
T)— , Ty s TN ,
+/ T1d7.
l7/]<1 1+ 2|2 Slm

The first integral in the right hand side is equal zero, and using in the second integral
the inequality |6(7') — 8(0,T2,..., Tv—1)| < c6|T1| we get

0(0,7,...,Tn-1) c7
1dv — 2.63
[, 1+rz|s|2 Elndw] < gy (263)

Inequality (2.58) follows from (2.60) to (2.63).

If Iny| > €, then |(0,1)| > ¢3 for 0 € supp U, and in this case (2.58) again holds.
Finally, according to (2.57), (2.58) and Lemma 3.5, we get:

|V|Wk~2(RN) < C9|u|wk,2(1<)a (2.64)

and (2.56) defines the extension operator P. [l

Now we can prove
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Theorem 3.10. Let Q € N0, Then there exists P € [W*?(Q) — WE2(RN)], such
that RPu = u.

Proof. We use always ¢, V,, etc. as in 1.2.4; for u¢,, r < m, we use Lemma 3.6,
with K, C V., such that supp @ C K- UA,. Let P, be as in Lemma 3.6, for r = m+ 1
let us define P+ by 2.3.6; and if we put: Pu = Z’r"jll Pu, the result holds. O

Remark 3.5. Theorem 3.9 is true also in the general case p > 1, p # 2. For the proof
we can use again (2.56), and in addition the theory of singular operators due to A.P.
Calderon, A. Zygmund [1], cf. J.L. Lions [5], or (2.57) and in addition the multiplier
theorems, cf. S.G. Mikhlin [4], B. Malgrange [2].

The Nikolskii and Calderon extensions are different at one point: the Nikolskii
extension operator can be the same for WP (Q), k = 1,2,... K, the Calderon
extension depends on k which can be in some situations inconvenient, for instance
if we use interpolation, cf. J.L. Lions [5].

Let us formulate an unsolved problem:
Problem 3.3. Is Theorem 3.10 true for p = 1?

The questions concerning the existence of extension operators P are closely
related with the whole theory of Sobolev spaces W5?(Q); if P exists for one
WkP(Q) we can restrict our consideration solely to the case of W5?(RM) as
far as concerns density theorems (cf. Theorem 3.1), imbeddings, compactness of
imbedding operators, and their consequences such as trace theorems etc. We can
also formulate converse problems, such as, e.g.,

Problem 3.4. If Q is bounded and if Theorem 3.4 holds, does P exist?

In some particular cases the answer is negative, for instance: if Q2 &€ mno,
Theorem 3.1 is true, but in general, P does not exist, according to Example 3.3.
If P exists, we can see that  must be almost in N9, etc.

2.3.8 The Spaces W"?(Q), k Non-integer

It is natural, in particular in problems of traces, cf. Chap. 1, Theorem 1.2 and the two
following sections, to introduce the spaces Wk’P(Q), p > 1, where k is a real number
> 0, in general not integer. The definition of these spaces is due to S. Aronszajn [3],
L.N. Slobodetskii [1], see also N. Aronszajn, K.T. Smith [1]:

Let Q be a domain in RN, k > 0, p > 1. If k is not integer, the space WP (Q) is
a subspace of WK.7(Q), where [k] is the integer part of k, of functions such that for
|| = [k]

/ [D%u(x) — D%u(y)|”
QJQ -

oy V) D < (2.65)

the norm in W57 (Q) is defined as
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DOC y
lulri) = (1w (0) Z //‘ [(k])” dxdy) /P, (2.66)

o= |x— Y|N+p

For k > 0 we define also Wy " () = C5 ().

If k<0, we put WhP(Q) = (Wo_k’q(.Q))', the dual space of Wo_k’q(.Q),
1/p+1/g=1.

Clearly we have:

Proposition 3.1. The space WrP (Q),k >0, integer, is a Banach space, separable,
and reflexive for p > 1.

Proof. Wk»p (€2) is obviously complete. We can consider this space as a closed
subspace of the product [L”(Q)]* x [LP(Q x Q)] {where s is as in Proposition 2.2
and 7 is the number of indices o, |ot| = k} of elements of the following form:

x)  dMu(y) B[k]u(x) — oMu(y)
du J [k]u ax[lk] 8 [k] 8xNk 8x K

This space is separable, and reflexive if p > 1, thus the same is true for wkp (Q).0

Actually, the theory of the spaces WX”(£2) can be extended to other spaces whose
definition is closely related to wk.p (2); we have the Nikolskii spaces H5P | the
Besov spaces BkP (cf. O.V. Besov [1, 2]), the Lizorkin spaces [P the weighted
spaces Wé’p , the Morrey spaces W54 etc. For details and a survey cf. S.M.
Nikolskii [2], E. Magenes [4], the following section and Chap. 7; concerning the
spaces W5P* cf. S. Campanato [6, 7].

2.4 The Problem of Traces

2.4.1 Lemmas

We have solved this problem partly in Theorem 1.1.2. Here in this section,we
consider the problem in more detail. In fact, most of these theorems are due to
S.L. Sobolev [1]; here we shall follow the ideas of E. Gagliardo [1]. We obtain
slightly stronger results than S.L. Sobolev. It is important to observe that we are
interested in traces on (N — 1)—dimensional manifolds; for smaller dimension cf.
the monograph of S.L. Sobolev [1]; if p = 2, it is possible to consult K. Maurin [1].

Let Q € M%! and f a function defined almost everywhere on 9 which means
that f(x,,a,(x.)) is defined almost everywhere in A,, r =1,2,...,m, cf. 1.2.4. If
F(x, ar(x))) € LP(Ay), r=1,2,....,m, p > 1, we say that f € LP(dQ) with the
following norm:
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1/p
Floson) = lz [ 1760t |pdx'] ¢ (267

Theorem 4.1. The space LP(dQ2) is a separable Banach space.

Proof. We must prove that LP(d€2) is complete. Indeed, let f; be a Cauchy
sequence. We have lim; .. fi (x;, a,(x}.)) = fi (x, ar(x})); let U, NU; NI Q = M # 0.
Let P, (resp. Ps) be the projection of M onto the plane x,y = 0 (resp st = O) and
T the mapping T : Py — P, defined for x, € P; by T(x}) = x (e.g. x. and ¥, are
projections of the same point on m to A, and Ay, resp). If it is necessary we can
rotate the coordinate system (x}, xsv) (resp. (x).,x.v)) to get:

xri:xsi—’_z'iv i:1,2,...,N—2,

XpN—1 = XgN—1COSQ — XN SINQ + An_1, XN = Xgy—1 SINQ + Xy COS @ + Ay,
(2.68)
where @ is the angle between the axes xg,Xx,v. The mapping T : P, — P, is
one-to-one and lipschitzian as well as T indeed:

N-2
|x _yr|2 Z(Xri_yri)2+(er—l_YrN—l)z

=
z Xsi — ysz ( XsN—1 7ysN71)COS(P*(as(x;)*as(y;))Sin(p}z

<20 = Y5 4 (as() —as ()P < 2+ en) b — i

We prove by the same approach that 7! is lipschitzian. Without loss of generality
we can assume that f;(x},as(x})) (resp. fi(x,,a,(x.))) converges almost everywhere
in Ag (resp. in A,), as i — oo; we get:

iy (5, as(x0)) = fiy (xp ar(xy))

almost everywhere on P; (resp. P,), where x, = T (x}). O
We will use also a fundamental lemma:

Lemma 4.1. Let f be a function defined almost everywhere on 082, different from
zero at most only for x. € A, r fixed. Let

/ it xr’ar ‘pdxl < oo

Then f € LP(9Q), and

4In Chap. 3 we shall consider surface integrals in more detail. We shall define ([, |f]7dS)"/”
precisely by a norm equivalent to (2.67): we shall deduce that LP(d€2) does not depend on the
systems of local coordinates (x].,x,y).
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1/p
Flon < ( / f(X’war(x’r))”dx’r) .

Proof. We proceed as in the proof of Theorem 1.1; we use T : P, — P, and
Lemma 3.1. O

2.4.2 Imbedding Theorems

Theoremd4.2. Let Q € MM, 1 <p <N, 1/g=1/p—[1/(N—-1)](p—1)/p.
Then there exists exactly one mapping Z € WP (Q — L9(9Q))] such that u €
C(Q) = Zu=u.

Proof. 1t suffices to consider u € C*(£), use a partition of unity as in 1.2.4, and
investigate the functions u,,r = 1,2,...,m. To simplify the notation we omit the
index r. Let us put

v(,a(¥)) = |u(¥,a(x))| PP/ (N=),
We have:
a()+B 9y
/’ x/ :7/ oV /, d ’
W) == [ S man
then

| (V) vp) < Np—p [T
lu(x',a(x))|

< u(x',m)|Np=p)/(N=p)
Ny Ly )

du

— d
3 N(x n)‘ n,
and for p > 1

/ (X, a(x'))| VPP (N=p) g

Np p</||Np/Np >pl)/p< >1/p;

this inequality also holds for p = 1. According to Theorem 3.4, we obtain for u €
c(Q)

. (2.69)

v dxy

lul19(00) < C|M|W1.p(g) (2.70)
and the result follows from Theorem 3.1. O

Using the terminology introduced in Chap. 1, we call Zu the trace of u; to
simplify we shall write « instead of Zu.

Exercise 4.1. Use Theorem 3.8 and prove, with the hypotheses of Theorem 4.2,
thatu € C(Q)NW'P(Q) = Zu=u.
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Theorem 4.3. Let Q e N%L yewhr (Q), 1 < p <N. Then, after a modification on
a set of measure zero, u is absolutely continuous for almost all x.. € A, on the interval
a,(x)) < xy < ap (X)) + B, and u(x,,a,(x.)) = (Zu)(x,,a,(x.)) almost everywhere
inA,.

Proof. Using Theorem 3.9, we extend u from V, to U,; then we use Theorem 2.2. As
in the previous proof, after a modification of # on a set of measure zero, we obtain
the inequality (2.69). (]

Remark 4.1. If Q is a smooth domain (cf. 1.2.3) or if dQ is sufficiently smooth, in
Theorem 4.3 we can use G, instead of U, (cf. 1.2.4). Then we obtain that for almost
all interior normals, the function u(o;,¢) is absolutely continuous for 0 < < §, and
modulo a set of measure zero, its limit value coincides with the trace of u.

Theorem 4.4. Let us consider u € WP (V), 1 < p < N,a(¥') alipschitzian function
in A, cf 1.2.4. Then if 1 /qg=1/p—[1/(N—1)](p—1)/p, we have in the sense of
traces

lim/ lu(x' a(x') + &) —u(x,;a(x))|9dx' =0, (2.71)
e—0JA
/A |u(x’7a(x’) +¢€) —u(x”a(x’))lpdx/ < C8p71|M|{/)V1~1’(V5)’ (2.72)

where
Ve={xeRY x=(x,xn),x €A, a(x) <xy <a(x')+e},
Proof. Let V! = {x € RV x = (X,xn),¥ € A,a(¥') < xy < a(x') + B/2}, and
u(x',xy +€) —u(x',xy) in V', € < B/2. Using inequality (2.69), we get (2.71)
according to Theorem 1.1.
To obtain (2.72) we restrict ourselves only to the case u € C*(V); we have:

a(x¥')+e u
) +e)—ulsa) = [ S g,

o) OxN
then
a(x)+e | Ju P
u(x,a(x')+ &) —ulx,a(x p<8p_1/ — (¥, dé,
e al) ) (P < e [T ) ag
and (2.72) follows by integration with respect to x'. (]

Let ,,Q € 9. We shall say that lim,, .. Q, = Q in 0¥, if Q, C Q and if dQ,
and dQ are described by the same system of charts; let a,, be the corresponding
functions defined on the charts. Let us assume that

lim |a,, —a — = 0.
n—>oo| m r|ck'l(Ar)

Let Q,, Q € A1, We shall say that lim,, ;.. 2, = Q in 90! if lim,, ... Q, = Q
in MK, if
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nlgrolo |arn - ar‘wk+l.2(Ar) =0

and if [@yn|cr1(p,) < const.
If limy, e 2, = Q in N*!, and if g, € L9(9,), g € L4(dQ), we shall say that
lim,, e gn = g in L9(9Q), if

m
lim 3 [ gt} (2)) (20, (2)) . =

n—yoe
r=1

We have:

Theorem 4.5. Let ©,, Q € N, lim, . Q, = Q in N3 Letu e WHP(Q), 1<
p < N. Then if Zu = g on L2 (resp. Zu = g, on d82,), we have lim,_,.. g, = g in

L, 1/q1 > 1/g=1/p—[1/(N=D](p—1)/p.

Proof. We consider again V, as above, and prove as in (2.72):

tim [ [u(x}a,(60) = o (6, =0.

n—oo A

If p = 1, everything is proved. Let p > 1; in this case according to (2.69), we get:

(¥, an(x;)) |9 dx;, < e

A
then
], o)) = e ()
|t — |8/ (1= DV a= 1)y (a=a0)/(a=1) g (2.72bis)
A
(a1=1)/(g=1) (g—q1)/(q—1)
< </ |u—un|"dx'r> </ |u—un|dxlr> )
. Ay

where u, = u(x,, ay,(x.)). O

Obviously we have:

Theorem 4.6. Let Q € %', p = N. Then Theorems 4.2, 4.4 hold for arbitrary
qg=>1

Theorem 4.7. Let Q €N, p> 1, kp <N.Let1/qg=1/p—[1/(N—1)] x (kp—
1)/p. Then the mapping Z from Theorem 4.2 satifies Z € [W5P(Q) — L1(9Q)).

SIn this theorem it is sufficient that lim,,_,.. 2, = Q in the following sense:

)}ll’n |y, — ar‘cﬂ =0, |arn|CO-1(Z,) < const.
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Indeed, if u € WAP(Q), then (du/dx;) € WF1(Q), thus we can apply
Theorem 3.6: u € W' (Q) with 1/¢* = 1/p — (k — 1)/N. Then we use
Theorem 4.2. U

It is immediately clear that we have:

Theorem 4.8. Let Q € 0!, kp = N. Then the mapping Z defined in Theorem 4.2
satisfies: Z € [WkP(Q) — L1(9Q)] for every g > 1.

2.4.3 Two Trace Theorems

Let p < N. In Sect. 2.5 we shall see that for Q € N%!, the space L9(9Q) with

is not a trace space but a larger space: the mapping Z : W!7(Q) — L4(9) is not
surjective.
Nevertheless we have:

Theorem 4.9. Let Q € %! p > 1. Then Z(WP(Q)) = LP(9Q).
Proof. Let f € LP(dQ2) and set, for x € dQ, f+(x) = f(x) @-(x). We have that

erLp(a-Q)a Zfr:f~
r=1

It is sufficient to prove our theorem for f,, » = 1,2, ... ,m. For simplicity we omit
the index r. Fix € > 0. The function f(x’,a(x’)) belongs to L (A), thus there exists
¢ € Cy(A) such that [f — @[1n(4) < &; letus set v(x', xy) = @(x'), and let y € G5’ (U)
be such that x € dQ2 = v(x)y(x) = v(x). Then Z(vy) = ¢. O

In Chap. 1 we introduced the subspace:

2 k—1
e L A -

Let us recall that W(f’p(.Q) = Cy(L). We have:

Theorem 4.10. Ler Q € N p > 1. Then W, 7(Q2) = W = {v € W'P(Q),
v=00ndQ}.

Proof. Asu=00ndQ,wehaveu, =u@,=00ndQ,r=1,2,... ,m. Foruy.1,itis
clear that u,, | € WO] P(€2) :limy 0ty g1 p = Uy in WP(Q) and Um0 € Cy ().
Let now r < m; for simplicity we omit the index . We have u € W'?(V), and set
u=0inU outside of V. Then u € W (U ): Indeed, using the transformation (2.47),
denoting
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K={yeRV |y <a,i=1,2,....,N—1,|yn| < B},
K, ={yeRN yli<o,i=12,....N—1,0<yy < B},
K ={yeRV pli<a,i=12,....N—1,-B <yy <0},

and setting v(y) = u(T (y)) we have that v € W' (K, ) and according to Lemma 3.2,
we get:
v(y,0) =0. (2.73)

If v € C§(K), we get:

Vo dy = y, i=1,2,....,N—1, 2.74
Myl dy = /wa (2.74)

—df/ , Odf/ vy 2.75
/[(+8vay v(y',0)v(y',0)dy l//ayNy (2.75)

It follows from (2.73)—~(2.75) that v € W!?(K) = u € W' (U) by the transfor-
mation (2.46) extended to K. We denote u, (x',xy) = u(x’,xy —A). For A >0
sufficiently small, u; € W'»(V), with supp uy C V. Then we have u; € WOI”’(V),

and since lim;_,qu; = u, we get: W C W, ¥ (€2). Obviously W, ”(£) C W, and the
result follows. U

Let Q € M 11 Denote by W’“”(&Q) p > 1, k > 1 integer, the subspace of
LP(9Q) of functions for which f(x.,a,(x.)) = f, € W&P(A,), r =1,2,...,m. On
WP (9Q) we introduce the norm:

1/p
|f|wk1> Q) <Z|fr Wkp ) ;

where f,(x.) = f(x.,a,(x.)). W&P(9Q) is a separable Banach space.

2.4.4 Some Other Properties of Traces

Lemma 4.2. Let Q € %\, The exterior (or interior) normal exists almost every-
where on dL.

Proof. Tt is sufficient to prove that the function a,, r = 1,2,..., has almost
everywhere in A, a total differential. We again omit the index r. Let M be a countable
set on the unit sphere x| = 1 dense on this sphere; we assume that M contains
the points of intersection of all axes of coordinates with the sphere. Let m € M.
The function a(x’) has almost everywhere in A a derivative da/dm; as M is
countable, there exists B C A, meas B = meas A, such that the function a(x) has
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for X’ € B,m € M a derivative (da/dm); we denote this derivative a,,(x). According
to Theorem 2.2, a,,(x’) is the distributional derivative and hence, if m € M,x € B,

N—-1 da
Clm(x/) = Z x(.xl)mi. (276)
i=1 i

This equality holds for all x € B and all directions. Indeed: Let n be a normed vector
and mp;) € M with lim; ., mpj) =n in R¥=!, Fix € > 0. We have:

/ _ N—1
a( +tn) —a(x’) %(x’)ni
t =l 8x;

for ¢ sufficiently small; indeed, according to a € C%!(A), there exists a sequence
my;), and a number 6 > 0 such that for [¢| < &

a(¥' +tmp;) —a(¥' +m) ! 8a ) =
t z 8xl Z Oni

—1 l

<g/2.

Let m(;) be fixed; using (2.76) for m;) € M, the result follows. If moreover x € B,

then
T
tg% <Sup

n|=1

/ _ / N—1
a(x +mt> a(x) 3_ )
i=1 t

n; > =0. (2.77)

If (2.77) does not hold, there would exist an € > 0, a sequence #;, lim;_...t; = 0, and
normed vectors nj with limy_,.. nj) = n such that

a(x' +unpy) —ax') 2! da
— — (X )ny.| > €;
tk 1:2] 8xl, ( ) [k]l —
this would imply that for & sufficient large
a(x' +un)—a(¥) S da
— >¢e/2
. T JeWm|ze/2

and this inequality is a contradiction to (2.76). But (2.77) implies the existence of
the total differential at x. t

Let Q € MO If u € WEP(Q) then D% € LP(dQ), |a| < k— 1, and we define
the exterior normal derivative of order [ < k — 1 by:

ou I
==Y —D%n?, (2.78)
on! i o!

. . oy o (07
where 7 is the exterior normal, n = (ny,ns,...,ny) and n* =n{"ny> ...ny".
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Theorem 4.11. Let Q e N if 1 <p <N, putl/q=1/p—[1/(N-1)](p—1)/p;
if p=N, put g > 1. There exists a unique mapping Z € W2P(Q) — W4 (9Q)] such

thatu € C*(Q) = Zu=u.

Proof. Fix u € C*(Q). Then we have u(x',a,(x.)) € W4(A,), and according to
Theorem 2.2, if we denote v(x.) = u(x’,a,(x.)), we have:

v u Jdu da,

OXri B Oxri  OxpN axri)

i=1,2,...,N—1. (2.79)

We have du/dx,; ¢ W'P(V,),i=1,2,...,N.
Using Theorems 4.2, 4.5 and (2.79) we get:

lulwraa0) < clulwrq)-

U
Remark 4.2. Tt is easy to see that for u € W>?(Q), (2.79) holds for the derivatives
aax". ,i=1,2,...,N, considered in the sense of traces.

Remark 4.3. If Q € M*=21 k> 2 we have with the same notations as in Theorem
4.11 that Z € [WhP(Q) — W 14(9Q))].

Theorem 4.12. If Q € N, u € W2P(Q), p > 1, u = du/dn =0 on dQ, then
ue Wy (Q).

Proof. Forr=1,2,...,m, we have according to (2.79)

N1 9u da, du

0= _— ,
i—1 Oxyi Oxyi  Oxpy

(2.80)

u du da,

B OX,n  OXen axri’

1,2,....,N—1. (2.81)

Starting from (2.80), (2.81) we can compute the derivatives du/dx,i, i =1,2,...,N,
and we get a homogeneous linear system with nonzero determinant, thus
du/dx,; =0 on dQ. As in Theorem 4.10, the function u, extended by zero outside
of Q, is in W>P(RN); the remaining part of the proof is the same as in Theorem
4.10. O

Theorem 4.13. I[fQ ¢ NC, uc WoP(Q) withu=0du/dn=...= " u/on*"! =
O0ondQ, thenu € Wé{’p(.Q).

Proof. For k < 2 this theorem was proved for 2 € MNO!: hence we can assume
k > 3.1t is sufficient to prove that u extended by zero outside of  is in W57 (RV).

SClearly n = (l +Zf]:71' (19a,./z9xr,-)2)7]/2 (aa,/z9xr1,8a,/z9x,.2 e, 0ar )Xy 1), 71).
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To do this we use the domains G1,Ga,...,Gy, Wi, i = 1,2,...,M, given in 2.2.4,
and the mapping (1.35) from Chap. 1; this mapping is smooth, one-to-one from A x
(—8,8) to G,, the inverse has the same properties, they are generated by functions
in C*=11(A). Using Lemma 3.4 and u, = uy, in G,, after the mapping we get u, €
WkP(C,) with C; = A x (0,8). For t = 0 we have:

u, ok 1y,
ur:—:___:—:(),

ot dtk—1

then D%u, = 0 for t = 0, |ct| < k — 1. The function u extended by zero if o € A,
t <0,is in WP(C) with C = A x (-6, §). By the mapping inverse to (1.35), we get
u, € WEP(G,), r=1,2,...,M. Obviously uy; 1 € W(f’p(Q), )

M+1

u=y u, € WhP(RV).

r=1
(]

The notion of smoothness almost everywhere for dQ was introduced in 1.2.3.

Theorem 4.14. Let u € WEP(Q), dQ almost everywhere smooth, u = du/dn =
.= 9% 1/9n*"1 =0 on dQ in the sense of traces. Then u € W(;C’p(Q).

Proof. Tt is sufficient to prove that D%u = 0 on dQ for |o| <k—1.Lety € Q2 be
a regular point. We use the set U from 1.2.4 which corresponds to that point, and
proceed as the proof of the previous theorem. O

Problem 4.1. Is Theorem 4.14 true if Q € N%1?

Remark 4.4. Let Q € M*!, u € W>P(Q). We can prove that the subspace of
WP (9Q) x LP(9€), generated by (u,du/dn),u € W>P (L), is dense in this space.
Cf. Chap. 5.

Exercise 4.2. Let Q € MY, u € W3P(Q), u = du/dn = d*u/dn* = 0 on Q2 in
the sense of traces. Prove that u € WO3 P(Q).

2.5 The Problem of Traces (Continuation)

2.5.1 Application of the Fourier Transform

In the previous section we pointed out that the spaces LP(d€2) in Theorem 4.2 are
larger than the trace spaces. For instance, if 2 € 0N%!, the natural topology of the
space of traces of W'-7(2) is the topology of the quotient space W2 () /W, (2).
On the other hand, this approach is rather formal and does not give a characterization
of the trace space.
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If Q=RY ={xe RN, xy >0}, p=2, k> 1, we can easily characterize the
trace space using the Fourier transform, cf. for instance J.L. Lions [4]. To do this we
introduce for Q = R" the notion of W*2(R¥) with k an arbitrary real number; later
we shall see that the new definition coincides for k > 0 with the definition given in
2.3.8.

If k > 0, WE2(RN) is defined as the subset of L*(RN) of functions f(x) such that
their Fourier transforms satisfy:

R 1/2
([ i@Ra+igpra) <= e8)

The left hand side of (2.82) is a norm, moreover W52(RN) is an Hilbert space with
the scalar product:

8l = [ FERE +IEP) dE. (283)

If k < 0, we define W*2(RN) = (W—k2(RV))". Tt is possible to define W*2(RN)
directly for all real k£ in the setting of tempered distributions and their Fourier
transforms, cf. L. Schwartz [2].

Let us denote as usual x = (¥, xy),& = (&', &En).

Theorem 5.1. Let k be an integer, k = 1,2.... Then
ue WA RY) = u(x',0) € Wh1/22(RN-1),
and if g(x') = u(x’,0), we have:
|g‘wk—1/2,2(RN—l) < C|M|Wk,2(RIX) (2-84)
Proof. By immediate application of (1.1.10) we obtain g € L?>(R¥~!); we extend u

to RY using (2.48) and get obviously |2y < €1 |u‘W"12(Rﬁ)' Then according to
Lemma 3.5 it follows:

1/2
([l +igrras) < oy, (2.85)

Due to Proposition 2.5, it is sufficient to prove (2.84) for u € Cy (RV); we have:

8E) =5 [ a(&)agy,
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and then

1
B W/uwl

< g oo | EI2 [ i@ PO 1)

2
(1 + |§/‘2)k71/2d€/

[ a@aey

(2.86)

N

< [l aa] o

We have .
[ (1P agy = w1+ ER) R,

and the result follows from (2.86). U

Remark 5.1. Clearly we have: if u € kaz(Rﬁ) then we have for/ =1,2,...,k—1
that (9'u/dx) (x',0) € Wh=1=1/220 (RN=1) with
k—1 aiu

ax, < clulyrogmy)-

Wh=1=1/22(RN-1)

=0

In what follows, By, B, ..., By will be Banach spaces; we denote B; X By X --- X By
the Cartesian product of B;, i.e. the set of elements u = (u;,us, .. .,u;), where u; € B;;
and we equip Hf»‘:l B; with the norm YX_; |u;|, or some equivalent norm.

We have a “converse” of Remark 5.1:

Theorem 5.2. There exists a mapping:

k—1
Ze [Hwkflfl/Z,Z(RNfl) _)Wk,z(Rzi)
=0
such that if .
g=1(81,82,---,8k—1) € HWk_l_l/m(RN‘l)
1=0
then for u=Z7g
olu
—(¥,0) = g1(x').
oxly

Proof. We define:

7y e WHIEV22RNTY) S wR2RY)), 1=1,2,.. k-1,
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taking
2181 = u,
where
(&' xn) = xyexp(—(1+ &) &i(8").- (2.87)
7, is of the type mentioned; indeed, let |a| < k, let us consider wy, = D%y in Rﬁ and
set wg = 0 for xy < 0. Let us denote o' = (oy,...,0v-1,0), a” = (0,...,0, o).

Hence Wy (&) is a finite sum of expressions like:

al(§) =a [ exp(—invEn) (€)% (1 +1E ) %
x exp(—(1+1&')xn) &1 (E') dx,

where a is a constant, j =0,1,...,min(oy,!). We have:

U )EN O ED e
16) = e

and so

LR

< [lé P14+ P20 i (€ P x

“ déN /
S e

o [ BRI [ g 6P
<a [ A+ a(E) P
eq [ HIED PP

Now we have 8ju1/8x1/\',(x’,0) =0 for j < I. We construct Z as a linear
combination of Z; by setting

0
Zg =Zogo+7Z1 (gl - Mzogo>

(2.88)
1 02 7 02 P d 7
+2—!Zz 82—% Ogo_ﬂ 1 SI—E 080 | | +--.
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2.5.2 Lemmas Based on the Hardy Inequality

The method used in 2.5.1 does not work if p # 2; here we generalize the Gagliardo

approach, E. Gagliardo [1], assuming p > 1. Moreover we assume €2 bounded.
Letk >0, Q € MW ~11 where [] is the smallest integer such that k < [k]’. We

define W*P (9 Q) as the subset of functions from W7 (9Q) such that

£r(x) = f(¥, ar(x))) € WhP(A,),r =1,2,...,m; the norm is defined by:

1/p
|f|W/<P 0Q) (2 |fr whr(A ) . (2-89)

Remark 5.2. The space W*P(9Q) is a separable Banach space and reflexive if
p > 1; this is an immediate consequence of Proposition 3.1.

In this section we consider only the case p > 1. If p = 1 we have to use another
approach, cf. E. Gagliardo [1].

Now we shall prove a Hardy inequality, cf. G.H. Hardy, J.L. Littlewood, G.
Pélya [1].

Lemma 5.1. Let be f € LP(a,b), —eo < a < b < e, p> 1. The following
inequalities hold:

/u[x a/|f |d5] dx<<pp ) /If |Pdx,  (2.90)
/{ /If Idé} dx<(pp ) / FOPd. (291)

Proof. Let us define:

fg(x)—{f(x) for x>a+e,

0 for a<x<a+e.

We have

/abﬁ[/"fe@dar
:(b—al’l [/ fe( |d§]
e == (/:fe(é)ld§>p_1|fg(x)ldx
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2 e ([1enae) e
*%< X e (/ax'f8<5)|d5)p“>(pl)/p (/ab|fg<x)|f’dx>l/p.

This implies inequality (2.90) for the function f¢, and consequently
[5 [ in@nee] s (S25) [ e
=
<|— x)|dx
<(-2) [

Now, Fatou’s lemma gives (2.90) for f. Inequality (2.91) can be proved in the
same way. (|

Lemma 5.2. LetA={xcR>0<x; <1,0<x;<x;}, u€ WHP(A), p> 1. Then
we have the inequality

u(t,t) rr)

drdt < clul? (2.92)

wlr(A)

Proof. According to Theorem 3.1, it is sufficient to consider u € C*(A). Let 0 <
T <t < 1.If we denote f(r) = u(t,t), then

1 du 1 Ju

‘f(t)—f(r) < - 1(xl, 7) du+— | axz(t,X2) dx,,
and
[ —f@1" _ - 1 ' du(x, T) P
‘ -1 <% ]{(t—r)l’ (/r x0T d’“) .

*ajwp<[

By integration with respectto ¢, T <t < 1,and thento 7,0 < 7 < 1, we get according
to Lemma 5.1

M(r,r)’ dxz>p}

8x2

p

&

p

Sulx, ) dx; (2.94)

om0

)

1

le

ax2 (t,7)

whr(a)’

’ 1 P
p—
dey | <2771 (=) lul
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Lemma 5.3. Let C be the cube (—1,1)N"! p > 1,u € LP(C); moreover let us

assume:
—/ / dxp ... dxiopdxipg. .. doyo1 X
N 2)times (2.95)
(/ /1 JAilt) ZAlD)]” |¢_ |p (@)l” dtdr>
where A;(t) = u(X1,. .., Xi—1, 1, Xi41,- -y XN—1)-

In this case we have the inequality:

N—
luly1-1/p.0(c) < ellidl oo +2 J1/p. (2.96)

Proof. For x,y € C. Denote xjjj = (y1,---,Yi,Xi+1,---,Xn-1), 1 =0,1,...,N — 1. We

have:
‘ dxd | x[z] x[l 1])| dxd
AT y‘N 2+p y < X y|V-2+p 34

For instance, let us consider:

Ju(xpry) —u(y)|”
// |x y|N 2+[1 d)C]...defldyl...dnyl

dyy...dyn 1
= — dxd
// ul) —u(x)l” yl/ /1 |x —y|N=2+p

(N— 2 times

‘qul —u(x)[”
// H 0 dxdyl—ccl
O

Exercise 5.1. For the cube C in the previous lemma, prove the converse of (2.96).
Let

[lulrc) + 2 e, (2.96bis)
Notice that (2.96 bis) defines an equivalent norm on W*?(C) (this is a consequence

of the previous exercise).

Exercise 5.2. Replace C by RY and prove the equivalence of (2.96 bis) and (2.90).
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2.5.3 Imbedding Theorems, Application
of the Spaces W'~1/PP(9Q)

Theorem 5.3. Let C be the cube (—1,1)N, p > 1. Let C; be the faces x; = 1,
j# i, and u € WHP(C). Then we have the inequality:

|”|W(1*1/P)-p(c,) < C|”|W1’1’(C)v i=1,2,...,N

Proof. According to Theorem 3.1, it is sufficient to take u € Cw(f). Let i be fixed,
1 <i<N, j=#i(forinstance j < i.) By Lemma 5.2, we have:

1 1
/1.../ldx1...dxj,]dxjﬂ...dxi,ldxiﬂ...deX

! IBn (@’
drdt
It*TIP
1
Sc/l.../1dx1...dxj,ldxjﬂ...dx,,ldxlﬂ...dex
— —
/ / du |?
ax]

(N—2)times
where Bj;i(t) = u(xy,...X;—1,6,Xj41,--+,Xi—1,1,X;11...,xy) and the result follows
J J Jj+ +
from Lemma 5.3. O

(N—2)times

du
Bx,

>ddem

Theorem 5.4. Letu € Wh? (C); under the same hypotheses as that of Theorem 5.3,
we have forl <k—1

ou

— < clu|yr, i=1,2,...,N.
o < clulyire)

Wk*l*l/p.p(ci)

Indeed, D% € W'P(C) for || < k— 1, and the result follows from the previous
theorem. g

2.5.4 Imbedding Theorems, Application of the Spaces
wi=1/Pr(9Q) (Continuation)

Lemma 5.4. Let Q € N p > 1,k >0, 0 <A < k. Then WhP(Q) ¢ WP (Q)
algebraically and topologically.
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Proof. The only nontrivial case is the case of A non integer, k integer; the other cases
are either trivial or consequences of the case considered. It is sufficient to investigate
the case 0 < A < 1,k = 1. We set u, = u@,, use the transformation (2.31), and then
everything reduces to = C = (—1,1)". According to Theorem 3.1, we can assume
v € C(C), and prove the inequality:

v(x
//C = y|N+M dxdy<c]|v|W1p (2.97)
We use the Holder inequality and write:
P
u(x |3 (@ /drw(y+1(e—y)) |
//C |x — y|N+p7L _// |x — y|N+pA drdy

cof /]foz 199/ 9) (3 + 1 x y’)d”pdxdy

e — y|NtpA=p

<632/// [(9v/9xi) (v +1(x =) dxdydr.

e —yVreA=p
We transform the set of points (x,y,7) € C x C x (0,1) to G by:
T=t, M=y, §=y+ilx—y).

We have fori=1,2,...,N:

H(av/oxi)(y+t(x—y)) |8v /oxi(E)|[PTPA=1)
/// e T " dedyds \é n\Nﬂ”l ——dedndr

= / P(A-1) dr/
(2.98)

Since [E(1—1) "' —n|<cyt(1—1)"!, we have |€ — 1| < c57(1 — 1)~ !, and

! PN gr | pd dn
T T —_—
I J 5/% E=n
1/2
<C6/ p(A-1) d /

1 drl
+ / r”(’“”dr/ /‘
) c Goe [ mprrAp 1o =7

and finally (2.97) follows from (2.98). O

FRC ‘5/15 E

v
a_x,»(é)

GOl

v
2| [
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Lemma5.5. Let Q € N, ue WEP(Q), p> 1, k> 0; h € CH'-L1(Q). Then
hu € WhP (Q), and

|”h|wk~p(g) < C|“|wk-p(g)|h|c[k]’—1,1(§)~
Proof. If k is an integer the result is trivial. Let k be a non-integer; we have for

o] < [K]: o
D*(uh)= Y hgDPu, hg e C"(Q).

1BI<lel
If |B] < [], then
|hg (x) —hg(y)DPu(y)|
b/, |x y|N+pk ) drdy
hg( u(x) = DPu(y))|?
p—1 | ﬁ
=2 // \x y\N+pk m D

pt [ [ 1ROyl g,

|x — y|N+pk=[K)
The first integral on the right hand side is less than or equal to:
July Q) |h|g[k]’

Wkl’ 71,1(5)7

and the second integral is less than or equal to:

dx
B P p p
q/QID u(y)| dy/g LD Scz/QID u(y)[? dy.

O

Theorem 5.5. Let Q € W11 e WhP(Q), p > 1, k an integer. If | < k— 1, then
the following inequality holds:

< C|”|W’<‘!’(Q)‘

’ olu
Wk=1=1/p.p(9 Q)

onl

Proof. Tt is sufficient to prove that D%y € WK='=1/P»(9 ) and the corresponding
inequality for |a| = I; we have D% € W*~1P(Q). Let us put v = D%u,v,(x,) =
v(x,,a,(x].)). Differentiating v, with respect to coordinates x. |3|-times, |B| <k —
[ —1, we obtain that v € W¥~/=1.7(A,); then, by the previous lemma, everything goes
back to knowing whether DBy € W!=1/PP(A,). But DPv is a linear combination of
terms aDu, |y| < |B|, a € C%!(A,), hence using once more the previous lemma it
is sufficient to see that D®u € W'~1/PP(9Q),|8| < k— 1, with the corresponding
estimate.
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Setting w = D%u, we have w € W!7(Q). Using the transformation (2.31) and
the inverse transformation which are at least lipschitzian, the result follows from
Theorem 5.4. O

2.5.5 A Lemma

We have to prove the “converse” of Theorem 5.5. We do this with more restrictive
conditions concerning the domains.

A function R(z),z € RV will be called a regularizing kernel if R € C=(RY), with
support contained in the closed unit ball with center at the origin. We shall write
R € Rn. If [pv R(2)dz =1, we define the regularizing operator by:

o) = [ RQulh+x)de = 5 R(55) o

hN [y—x|<h

Lemma 5.6. Let P be the pyramid defined by: P = {x € RN, 0 <xy < 1, |x;| <1 —
xv, i=1,2,...,N—1}, op € W= 1/PP(C), p> 1, where C = {x' e RN~ |x;] < 1}.
There exists a mapping Z € [W*=1/PP(C) — W5P(P)] such that if Zgo = u, then
u = @ on the basis C of P.

Proof. LetR € Ry_1, [gv-1R(Z)dZ =1, letus setx = (x',xy), and if x € P

1 y —x
/ = — R "ay'.
u(x',xy) T /Iy’ﬂr’\@w ( P, ) @o(y')dy

N

Clearly we have u € C=(P). Let|ot| < k — 1 and consider D%u; we have:

DUu)= 3 e [, REDPgoland )
Bl=lof I
A ]=(o)
Now, if we proceed as in the proof of Theorem 1.2, we get the inequality:

~/\x/\<1 x D% u’,aw)IP dv’ < ¢ Z
—AN

[, 0P,
Bl=la /1<t

which implies
|”‘Wk*'>p(P) < C|‘P0|Wk*1/17ep(c)~ (2.98bis)

It remains to prove: if R € Ry_1 and f € WK=1/PP(C), then for

v = [ RS )
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we have:
|V|W1-P(P) < C|f|W1*1/p¢p(c)~

First we consider dv/dx;,1 <i < N — 1; without loss of generality let us consider
dv/dx;; we have:

dv 1 IR (Y —x"\
= - i dy'.
a.x1 x% [y =x'|<xny aZl < XN ) f<y ) Y
We have: ,
1 3_R <y - ) dy' =0
XN Sy —xl<ay 921\ XN ’
SO

dv _L a_R y = N el /
o=/, (55 vw-nee

= 8_R(Z/)f(x/) — flwd +x7) dz.
IZ|<1 021 XN

XN

From this, we get:
p N / NP
dx<c1/dx f() = flnd +X)
P J<1 N

AN \|p
— ¢ /Px](vfpr+l)dx/| If&) = f()] ‘x/_y/|N72+pdy/

|y |§ =YV

_ Cl/ dx// lf() = fFONIP dy’><
( max |x)<I Y =#I<1=( _max |ul) |x' —y/[N=2HP

1<i<N—1

d7

/< 1— P .
¥ <1=( max i)

% / SisN-1 ‘x/ _y/|N72+p‘x;]p7N+lde
I —y'|<1
[ o )= 10O
- N—I—p 2 1<Irg}\>; l\xz) <l \y'—X'|<1—(l<flga[3/gl|Xf\) |x’—y’|N*2+P ’
and then
<
_— <c ppre -
x| o(p) wli=1/p.p(C)

Now, let us consider

dv N-1 y —x’) o
= —_ R d
ng x% /lyl*x,‘<xN < XN f(y ) y

I L1 (e PPy
I oK v
x% [y —x'| <xn ZT 8z,~ XN XN f(y) y




98 2 The Spaces Wh?

We have:

N1 / NZTOR [y =X\ yi—xi
T T £ e
x% |y —x'|<xy XN XN Y =¥|<xy iZ1 aZz XN XN

finally as above we get the inequality:

dv
R < _ .
axN @) = C|f|wl 1/pp(C)
Using Theorem 1.2, we see that # = ¢ on the basis of P. (]

2.5.6 The Converse Theorem

Lemma 5.7. Let R € Ry_1, [gv-1 R(Z)dd =1, 1 > 0 an integer. We have:

O [ Ny =X ] 1 y =X
-— X R = H ,
8x§v[N (XN) x%—1 (XN)
where H € Ry_1, [gv-1 H(Z)dZ =1!
Proof. We have to prove that [pv—1 H(z')dZ' = 1!. We have:
ai A
S5 [XIN“R(y—)] dy
& =y | <xn 8xN XN
al / N4 y/_x/ al
= AVHIR(—2)dy = — (&) =11,
Oxly ' —y'|<xy N ( XN Jdy 8x§v( V)
O

Lemma 5.8. Let P be the pyramid as in Lemma 5.6, and C its basis,
@i € WKI=1pp(C), 1k integers such that 0 < 1 < k—1, p > 1. Then there exists
a mapping

€ WEmPr(e) — WP (P)]

such that Z;; = u; satisfies:

u; 91y,
ul—m—.. (91 =0 onC, (2.99a)
!
A RP— (2.995)

I
dxy
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Proof. LetR € Zn_1, [gn-1 R(Z')dZ = 1/1!, and let us set:

. / /

_ y —x
wl o) = [ R S)a0) .
-y N

Obviously, u; € C=(P). Let |ot| <k —1— 1; we get:

wl o) =y [, RElond )0,
<

thus
|Daul|Lp<P) < C|(P1|Wk*l*1/p¢17(c)7 (2-100)

for the same reasons as that used previously in the proof of Lemma 5.6, starting from
the proof of (2.98bis). Letk— I < |at| <k—1;letusseta =o'+, |@" | =k—1—1.
We have for M € Ry_1:

ler|' 1

D% (¥, x,) = x¢ " 1M(z/)(pz(x;vz/+x’)dz’. (2.101)
Z|<

If we apply the operator D% to (2.101), we get (2.100) with || < k— 1 for the
same reasons as in the proof of (2.98bis). If |ct| = k, we use the ideas of the proof
of Lemma 5.6 and we get:

7, € WI=Vrr(c) — whke(p)).

It is clear that (2.98) holds; concerning (2.99a, b), we use the previous lemma. [

Theorem 5.6. Let P be the pyramid as in Lemma 5.6 and C its basis, k an integer,
k>1,p>1, @ e WKI=1/rr(C), 1=0,1,...,k— 1. There exists a mapping:

k—1
ze |[J[wk"Vre(c) — whke(p)
=0

olu

such that if Z(Qo, @1, - .., Qx—1) = u, then st=@onC.
N

Indeed: We use Lemmas 5.6 and 5.8 and proceed as in the construction of (2.88).
O

2.5.7 The Converse Theorem (Continuation)

Let k = 1. We have:

Theorem 5.7. Let Q € N0, p > 1. There exists a mapping Z € [W'=1/Pr(9Q) —
WP (Q)] such that for h € W'=V/PP(9Q), Zh = u, we have u = h on dQ.
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Proof. We use the partition of unity from 1.2.4 and put i, = he,, 1 < r < m; to
simplify we omit the index r. By projection onto the hyperplane xy = 0, the function
h e W(=1/P)r(A). Without loss of generality we assume o = 1 (in the definition of
A in 1.2.4). We use Lemma 5.6 to construct Z € [W'=1/7P(A) — W7 (P)]. Since
supp h C A, with compact support, there exists y € C;’(RY), supp y C PUC such
that Ay = h on C. We write Zh = h; we have hy € W'(K,), K. = {x € RV,
|xi| < 1,i=1,2,...,N — 1,0 < xy < 1}. We use the transformation (2.31), and
going back to the index 7 starting from hy we construct a function v, € W7 (V,),
supp v, C V,UA,. Obviously, the functionv =", v, gives the extension of /1 on 2.

O

Problem 5.1. Prove a theorem analogous to Theorem 5.7, but for k > 2, Q €
M1 or for a nonsmooth boundary 9Q. The problem can be posed in the fol-
lowing way: Let ¢ be the number of indexes o, |t = k — 1. We consider the
closed subset W C [W!=1/72(9Q)]" as the closure of the set M of elements
(DM, D™y, ..., D%u),u € C*(Q). Is the mapping Z € [W5?(Q) — W], defined
by Zu = (D*Mu,D*?u, ..., D%u), surjective?

For N = 2,0Q piecewise smooth, the solution with some modifications is given
by G.N. Jakovlev [1]. Cf. also P. Grisvard [1].

If 9Q is sufficiently smooth, the problem is solved (cf. papers by L.N. Slobodet-
skii [1], S.V. Uspenskii [1]):

Theorem 5.8. Ler Q € MO, p > 1, by e WE=1rr(9Q), 1 =0, 1,2,...,k— 1.
There exists a mapping,

k—1
ze [[TWH-1rr0@) » whr (@),
=0
such that if Z((ho,h1,...,hk_1)) = u, then on dQ we have d'u/on' = h;, 1 =
01,2, k—1.

Proof. Due to the previous theorem it is sufficient to consider the case k > 2.
We use G,,V,,... as in 1.2.4, and the transformation (1.35) from Chap. 1; this
transformation is one-to-one, with lipschitzian derivatives of order < k— 1 on G,
and the inverse transformation has the same properties on K,. Put i, = hjy,. By
projection on the hyperplane x,y = 0, we consider /4, as a function of the variable
o; we have hy, € WI=1/pp(A,).

Without loss of generality, we can assume in the definition of G, that ¢ = & = 1.
According to Theorem 5.6 we construct u, € W5?(P) such that on C 9'u,/dx}, =
(—=1)'hy,. Since supp hy, C C, there exists y € Cy(RY) with supp y C PUC such
that 9’ (u, ) /dxhy = (—1)'hy, on C. We have u,y € WEP (K, ), Ky = {y e RV y =
(o,t),|loi] < 1,0 <t < 1}. Using the transformation 1.2.7, we get v, = u,y €
WkP(G,NQ); but according to the form of the support of y we have v, € WK (Q);
on the other hand 9'v,/dn! = h;, on dQ, thus v = Z/rwzl v, gives the transformation
such that Z((ho,hy,...,hx—1)) = v. O
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2.5.8 Remarks

It is possible to investigate the spaces W*?(Q), where k is noninteger, in more
detail. Concerning the questions about extension and density, cf. J.L. Lions, E.
Magenes [4], for imbedding theorems cf. S.V. Uspenskii [1, 2, 4]. There is a strong
link between interpolation in the sense of J.L. Lions and traces, cf. J.L. Lions
[7-10]. From our considerations on these questions it is possible to obtain some
consequences, for instance:

Corollary 5.1. Let C be an (N — 1)—dimensional cube, p > 1. If p <N, 1/q =
1/p—[1/(N—1][(p—1)/p), then W'=1/PP(C) C LI(C) algebraically and topo-
logically; if p =N, q is an arbitrary real number > 1, if p > N, then Wl’]/p'fP(C) C
COH(C) with u = 1 — N/ p, algebraically and topologically.

Remark 5.3. Let us set k = 1 —1/p. Then in Corollary 5.1 for p < N we have
1/g=1/p—k/(N—1), and we have the formula from Theorem 3.4. It holds in
other cases, cf. S.V. Uspenskii [1].

Let C be an (N — 1)—dimensional cube, u € W*~1/P:P(C),k > 1 an integer, p > 1;
according to Lemma 5.5 it is possible to extend u to the corresponding pyramid P so

that u € WhP (P). P € 0! = WkP(P) = C=(P) = W*~1/PP(C) = C=(C), hence

Corollary 5.2. Let C be an (N — 1)—dimensional cube, k > 1 an integer, p > 1.
Then W=1/P»(C) = C=(C).

Let Cy— be an (N — 1)-dimensional cube, u € Wk_l/p*P(CN,l ), k > 1 an integer,
p > 1. According to Lemma 5.6 we can extend u to a cube Cy with Cy_; as

its face. By the approach used in Theorem 3.8 it is possible to extend u to the
whole RY so that lutlyipwyy < clulyrn(c,)- We get an extension of u to RN=1 4y e

Wk=1/p.P(RN=1). We have also

Corollary 5.3. Let C be an (N — 1)—dimensional cube, p > 1, k > 1 an integer.
Then there exists P € [WEP(C) — W*=1/PP(RN=1)| such that RP = I, where R
is the restriction operator, R € [W*=1/PP(RN) — Wk=1/PP(C)], and I the identity
operator on W<=1/P:(C),

Remark 5.4. A well known simple counterexample due to J. Hadamard states the
existence of a continuous function on the unit circle which is not the trace of
a function from W!?2(K) where K is the unit disc, cf. for instance S.G. Mikhlin
[2]. L. De Vito [1] has constructed an absolutely continuous function with the same
property. It is easy to see that a piecewise smooth function cannot be the trace
of a function u € W!?(Q). For sufficient conditions implying that f belongs to
W=/ (9Q), cf. S.M. Nikolskii [2, 5-8], G. Prodi [1], J. Necas [11], etc.

Remark 5.5. 1f p =1, Q € %!, we have obtained by Theorem 4.2 that the traces
belong to L' (9€2). We have also the converse, i.e. W“(.Q)/WOI’I(Q) =L'(0Q);
cf. E. Gagliardo [1].
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Exercise 5.3. Prove that on the unit circle we have:

271
W1/2,2(ag) = {u €L2((9.Q), Zn|an| <o, ay = o / W) exp(—ind)dd}.

—oo

Exercise 5.4. Prove directly that for Q € M%!, u € W' (9Q) we can extend u to
Qsothatu e Wr(Q),p>1.

2.6 Compactness

2.6.1 The Kondrashov Theorem

In Chap. 1, we have proved a particular case of the compactness of the imbed-
ding operator, cf. Chap. 1, Theorem 1.1.4. We shall give some generalizations;
concerning the literature on the subject see W. Kondrashov [1], S.L. Sobolev [1],
V.I. Smirnov [2], etc.

Theorem 6.1. Let Q € %!, 1 < p <N, 1 > 1/qg> 1/p—1/N. The identity
mapping [ : W'P(Q) — LI(Q) is compact.

Proof. Let u, € W'?(Q) be a bounded sequence, lwir(@) < 1. It is possible
to find elements v, € C* () such that |u, — Valwip(y < 1/n, @) < Liitis
sufficient to prove the existence of a subsequence of v,,, for simplicity we denote this

subsequence again vy, which converges in L7(£2). Letus put 1 /¢* =1/p—1/N, let
€>0, Q" C Q* C Q,Q% asubdomain such that

e \7/@=1)
meas (Q — Q") < <§> ,

where |vy |14y < c1 (cf. Theorem 3.4). Let § > 0 be sufficient small such that

X€EQ* |z <0 = x+z€ Q; we have:
lz2| N 8v,, il & | v, ( >‘
x+ de,
250 (i) o= b 2l (g
v,

I —wlas= [Car [ 3] 20
Q 0 Q0 Ix;

Let |vn|W1,|(_Q) < ¢y, and let us choose 0 < €/3c¢;. Let us extend v, by zero outside
of 2; then we have:

[Vn(x42) —va(x)| =

then it follows that

<l by
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[ n+2) = ()l
S/Q, lvn(x+z|dx+/ fva(x ldx+/ [Va(x+2) = va(x)[dx < €.

If g = 1 the sequence v, has the same properties as that in Theorem 1.3. and the
result is true in this case. If 1 < g < ¢g*, we have:

/|Vm_vn|qu:/ |V — vyl =D& =1y, oy (@) (671) g
Q Q

i (g=1)/(g*-1) (¢"—q)/(g"=1)
< </ [Vin — |2 dx) (/ vm—v,,|dx> ;
Q Q

this finishes the general case. (]

Corollary 6.1. Let Q € %! p > 1, kp < N, k an integer;, 1 > 1/g>1/p—k/N.
The identity mapping I : WoP(Q) — L1(Q) is compact.

Corollary 6.2. Let Q € %', p > 1, kp = N, k an integer, g > 1 arbitrary. The
identity mapping I : WoP (Q) — L1(Q) is compact.

Corollary 6.3. Let Q € NOL p > 1, kp > N, k an integer. The identity mapping
1:WkP(Q) — C(Q) is compact.

2.6.2 Traces

As far as concern traces, we have

Theorem 6.2. Let Q e "L 1 <p< N, 1>1/g>1/p—[1/(N-1D](p—1)/p.
The mapping Z € [W'P(Q) — L1(9Q)], which defines the traces, is compact.

Proof. As in proof of Theorem 6.1 it is sufficient to consider a sequence v, €
C=(Q), n=1,2,..., bounded in W'P(Q). With a partition of unity as in 1.2.4
we take v, suppv, C V,UA,. For 1 < p < e the function p — 1/p—[1/
(N—=1)](p—1)/p is decreasing, thus there exists exactly one value p* such that
1/g=1/p*—[1/(N—=1)](p*—1)/p*. Ttis clear that it is sufficient to consider the
case g > 1. According to (2.69) with 1/¢* = 1/p* — 1/N (we omit the index r)

19 = inlZagay < ellva = vinlEaqy + vn = vinl Syt T vl
(2.102)
According to Theorem 6.1 we can extract a subsequence denoted also by v, which
converges in LT (V); but ¢ < g*, hence (2.102) implies the convergence of v, in
Li(V).
(]
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Exercise 6.1. Give a formulation of the previous theorem with the hypotheses
kp < N or kp = N with k > 1 an integer.

Remark 6.1. Let Q € M%!, 1 < p < N. Then the mapping Z of W!?(Q) into
L1(0Q)with1/g=1/p—[1/(N—1)](p—1)/pis not surjective. Indeed: it is always
possible to find a sequence v, defined on dQ and bounded by the same constant,
with [va[71(50) = 1, which converges weakly to zero in L'(9Q). If Z was surjective,

we could extend v, to £ in such a way that v, is bounded in W!»(), and due to
Theorem 6.2 there will exist a subsequence v,, which will converge in L' (dQ) to
a limit equal to zero, and this is a contradiction to [va[;1 50y = 1.

2.6.3 The Lions Lemma, Another Theorem of Compactness

We can prove Lemma 5.1 from Chap. 1 under more general conditions (cf. J.L.
Lions [4]):

Lemma 6.1. Let B;, i = 1,2,3, be three Banach spaces, B C By C By algebraically
and topologically. Assume that the identity mapping I : B — B, is compact. Then
for every € > 0 there exists A(€) such thatu € B] =

|ulp, < &[ulp, +A(e)[ulp;

The proof is the same as that of Lemma 1.5.1.

Example 6.1. LetB; =W'P(Q),By=L1(Q),B;=L'(2),Q N, 1/g>1/p—
1/Nif p <N, g>1if p> N. This satisfies the conditions of Lemma 6.1.

Theorem 6.3. Let Q € M 1 < p, 1 <q < p. The identity mapping I : WP (Q) —
L1(Q) is compact.

Proof. Tt is sufficient to consider a sequence v, € C*() bounded in W'?(Q),
and to extract a subsequence which converges in L” (). Fix € > 0; we can find

Q' c Q' Q such that

(_/QQ, |Vn(X)|pdx> " . (2.102bis)

To do this we consider the open sets V,, r = 1,2,...,m. If a,(x,) <xy < a,(x,.) +
B/2, we have:

v,

(¢ E)dE, () +B/2< T < a(x) +B.
X,y OXrN

(2.103)

V(X x,N) = va (X, T) —

From this we get (we omit the index r):
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]

(', Ew)

(o) P < 27 [vn<x',r>|f’+

/XN 3Vn( ,En)dEn

(2.104)

vy, P

<2 e+t [0 20

]
Now we integrate (2.104) with respect to 7 € (a(x’) + /2,a(x’) + B) and obtain

B / P -1 a()+p / B
B <o P P
> [vn (o xw)|P <2 L(X/)+B/2\vn(x7r)\ dr+5 /a(xj)

v,

( &)

dizv] ;

(2.105)
now by integration of (2.105) with respect to X' € A and to xy € (a(¥'),a(x')+7), v
sufficiently small, we get:

ﬁ/ / |vn Xy [P dxy < 2P 1<1+ﬁ >Y|Vn|wlp

this gives (2.102bis) if y is sufficiently small. Now let Q" be a subdomain satisfying
Q' cQ'cQ"cQ and§ > 0 sufficiently small such that x € Q”,|z] < § =

x+z € Q. We have:
|Z‘N avn z Zi
v(x+2z)—v </ x+—t | —dt
Pl +2) =) ax,< 7%

| v 2 \[” N\
< gtV / "< —t) dt)
& 2( e |
hence ’
av z \|”
_ P < clg|P! / n Il
[V (x4 2) — v ()P < clz] Z ’8x, ( |z|t> dt,
and
) wrdr< ey [ |20 ay < cipiun
/Q”|vn(x+z —v(x <clz 2 Jo|ox; Y < clz"valyyip(q):

and thus
1/p
(/Q//Vn(x""_z)_vn(x)pdx) §C|Z||Vn‘wl,p(g).

Finally, let & be sufficiently small such that x € Q — Q" |z] < § = x+z €

Q— Q' and
1/p
)
(/ vn(x—l—z)—vn(x)pdx) <&
Q 3
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Let us set v, (x) =0 for x ¢ Q. We get:

(/.Q [vn(x+2) Vn(x)pdx) 1/1’ < </Q// [V (x+2) Vn(X)I"dx) 1r

1/p 1/p
+ (/ vn(x+z)|de) + (/ vn(x)|pdx) <e.
Q-Q" Q-

Now Theorem 1.3 gives the assertion. U

Exercise 6.2. Prove Theorem 6.3 for a domain €2 starshapped with respect to the
origin.

Remark 6.2. For an arbitrary domain (2, bounded or unbounded, the restriction
operator R : W'P(Q) — L9(Q') with Q' bounded, Q' C Q, and with ¢ as in
Theorem 6.1, is compact.

E(ercise 6.3. Let Q be a bounded domain such that for any € > 0, we can find Q' C
Q' C € such that |uly1pq) < 1= [u|r(@q) < & Then the identity mapping
1:WhP(Q) — LP(Q) is compact.

Remark 6.3. If there exists an extension operator P € [W!?(Q) — W17 (RN)], then
Theorem 6.3 is true for £2 bounded.

Problem 6.1. Characterize bounded domains for which the imbedding theorem
W12(Q) C L*() is compact. We find only equivalent statements as for instance
the existence of a spectrum having the form given in Theorem 1.5.1.

2.7 Quotient Spaces, Equivalent Norms

2.7.1 Equivalent Norms

The methods used in this paragraph are strongly related to these introduced in
Chap. 1, Sect. 1.1 concerning the same questions, and also with the work of J.
Deny, J.L. Lions [1], J.L. Lions [2]. As in 1.1.7 we denote by P(k,l) the space of
polynomials of degree < k — 1. We shall consider only domains such that

VEP(]{,I) i |V|Ll’(!2) < oo, (2106)

Lemma 7.1. Let Q be a domain satisfying (2.106), p > 1, k > 1 an integer. Then
there exist functionals f;, i =1,2,...,1, on W*P(Q) such that v € Py implies the
equivalence:

1

l
[fivf =0<=v=0. (2.106 bis)
=1
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Proof. There are many ways to construct f;: for instance we take %, a bounded
nonempty subdomain of €2, and define:

fav:/ () dy, | <k-1, (2.107a)
Q*
or
fov = / Dv(x)dx, o <k—1. (2.107b)
Q*
U

Let us formulate the first theorem on equivalent norms in W7 (€Q):

Theorem 7.1. Let Q € N, f; functionals satisfying (2.106bis), p > 1, k > 1 an
integer. We have the inequality:

1/p
I
‘ ‘2k|D“u|Zp(_Q) + 21 |fi“|p] < ealulyr(q)-
al= i=

Cl|“|wk~p(g) <

Proof. We have to prove the inequality:

1/p

l

c1|ulyrpq) < 2|Dau|€p(g)+2|f;u|1’] : (2.108)
i=1

o=k

We proceed by contradiction: suppose that (2.108) does not hold for any constant ¢y,
for instance for ¢; = 1/n. Then there exists a function u,, € W*?(Q), |u,, lwhr(o) =1
such that
| / 1/p
-> 1Y |D°‘un1’+2|ﬁun|p] : (2.109)
i=1

|o|=k

From this we get, for |a| = k:

lim D%, = 0in L”(Q). (2.110)

n—eo

According to Theorem 6.3, the identity mapping I : Wh?(Q) — WK 1P(Q) is
compact, hence there exists a subsequence u,,, of u, which convergesin W =1-7(Q)
and by (2.110) in W5P(Q). Let u = limy, e uy,,,. We have D%u =0 = u € P—1)s
but P_y) is of finite dimension and hence closed in wkp (€2). Then, due to (2.108),
we have:

i
M| fulf =0=u=0,
i=1
which is a contradiction to the fact that

i Jun, [y o) = lulwer) = 1.
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Remark 7.1. Clearly Theorem 7.1 holds if the identity mapping I : W''?(Q) —
LP(£2) is compact.

2.7.2  Quotient Spaces

Let P C Py_1), and denote by WkP(Q)/P the quotient space (cf. 1.1.7) with the
topology associated with the usual norm:

For i € WP (Q)/P, il (qy/p = inf [ulyep(q)- (2.111)
ucu

Theorem 7.2. Let Q € N°, and let us assume that the identity mapping
1:WhP(Q) — LP(Q) is compact. Then we have:

" 1/ . .
crlitlyira)/p,_,, < [| le [Dul}y )] < colihyinaym, - (2-1110is)
ol=

Ifp=2, Wk’z(.Q)/P(k_l) is a Hilbert space with the scalar product

(7,) = / D*vD%adx. (2.112)
lot|=k

Proof. First, WkP(Q) /Pik—1y is complete with respect to the norm

(Y ID%lp, o] (2.113)

o] =k

Indeed: let i, be a Cauchy sequence for (2.113). We can choose u, € i, such
that fiu, =0, i = 1,2,...,1, f; satisfying (2.106bis); this is always possible by
Lemma 7.1. We apply Theorem 7.1, hence u,, is a Cauchy sequence in W57 (Q);
let lim,,_, 4, = u, which implies lim, ... ii,, = ii. Denote by B the quotient space
WP (Q) /Py with the norm (2.111), and by B, the same space but with the norm
(2.113). The identity mapping / : B — B» is continuous, due to the Banach theorem,
cf. Chap. 1, Sect. 1.1, and the same property is true for inverse transformation. The
result follows. U

Hereafter, when we shall use the mentioned Banach theorem we will not specify
the spaces B1, B, etc.

Theorem 7.3. Let Q € N°, and assume that the identity mapping I : W'P(Q) —
LP(Q) is compact, P C Py_y), fi, i = 1,2,...,1, functionals on WhP(Q) k> 1 an
integer, p > 1 such that



2.7 Quotient Spaces, Equivalent Norms 109

I
forv e Py_y), Z|ﬁv|p:0<:>v€P.

i=1

Then

; I/p
cl|lz|Wk=P(Q)/P < ([ Z |Da”|zp(g)]p+ z |ft”p> < CZl’Z'WkwI’(Q)/P'
i=1

lot|=k

If p =2, W5P(Q) /P is a Hilbert space with the scalar product:

l
(va)= Y /Q D*vD%udx+ Y fivfu.
i=1

|o=k

Proof. Tt is sufficient to prove that WP (Q) /P is complete with the norm

l
[ 3 IDulfy )+ X fadl?] " (2.114)
pay

|| =k

Let ii,, be a Cauchy sequence. According to Theorem 7.2, we can find polynomials
Pn € Py_yy such that limy, e (4, + pn) = u in WEP(Q). Since i, is a Cauchy
sequence with respect to the norm (2.114), the same holds for the sequence pj.
Clearly (3/_, | fiu|?)'/? is a norm in P—1)/P, hence limy, . p, = p in wkr(Q)/P,
and lim,, e i1, = il — p. O
Remark 7.2. Let Q* C Q, Q* non empty, L the orthogonal complement of P in
P for the space L>(Q2%);p1,p2,...,p; a basis of L. Then the functionals fiu =
Jo+ upidx satisfy the hypotheses of Theorem 7.3.

2.7.3 The Spaces V*?(Q)

Let us formulate a theorem on equivalent norms:

Theorem 7.4. Let Q € N, Q* a nonempty and open subset of Q. Then we have
the inequality

1/p
|ul i@y < ¢ [ D / \Dau\pdx—l—/ |u|pdx] . (2.115)
o=k <2 &

Proof. Tt is sufficient to prove that W57 (Q) with the norm (2.115) is complete.
Let u, be a Cauchy sequence. According to Theorem 7.2 there exist p, € Py_y)
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such that lim,, e (u, + py) = u in WEP(Q). Since u, + p, is a Cauchy sequence
for the norm (2.115), lim,,_,«. p, = p in LP(2*) and in W*P(Q), which implies that
limy, oo tty = u — p in WEP(Q). O

Fix Q C RY. Denote by V*7(Q) the space of functions in L{ (£2) whose

distributional derivatives of order k belong to L(Q). Let Q* ¢ Q" C Q; Q*
bounded; on V¥ (Q) we define the norm by

1/p
D DUl )+ ullp )| - (2.116)

|or =k

Theorem 7.5. The space V¥P(Q) is a Banach space. If we change Q* in such

a way that Q* C Q, we obtain equivalent norms. Let Q' € Q' C Q, Q' bounded.
Then the restriction operator R satisfies R € [VP(Q) — WkP(Q")].

Proof. Let u € V¥7(Q), and extend u by zero outside of €. We have u;, € C*(Q)
and u;, € W5P(Q'). On the other hand limy,_,q uj, = u in LP ("), and limy,_,o D%u), =
D% in LP(Q') for |e| = k. Without loss of generality we can assume Q' € NP,
According to Theorem 7.4, u € W’“”(Q’), and we have:

|u|Wk,p(Q/) §C1|M|Vk,p(g). (2.117)

Using (2.117) we see that the topology of V57 (Q) does not depend on Q*. Let
u, be a Cauchy sequence in V"’P(Q). Due to (2.117) there exists u € L} (€),

loc
u € WkP(Q') for all bounded Q', Q' € Q' C Q, and limy_eotty = u in LP(Q'),
limy, 0o D%, = D*u in LP () for |o| = k. O

Remark 7.3. Tt is a priori clear that we could assume in the definition of V%7 (
that u € L) (Q) and D% € LP(Q),|o| = k. It is sufficient to consider u € 2'(

loc

with D%u € L”(Q) and we obtain the same space, cf. J. Deny, J.L. Lions [1].

Q)
Q)

Theorem 7.6. Let Q € NO. Then WP (Q) = VFP(Q) algebraically and topologi-
cally.

Proof. Tt is sufficient to prove that W7 (Q) = VP (Q) algebraically. Let |o| =
k— 1, and let us consider v = D%u. We have v € V!?(Q) due to Theorem 7.5. Let
us consider vin V,, r = 1,2,...,m. For simplicity we omit the index r. Now using
Theorem 2.2 change v on a set of measure zero in such a way that the function
obtained is absolutely continuous in V on almost all lines parallel to the axis xy. We
have:

XN 8
Vo) = [ an £ vom). o € ) () + B).
N
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From this relation we get:

, Ty 4B Dy
et <20t gt [0 )
Xy

a(x')

an b onl)

Integrating this inequality with respect to yy on the interval (a(x') + B /2,a(x’) + ),
we get:

P e+ ,
dn+2? / [v(x',yn)[? dyn.
al¥)+B/2
(2.118)

Finally we integrate (2.118) with respect to xy on (a(x'),a(x’) + B), and then with
respect to x’ on A, and get:

a(¥)+pB
E/ dx’/ (', xn)|P dxy
2 /A a(x')
< 2P~ 2ﬂp+1/ dx// ‘ 77)

p—1 / al)+ b4
+2 ﬁ dx (o, yn)[P dyw.

B i <20-2pr [

a(x')+B ‘ v
a(x')

M(xm)

P
dn (2.119)

The estimates (2.119), (2.117) give v € WP (Q); the result follows by recurrence.
U

Remark 7.4. In R. Courant, D. Hilbert [1] we can find an example of a bounded
domain such that WP (Q) c VkP(Q) holds strictly.

Remark 7.5. For £ bounded, Theorem 7.1 holds with f;; as in (2.107a) or (2.107b)
for V&P (Q).

For other examples of equivalent norms on W*?(Q) cf. Chap. 1, Sect. 1.1.

2.7.4 Nikodym Domains

Theorem 7.7. Let k > 1 be an integer, p > 1,£2 a domain such that v € F;_1) =
Jo [v[P dx < eo. We have the inequality:

cilvrayn, , < [ 3 Pl 17 < eslilyngyn, - (2120)

Proof. Let €; be an increasing sequence of domains in N°, i = 1,2,..., such
that lim; ,.. 2; = €, and let @, be a Cauchy sequence for the norm (2.113).
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According to Theorems 7.6 and 7.2, (2.120) holds for €2;, i = 1,2,.... There exists
iy € Wk’p(Q,')/PU(,]) such that limy .. i, = if}; in W’“P(Q,-)/PU(,]). It is clear that
the restriction of uj; ;1) to €2; is uf;, and hence there exists u € L? () such that
limy, oo fly = @ in WEP () /Py_y), i =1,2,..., and lim, e D%, = D%u in LP ()
for |a| = k. Thus V"’P(Q)/P(k,l) with the norm (2.113) is complete and the result
follows from the Banach theorem. t

Remark 7.6. Taking into account Remark 7.5, we can proceed in the proof of
Theorem 7.7 as in the proof of Theorem 7.2.

Exercise 7.1. Using Theorem 7.7 and the regularizing operator, prove that u €
P'(Q2), D%u € LP(Q), || =k, imply u € VFP(Q).

A bounded open set R is called a Nikodym domain if for all p > 1, VI'P(Q) =
whr(Q).

If we have to be more precise, we say that the bounded domain Q is (k, p)-
Nikodym if V¥P(Q) = WkP(Q).

According to Theorem 7.5 we get obviously

Proposition 7.1. If Q is a Nikodym domain, it is (k, p)—Nikodym fork > 1, p > 1.

We have another characterization of Nikodym domains (for p = 2, cf. J. Deny,
J.L. Lions [1]):

Theorem 7.8. The domain €2 is a Nikodym domain if and only if for
ii € lep(Q)/P(O) the following inequality holds:

N

c1llwiri)/pg < [Z

i=1

u

» 1/p
ou . (2.121)
8)(1‘ Lp(.Q)‘|

Proof. 1f Q is a Nikodym domain, the identity mapping
1:WhP(Q) /Py — VP (Q) /Py,

is surjective. The norms [itfy 1.5 ) Po) and [i]y1p(g), P A€ equivalent, and we have
(2.120) and then (2.121).

The relation (2.121) being satisfied, due to (2.120) it is sufficient to prove the
density of W' (€2)/P) in V'P(Q)/P). To do this, let i € V' (Q)/P),u € ii;
without loss of generality we can assume u real. We define:

u for |u| <n,
up=<n for u>n,

—n for u<-—n.

"The original definition was less restrictive: Q is a Nikodym domain if V12(Q) = W2(Q).
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It follows from Theorem 2.3 that u, € W!'?(Q). For F, = {x € Q, |u(x)| > n}, we
have obviously lim,, .. meas F,, = 0, hence lim,, .. 1, = ii in V1 (Q) /P(O). O

Problem 7.1. Is in general W5 (Q) /P(—1y dense in VEP(Q) /P(i—1) for instance
for Q2 bounded?

Exercise 7.2. For Q2 a Nikodym domain prove the Poincaré inequality:

/Qu(x)dx

Remark 7.7. 1If Q is (k, p)—Nikodym, then we have the inequality:

2 N 2
<c

i=1

1
meas

u

12 2
uew “(Q) = |u|L2(Q> - g

Q)

_ 1/
cililwer@)py ) < [\ %‘Da"‘z’mﬂ .
o=

We proceed as in the first part of the proof of Theorem 7.8.

Now we formulate a more general theorem concerning equivalent norms, which
generalizes Theorems 7.1, 7.3, 7.4:

Theorem 7.9. Let Q be a Nikodym domain, |u|, a seminorm on W*P(Q); we
assume that |u|y < clulyipq)- Let

1/p
jaly = [[ulf + |Da“ip(g)1 ,

|| =k

and let P C Py be the set all polynomials u such that |ulo = 0. Then we get the
following inequalities:

C]|L7|Wk.p(_Q)/P < |’/7|2 < C2|’1|W’<11’(Q)/P‘

Proof. 1t is sufficient to prove that W57 (Q) /P with the norm |i|, is complete. Let
ii, be a Cauchy sequence. According to Theorem 7.7, and since €2 is a Nikodym
domain, there exists a sequence p, € P(k_l) such that lim,,_e.(#, + pp) = u in

WkP(Q). But |p|, is a norm on Pj—1)/P, therefore limy . py = p in Py_y)/P,
and consequently also in W57 () /P. Thus lim, e it, = ii — p. O

Remark 7.8. If € is a Nikodym domain, we deduce from Theorem 7.9 the
generalized Poincaré inequality, i.e. for u € W5P(Q) we have

bty e[ X 1Dullyp+ 3 \/Qpaudxy”]‘/".

|| =k lo|<k—1
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Exercise 7.3. Let C be the unit disc without the interval y =0, 0 < x < 1. Prove
that C is a Nikodym domain.

Exercise 7.4. Let 2 be a starshapped domain with respect to the origin. Prove that
Q is a Nikodym domain.

Theorem 7.10. Let Q2 be a Nikodym domain, V C wkip () a closed subset, and
Py =V N\Py_y). Then (3=« |D°‘u|zp(g))1/” is an equivalent norm on'V [ Py.

Proof. Let Py_1) =Py + L be the direct sum with LN Py =0, g1,42,...,qx a basis
of L (the functions ¢; are linearly independent). It is sufficient to prove that V /Py
with the norm given above is complete. Let i, be a Cauchy sequence. According to
Theorem 7.7 and due to the Nikodym property of €2, there exist p, € P _1) such that

u, + pn is a Cauchy sequence in wkp (), hence i, + p, is also a Cauchy sequence
in WP (Q)/Py. We have:

K
Dn=0ay+b,, a,€Py,b,cL,b,= szruﬁb
i=1

Let us consider:

Kk—1
iin+ Y, Anidfi. (2.122)
=1

=

The space V /Py + Uf:jlcji = W is closed in W*?(Q)/Py and by the Hahn-Banach
theorem, there exists a functional f on W*?(Q)/Py such that f¥ = 0 for v € W
and g, = 1. The sequence ii, + b, is a Cauchy sequence, therefore we have f(ii, +
13,,) = Anx and lim,, o A,y = A. Using a recurrence process we get lim,, .o Ay; = A;,

i=1,2,...,k,and i, is a Cauchy sequence in Wk’P(Q)/PV. O

Theorem 7.11. Let Q be a Nikodym domain, V.C WP (Q) a closed subspace, and
|ul1 a seminorm on'V; we assume u € V.= |u|i < clulyp(q)- Let

julo = [l + X D%l 1"

lot|=k

and P C Py_1)NV the space of polynomials in PNV for which lu|l1 =0. Then
we have:

cilily/p < |ulx < ealily/p.

Proof. As in Theorem 7.9, it is sufficient to prove that a Cauchy sequence i, for
the norm |ii|, is a Cauchy sequence in V/P. With the same notations as in the
previous theorem u, + p, is a Cauchy sequence in wkp (Q), and moreover i, + p,
is a Cauchy sequence in WX (Q)/P; p, € Py. But since j, is a Cauchy sequence in
the norm ||, it is also a Cauchy sequence in Py /P. Hence p, is a Cauchy sequence
in Wk (Q)/P. O



Chapter 3

Existence, Uniqueness and Fundamental
Properties of Solutions of Boundary Value
Problems

The title of this chapter is clear and specifies its content. The important references
are E. Magenes, G. Stampacchia [1], J.L. Lions [1-5], S. Agmon, A. Douglis,
L. Nirenberg [1].

A complementary bibliography will given in the chapter. Some results are due to
the author.

For further literature cf.: S. Agmon [1, 2, 4], S. Agmon, A Douglis, L. Nirenberg
[2], N. Aronszajn [2], I. Babuska, [2-4], A.V. Bicadze [1], F. E. Browder [1-7],
S. Campanato [1, 2], R. Courant, D. Hilbert [1], G. Fichera [3, 4, 7, 8], D.G. De
Figueiredo [1], K.O. Friedrichs, [1], L. Garding, L. D. Kudriavcev [1, 4], P. D. Lax,
A. Milgram [1], J.L. Lions [11, 13], K. Maurin [1], S. G. Mikhlin [2, 3], C. Miranda
[1], S.M. Nikolskii [1], L. Nirenberg [2], P.C. Rosenbloom [1], G. Stampacchia
[8,9], S.L. Sobolev [1], M.I. Vishik [1, 2], MLI. Vishik, O.A. Ladyzhenskaya [1], H.
Weyl [1], S. Zaremba [1].

We begin with some preliminary results.

3.1 The Boundary Integral, Green’s Formula

3.1.1 The Boundary Integral

The theory of the boundary integral can be found in Saks’ book (S. Saks [1]). We
are interested in Green’s formula, and therefore, it is more convenient to define the
boundary integral using a partition of unity.

We start with a domain of type %! (cf. 2.1.1) and with the partition of unity of
a covering of dQ (cf. 2.4.1)

In 2.4.1 we defined the space L”(d€2). Let us consider a system S of charts
(X, x5 ), r =1,2,...,m, where the functions a,(x].) describe the boundary 9Q of
the domain (cf. 2.4.1).

J. Necas et al., Direct Methods in the Theory of Elliptic Equations, 115
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8_3,
© Springer-Verlag Berlin Heidelberg 2012
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Lemma 1.1. Let be Q € N1 p>1landS; i =1,2, two systems of charts. Then
the corresponding two norms on LP(9d€2) are equivalent. The space LP(9d€2) does
not depend on the system.

Proof. Let U, r =1,2,...,m;, be open sets of the system S;. For r and s fixed,
let M = Q2 N\ Uy,NUag # 0. Let us denote by (x)., x,n), (4, xsn), the corresponding
coordinates and by P, (resp. P) the projection of M on the hyperplane x,y = 0
(resp. xgv = 0). Let T be the relation between P, and P defined in 2.4.2. Using
Lemma 2.3.1, we obtain the following inequality:

er [ 1 atas < [ 1t <e | 17(.a.()ds,.

(3.1)
O

Let Q € MO, u e L'(9Q). Let us define the boundary integral by:

day .,
/a!zudS 2/ u(x,,a,(x.)) o, (x.,a,(x. (1+2 8xr, ) d..!
Lemma 1.2. Let Q € N%!, u € LP(9Q); then
c,/a lulP dS < 2/ (e ty (X)) P . <cz/a uPds.  (3.2)
Q

Proof. 1t is sufficient to prove the right inequality. Let U, be a given system of
charts; let be U;,, Uy, ... U, the domains of the system U, s = 1,2,...,m, such that

=dQNU,NUj, # 0. Let P (resp. Q) be the projection of M on the hyperplane
xn =0 (resp. x; v = 0). Let g = |u|”. Using Lemma 2.3.1, we get:

[ sondd<c [ so.ar. (33)
P Ok

We must prove:
/Arg(PikdXIrSCI /ng(Pikdx;k SCz/aggdS’

we used the following property: gg;, = 0 for x|, € A, — P,. Moreover we have:

[
/ng'r=Z/ g(Pikdx/rSCS/ gds. 0
Ar = 0Q

Later we shall prove that this definition does depend nor on S neither on the corresponding
partition of unity.
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3.1.2 Green’s Formula

For Q € M%! we have proved, using Lemma 2.4.2, the existence of the exterior
normal almost everywhere on 0. Then we can formulate

Theorem 1.1. Let Q € M, u € W'P(Q), v € W(Q) where 1/p+1/q <
(N+1)/N,if N>p>1,N>q>1withq>1ifp>N and with p > 1if g > N.

Then
8x, vdx = / uvn;dS — /

where (ny,ny,...,ny) is the exterior normal.

Proof. First, we assume u,v € Cm(ﬁ), andset f =uv, f, = fo,,r=1,2,....m. We
have:

rN

x)+B
U oo [ g [ g / A
A

Q XN v, 0XrN 9x,y

day 2\ %
/ fr xr7ar dx’ / fr xr,ar I’er(1+ Z (axr,) )2 r

(3.4)
where n,1,n,2,...,n,n are the components of the exterior normal in the coordinates
(¢!, xv)- Let be o < o Using the regularizing operator we obtain limy, .. a,, = a,
in CO(A7),W'2(A!). We can choose Ay, lim,_,o A, = 0 such that b, (x].) = a,;,(x.) +
A > ar(x)) if X, € AL Let us denote V), = {x € RN ¥ € A, (), bu(x)) < xpy <
b))+ B}, VI ={x e R x, € A (&),a,(x,) < xpn < a,(x,)+B}. If j<N—1,
then for ¢’ in a small neighborhood of « we have:

Oy [ Mg [ Oy

Q 0xyj o V! OXyj h—0 ax,]

(3.5)

Denote K' ={y € Ey,y=(y,yn),y € A('),0 < yy < B} and T, the transformation
of K" on V), defined by:

/

Xp = y/a XrN = yN+brh(y,)° (36)

The Jacobian of the transformation (3.6) is equal to 1. Let g(y) = f,(Ty(y)); we
have:

2f, _ g dg day

dx;;  dy;  dyw dy;




118 3 Properties of Solutions of Boundary Value Problems

For h sufficiently small we obtain:

afr ( dg dg 8arh) , O, L,
dy — / g8 _ o8 dy — / 0 d
v, 9% e\ 3y, " amay )Y Ar(a,)g(y ) 3, ) dy

= [ ) 2 (),
Ar()

ax,j

If & tends to zero, then:

1

af, da, 2\
I g fr< )i <1+z(8jﬂ)> . (3.7)

Vr 8x"] Ar(

But
Afr _ < Ofy 9%
8x,- o j=1 8x,j 8x,- ’

where dx,j/dx; are constants. Then from (3.4) and (3.7) we get:

[ Frae= [, st atom (14 3 (G0 s 5

now by summation on r, we obtain:

aXde / fnids, (3.9)

this proves the theorem in the case u,v € C*(Q). Now let u € W'P(Q), v €
W14(Q); according to Theorem 2.3.1, there exist two sequences u,,v, € C*(Q)
such that lim,, e, = u in WHP(Q), lim, v, = v in Wh4(Q). If ¢ < N, and
if 1/¢' =1/q— 1/N, then Theorem 2.3.4 implies lim,_. v, = v in LY (Q). The
inequality 1/p+1/q’ < 1 implies due to Theorem 2.3.5 that

duy,
fim [ 2, dx— / 1 dx. (3.10)
n—es Jo 0x; Ix;

If ¢ = N, then limy v, = v in L7 1(82), and (3.10) holds. If ¢ > N, then
lim, v, = v in CO( ), and using Theorem 2.3.8, we have (3.10). Let ¢ < N,
p <N, and define:
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Now due to Theorem 2.4.2, lim, s tt,, = u in Lp*(8£2) and lim,_.v, = Vv in
L7 (9Q); but 1% + qL* <1, hence

lim unvnnidS:/ uvn;ds. (3.11)
n—eJoQ 20Q

If p or g is equal to N, then we prove (3.11) using Theorem 2.4.5. If p > N or
g > N we use Theorem 2.3.7. U

Lemma 1.3. Let Q € NOL. Then the definition of the boundary integral depends
neither on S (i.e. on the system used to define Q) nor on the corresponding
partition of unity.

Proof. Let u € L'(9Q); we have un; € L' (9Q). Theorem 2.4.8 implies the exis-
tence of a sequence v; € C*(Q) such that limy_,., vy = un; in L' (9 Q). Theorem 1.1
proves that [5 vin;dS depends neither on S nor on the partition of unity. This also
holds for [, un?dS, and hence

N
2/ unl-zdS:/ uds.
=Jow 99

]

Exercise 1.1. Let Q € M%!. We denote by B(x,p) the ball with centre at x, and
with radius p. We can find p > 0 such that Q2 (B(x,p) can be represented in local
coordinates by lipschitzian functions a(x’); we set:

1
N=1 754 2\ 2
ds= |1 -— dx'.
< T (5) )
Let us define a boundary measure independently on the local representation, and

define the boundary integral, using the same method as in the definition of the
general Lebesgue integral. Prove the equivalence of these two definitions.

3.2 Formulation of the Problem. Existence and Uniqueness
of the Solution

3.2.1 Sesquilinear Boundary Forms

In this section, we take a more general point of view on the problem than that
considered in Sects. 1.1.2, 1.1.3, without repeating the simple properties. From
time to time, when necessary, one may refer to the results given in Sects. 1.1.2,
1.1.3. The boundary value problem is the same as above and the properties of
the solutions are almost the same as in Chap. 1, therefore we shall not give all
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the proofs in full detail. The method used is due to K.O. Friedrichs [3, 4], R.
Courant, D. Hilbert [3], it is related to the works of E. Magenes, G. Stampacchia [1],
J.L. Lions [1-5], S. G. Mikhlin [2, 3], S. L. Sobolev [1], M. L. Vishik [1, 2],
L. Nirenberg [1], P. D. Lax, A. Milgram [1], etc.

The notion of an elliptic operator was defined in (1.29)—(1.30).2 With an
operator A, we associate its decomposition - the decomposition is not unique
(cf. Sect. 1.1.2). For a given operator we introduce the associated sesquilinear form
(1.3.6).

We shall give some complementary results for boundary sesquilinear forms.

A sesquilinear form a(u,v), defined on W52 (Q) x Wh2(Q) is called a boundary
form in the case that a(u,v) = 0, if at least one of the functions u,v is in W(f’z(Q).

Using the traces as defined in Sect. 2.2.4, Chap. 2, we have:

Proposition 2.1. Let Q € N, and define:

a(u,v) = / Z Y bla—D"‘ ds, (3.12)
9 20 || <k—1
where big, € L*(9Q). Then a(u,v) is a sesquilinear boundary form.

Remark 2.1. The proposition can be generalized with other conditions on b;, using
the theorems from Sects. 2.2.4, 2.2.5, Chap. 2.

Example 2.1. Letk=1,N >3, a(u,v) = [;o bvirdS. Due to Theorem 2.4.2, it is
sufficient to have b € LN ! (0Q). If N = 2, it is sufficient, due to Theorem 2.4.6, to
have b € L7 (dQ), p > 1.

Remark 2.2. If Q € M%!, using theorems given in Sect. 2.2.3, Chap. 2, we can
generalize the conditions on a;; of the form A(u, v).

Example 2.2. Letk=1,
N9 d
2 5alogg) 25,

If N > 3, using Theorem 2.3.4, it is sufficient to have a;,b; € LN (Q), c € IN2(Q).
If N =2, we can take a;,b; € LP(Q), p > 2, ¢ € L1(L), g > 1; this follows from
Theorem 2.3.5. Then we have

Proposition 2.2. Let Q € N1, b;; € CO1(Q). Then the sesquilinear form

a(u,v) / szj b],j n;ds (3.13)

ljl

2In Sect. 7 we shall study briefly elliptic systems.
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can be extended by continuity from C=(Q) x C=(Q) onto W'2(Q) x W'2(Q), as
a boundary form.

Proof. Foru,v € C=(Q) we have:

9\/ 8u - - . Jdu
/ 2 bji) 8xl8x] /a Z (bij = bji) &xjn,-dS

i,j=1 Q; J=1
N (0bj; ab - 2%
f/z(_'f__ﬂ /zbl, IAUEEN
Pt ox;  IJx; Pt 8x]8x]
The last integral is zero due to the symmetry in i, j , hence the result follows. 0

For the following proposition, cf. also J.L.. Lions [3]:

Proposition 2.3. Let Q e MY, t = (t1,12,...,1x) a tangent vector to dQ with ; €
CO1(9Q). Then there exist b;; € C®'(Q) such that 3| (b — bji)n; =t;.

Indeed, let us put bij = nit;. We have vazl (nitj — I’ljl,')ni =1;;as bij Yol ((9_9),
using the techniques given in Theorem 2.4.8 we can extend this function to €2 as
a function from C%!(Q).

3.2.2 Sesquilinear Boundary Forms (Continuation)

We recall the notion of order of transversality: to do this we use the local coordinates
given in 1.2.4 to describe dQ. We assume Q € 9%, The boundary operator
Ya|<2k—1baD?, with bg € L7 (dQ), is at most (k— 1)—times transversal if it can
be written in the form ¥4 <o4—1 b, D with (in the local coordinates (o, 1))

s glol

- <k-—1.
do[ .00\ drow’ on =kl

Now we can formulate

Proposition 2.4. Let Q € M5!, b, € L°(9Q), if || —k < 0, b, € Cl¥I751(9Q)
if la| —k > 0. The operators ¥|q <pk—1—ibiaD* are at most (k — 1) transversal.
Hence

k—1 i
a(u,v) = / y ¥ Biaa—ViD“ﬁds (3.14)
IR =0 || <2h—1—i n

is a boundary form on W52 (Q) x Wk2(Q).
Proof. As in Theorem 1.3.1. U
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3.2.3 Boundary Value Problems

The boundary value problem considered here, is, apart from some generalizations,

in some sense the same as in 1.2.6. Of course, for each particular case, the boundary

value problem can be generalized in different ways: domains, coefficients, data, etc.

Let us recall the definition. There are given:

— A bounded domain Q € MO (3.15a)

— A partition of dQ into a collection of disjoint open sets on dQ, I], (3.15b)
L,... I

— A differential operator A as (1.29) with the associated sesquilinear form (3.15c¢)
A(u,v), cf. (1.38).

— A boundary sesquilinear form a(u,v) as in (3.12), (3.13) or (3.14); the  (3.15d)
type depends on the regularity of 0Q.

—Boundary operators Byg, i=1,2,...,k,s=1,2,..., W, from 1.2.3;if dQ  (3.15¢)
is smooth enough almost everywhere,? everything is as in Chap. 1. But

ifonly Q € NO! then:

Jis k—u; it

onis A S onic”

Bis =

where c;y € L”(9Q). Let us denote by V = {v € Wk?(Q), Biyv = 0,
i=1,2,...,6,5=1,2,...,;},and by V = {v e Wk2(Q),v € V}.
— A normal Banach space Q (G (£2) = Q) such that V C Q algebraically (3.15f)
and topologically.
— f € Q'; on @', we define the involution by fv = fv. (3.15g)
—Functionals g;; € V/,i=1,2,...,Kk,1=1,2,... . k—;, such that g;v=0 (3.15i)
if dv/dn"* = 0 on I;. We define gv = gv; if V = W(f’z, these functionals
are not needed.
We have, algebraically and topologically, Q' C 2'(€). We always consider f as
a distribution and we shall write, by the notation of 2.1.1, fv = (v, f).
This notation will be used also for g;; € V’: then we shall write:

diry
gitV:<W7git>aQ~

We shall use the notation g = 3.5 | Z;:lu " gir. A function u € W52 is a solution of
the boundary value problem, if:

—u—ug €V, (3.16a)

—foreveryv eV, A(u,v) +a(u,v) = ((v,u)) = (v, f) +3v. (3.16b)

3For almost every y € dQ there exists a neighborhood of y where 9 is described, in local
coordinates, by a function from C*!(A).
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According to (3.15a)—(3.15f), the adjoint operator A* is given by:

A= 3 (D),
[il.]j1<k

the associated sesquilinear form of this adjoint operator is defined by A*(v,u) =
A(u,v). If we set a* (v,u) = a(u,v), then by definition ((v,u))* =A*(v,u) +a*(v,u);
this also defines the adjoint problem.

The notion of V /P—ellipticity is the same as above, cf. the definition in 1.3.2
(if P = {0}, we have V-ellipticity). We generalize immediately Theorems 1.3.1
and 1.3.2:

Theorem 2.1. Given the boundary value problem with the sesquilinear V /P-
elliptic form ((7,i1)), then a necessary and sufficient condition for the existence of
a solution u reads as

vEP= (vf)+gv=0. (3.17)

The solution is determined modulo a polynomial p € P; moreover we have:

lulwiz @) < c(|flor + [uolwra o)+ Iglv) (3.18)
for a well chosen solution. This choice can be made unique if we impose:
peEP= (p,u) =04

Remark 2.3. 1f u € Wk2(Q), then Au € 2'(Q). Moreover, if f is in 2'(Q), then
(3.16b) implies, in the distribution sense:

0 D(Q) = Alp,u) =(9,f) = (@,Au) = Au = f.

The boundary conditions Bjsu = hjsonI;, i=1,...,k,s=1,2,..., 1;, with hj; =
Bjsuq are stable conditions, cf. 1.2.6. Formally, as in Chap. 1, we obtain nonstable
boundary conditions, Cyu = giyonI;, t =1,2,... Kk, i=1,2,... ) k— ;.

Hereafter we shall simply say that u solves the problem Au = f in 2, Bjsu = h;s,
C,'[u = gir On 0.

If k=1, By =3 '/on*~!, s = 1,2,...,k, we have the Dirichlet problem.
According to Theorems 2.4.10, 2.4.12, 2.4.13, 2.4.14, we have, maybe with
some restrictions, Wé"z(ﬂ) = V. If we define directly V = Wok’z(Q), we need no
hypotheses on 2. We must, of course, verify the V-ellipticity, which is more simple
if Q is bounded. If €2 is unbounded, cf. J. Deny, J.L. Lions [1], J.L. Lions [5],
L.D. Kudriavcev [1], etc.

4We recall: (p,u) = Jo plidx.
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The generalization of V can be considered in other problems; for instance let us
consider the mixed problem with k = 1, Kk = 2. On I, put v =0, on I we do not
prescribe any stable condition. Let us consider the space * C C* (5) of functions
equal zero on I or in a neighborhood of I7. Often we have ¥ =V on the other hand
we can define V for cases sufficiently general. We have in general the following

problem:

Problem 2.1. In this case we characterize €2, Bjs, etc. or we give g@eral enough
sufficient conditions to imply the existence of ¥ C C*(Q) such that ¥ = V.

It is clear that we can construct closed subspaces of Wk’z([)) not of (3.15e) type.
If we omit the case Kk = o (less interesting), we can define, for instance, if k =2,
V ={vew?(Q), dv/dx; = 0 on dQ). If N = 2 with Q the unit disc, we
have dv/dx; = (dv/dr)cos @ — (dv/d@)sinp = dv/dr = tan ¢(dv/d @), which
corresponds to the case where the coefficients of B;; are unbounded. Problems of
this type are investigated in Minakshi-Sundaram [1].

Let now 2 be a cube with the face I inthe plane x3 =0, =dQ —T;,V ={v e
W22(Q),dv/dxy — dv/dx; = 0 on I }. We can solve the boundary value problem;
in this case the stable condition is characteristic on I'1. We cannot apply the method
of M. Schechter [2, 4, 5], cf. also Chap. 4.

Remark 2.4. 1fV = W(f’z(Q), W(;C’Z(Q) can be taken as Q, then Q' = W *2(Q). Qs
the smallest normal Banach space, such that V C Q algebraically and topologically.
In general it is a real problem (which is, maybe, not well posed).

Problem 2.2. We must construct for each V a normal Banach space Q, such that
V C Q algebraically and topologically with Q C Q; algebraically and topologically
if Qp is an another Banach space of the same type. For this problem cf. also
J.L. Lions [13].

Proposition 2.5. Let 2k < N and Q = L4(Q), 1/q =1/2—k/N. Let us put Q' =
LP(Q), 1/p+1/q=1. Then L1(Q) is a Banach space of the type (3.15f), with dual
L7 (Q).

The proposition is a consequence of Theorem 2.3.6.

Proposition 2.6. Let 2k =N and Q =L1(Q), ¢ > 1, 0' =L"(Q), I/p+1/q=1.
Then L1(Q2) is a Banach space of the type (3.15f), with dual L” (Q).

This is a direct consequence of Theorem 2.3.7.

Proposition 2.7. Let 2k > N and | an integer such that | <k—N/2 <1+ 1. Let
us put

1 1
=K— — — [ — — 1
W=k=3N—L if k= N—I<1,

1
H<Lif k=sN—I=1
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Let Q = C(l)’“ (Q) where Cé’“ () = C5(Q). Then Q is a Banach space of the type
(3.150).

In fact, it is sufficient to apply Theorem 2.3.9.

Example 2.3. Let2k > N. Thenif f € 0/, we can take (v, f) = v(xp) = 8y, v, X € 2,
where 5)60 is the Dirac measure concentrated to the point xo. The solution of the
homogeneous problem is the Green kernel. (We will come back to these questions
in Chap. 4.)

In fact, it is sufficient to use Theorem 2.3.9.

Proposition 2.8. Let 2k < N, A C 9Q; with Q; e %!, @, C Q, A C Q. Let
Ze [Wg’z(!)) — LA(A)] such that u € C*(Q) = Zu = u. We define Q as the
closure of W52(Q) with respect to the norm lul12(0) + [Zulra(r), where 1/q =
1/2—[1/(N —1)].[(2k — 1)/2]. Then Q is a Banach space of the type (3.15f).
If f € Q, we have (v,f) = [ovfidx+ [, vg1dS, with fi € L*(Q), g1 € LP(A),
1/p+1/qg=1, and conversely.

Proof. By Theorem 2.4.7, Q satisfies the corresponding conditions: Indeed, if
v € Q, there exists a sequence v, € Wk"z(Q) such that lim, _...v, = v in Q. We
can also construct a new sequence w, € C5'(£2), such that lim,, .. [V —walg =0,
so @ is normal. Let Q1 = {v € O, [v|r4(a) = 0}, Q2 = {v € O, |V|;2() = 0}. We can
obviously identify Q; and L?>(Q), Q, and LY(A). We can write Q = Q| + Q, and
v=v1+wm, v € 01, 2 € O are uniquely defined. Now we have:

<v7f>=<v1,f>+<vz,f>:/Qvlfldx+/Av2glds.

O

Remark 2.5. In some sense, in Proposition 2.8, [, v,g;dS represents a measure
concentrated on A.

Example 2.4. Define

N ov
_ 2 2 -
0=(rert(@) [ 315 Ppar <o)

where p(x) is the distance between x and dQ. If Q € N*!, then we have C5(Q) =
Q; cf. also E.T. Poulsen [1]; Q is a space as defined in (3.15f).

Example 2.5. Let Q = W'/22(Q). We have C5(Q) = W!/22(Q), if Q € M1, cf.
J. Necas [9], and E. Magenes, J.L. Lions [4]. According to (3.15f), Q is a normal
space.



126 3 Properties of Solutions of Boundary Value Problems
3.2.4 Remarks

Proposition 2.9. Let 2k < N and q, p as in Proposition 2.8, where we replace k by
k—1i;. Let g € LP(I). Then we can take g;; defined by:

'y 'y
<anlr ’g”>afz - onit®
This proposition is a consequence of Theorem 2.4.7.

If Q € M1 we denote by W 5+11/22(9 Q) the dual of W¢—-1/22(9Q), i =
0,1,....k—1.

Due to Theorem 2.5.5, we have:

Proposition 2.10. Ler Q € 11 k=1, g e WKHit1/22(9 Q). Then we can take

for gi in (3.15i): ‘ .
Q' o
<8_n;:’g”>ag - <8_n:’g>a.o'

We have proved the existence of the solution of the boundary value problem
associated with the differential form ((v,u)). It is easy to see that the proof can
be adapted to the case of integrodifferential equations, with very general boundary
conditions.

We can immediately make some generalizations, for instance: Let

V={vel’Q),Avel*(Q)}.

We endow the Hilbert space V with the scalar product [v,u] = (v,u) + (Av, Au)
and set ((v,u)) = [v,u]. Let be Q = L?>(Q). We have V C Q algebraically and
topologically, Q is normal.

Let f € L*>(Q); we look for u € V such thatv € V = ((v,u)) = (f,v). Formally
this corresponds to the problem A%u+u = f in Q, Au=0and (9/9dn)Au= 0 on
0Q; cf. Example 1.2.19a.

We can generalize this problem in the following direction: Let us define the
spaces H(A,Q), where A = {A],Ay,...,A,} is a system of linear differential
operators with constant coefficients; H(A, ) is the space of functions u € L*(£)
such that Aju € L?(Q),i=1,2,...,v. On H(A, Q) we introduce the scalar product
vou] = (v,u) + X} (Aiv,Aju); cf JL. Lions [1, 2, 4] and also Sect. 7 in this
chapter. In this space we can consider boundary value problems for the operators
A=3]_A](gijAi), where g;; € L™ (£2), and A} is defined by (9,A] f) = (Ai¢@, f),
¢ € C3(Q), f € L*(Q2); cf. E. Magenes, G. Stampacchia [1] and the papers by
S.M. Nikolskii [1, 3] and M. Pagni [1].
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The boundary value problem can be generalized in another direction: let V be
a Hilbert space, such that G5 () CV C Wk2(Q) algebraically and topologically,
V is not necessarily closed in W*?2(£). Here we give an example (the details can be
found in J.L. Lions [4]):

Example 2.6. Let Q =RY, Vv = {v € WI2(RY),»(x¥',0) € WI2(RN¥"1)}; in this
space we introduce the scalar product defined by:

N ov ou Nl oy ou
A= Jo B 0o Lo (2 55
X; 0X; RN-1 ox; ox;
Let f € L*(RY); we look for u € V such that for all v € V: [v,u] = (v, f). The function
u solves formally the problem —Au+u= fin RY, du/dn— A yu=0 forxy =0,
where Ay =YV 192 /9x2.
Another generalization due to the author [7, 6], and A. Kufner [3], will be
considered in Chap. 6; cf. also M.I. Vishik [4], H. Morel [1].
Now we give another example strongly connected with Example 2.6 and with
aremark given above:

Example 2.7. Let Q € MO N > 3. We look for the solution of the problem
—Autu=f, f€L*(Q)in Q, du/dn+au=0o0ndQ witha >0, [,, |a/NdS =
oo, [0 ]aldS < ee. Let V = C=(£2) with the norm defined by:

[(ZI52f

It follows from Theorem 2.4.2 that in general we have V # W1?(Q).

+ |v|2) dx—&—/a alv|*ds.
Q

3.2.5 The Differential Operators

So far the given operator A, together with its decomposition, could be considered as
amapping from [W*2(Q) — 2'(Q)]. We can define the boundary value problems in
another form (very close to our framework), cf. J.L. Lions [1, 2, 4]; we will consider
only the homogenous case (i.e. the case where h;; = gi; = 0 on dQ).

Let V,0, ((v,u)) be given as in 3.2.3. Let D(A) be the space of u € V such that
the linear form in v, ((v,u)), is continuous in the topology induced by Q.

Proposition 2.11. There exists one and only one linear operator A, in general
unbounded, from D(A) into Q', such that

veV = ((vu)) = (v,Au). (3.19)
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Proof. Clearly, u € D(A) implies that ((v,u)) is continuous with respect to v on V
with the topology of Q; as V is dense in Q, ((v,u)) can be extended by continuity to
a linear form on Q.

O

Moreover, we justify the notation for the operator in Proposition 2.11 by the
following:

Proposition 2.12. Let be u € D(A). Then, in the sense of distributions,

Au= Y (~1)/D'(a;Du)
il jl<k

Proof. We have for all v € () C V:

<Vv > (1)iDi(5iijﬁ)>A(v,u)((V,u))<vvﬂ>~

[i].1j1<k

O

Theorem 2.2. GivenV, Q, ((v,u)) asin 3.2.3, ((v,u)) V-elliptic, then A maps D(A)
onto Q', A is one-to-one; if f € Q/, then

A flyra(oy < I fle (3.20)

Proof. Tt is clear that we have Au = 0 = ((u,u)) = (u,Au) = 0 = u = 0, using
the V-ellipticity. Let f € Q'. According to Theorem 2.1 we have the existence of
u € V such that v G_V = ((v,u)) = (v, f). The V-ellipticity implies |u|€vk72(9) <
ci|((ww)| = erl{u, /)l < a1l flg lulo < eal flg [ulywrz(q)s thus (3.20). O

The operator A~ is called the Green operator.

Theorem 2.3. The hypotheses are the same as in the previous theorem. Then D(A)
is dense in V and Q, and A is a closed operator.

Proof. By contradiction: let us assume D(A) # V, Z is a mapping from [V — V],
defined for v,u € V by ((v,u)) = (v,Zu)y, cf. Lemma 1.3.1; Z is one-to-one and
onto. But the hypotheses imply Z(D(A)) # V = there exists v € V, v # 0, such
that 0 = (v, Zu) = ((v,u)) if u € D(A). Then 0 = ((v,u)) = (v,Au) if u € D(A). But
we have A(D(A)) = Q' = v =0, contradiction.

D(A) is dense in V, V is dense in Q, hence D(A) is dense in Q.

Let lim, ety = u in V, u, € D(A), limy_,e Au, = f in Q'. But as f € (’, there
exists u* € D(A) such that Au* = f. Using (3.20), limy,_eo sty = u* in V, s0 u = u*.

]
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Corollary 2.1. If D(A) is equipped with the norm

1/2
(Jul? +1Auly) 2, (3.21)

then A is an isomorphism of D(A) onto Q'

Remark 2.6. If V = Wok ’Z(Q) = Q, then A is a continuous operator from V onto
W—k2(£2) and the norm (3.21) is equivalent to |l iz (-

Theorem 2.4. Let ((v,u)) be V-elliptic and Q = L*(Q). Then the operator A*,
defined in Proposition 2.11, for ((v,u))*, is the adjoint operator of A. If ((v,u))
is an hermitian form, A is selfadjoint.

Proof. 1f A; is the adjoint operator of A, we have D(A*) C D(A)). Indeed, let u €
D(A*), thenforv e D(A), (v,u))* = (v,A*u) = ((u,v)) = (u,Av) = (Av,u); the result
is a consequence of the density of D(A) in L?(Q).

Let u € D(A;). By Theorem 2.2, there exists precisely one u* € D(A*), such
that A*u* = A u. Then we obtain for v € D(A) that (Au,v) = (v,Aju) = (v,A*u*) =
((vu*))* = ((u*,v)) = (u*,Av) = (Av,u*). But A(D(A)) = L*(Q), so u = u*, and
u € D(A*); then D(A) = D(A*), we have proved u € D(A*), this implies A*u = A u.

O

Remark 2.7. Using the same ideas we can formulate the nonhomogenous problem
in the following form (cf. for instance E. Magenes, G. Stampacchia [1], R. Courant,
D. Hilbert [1]): given a subspace of distributions, say K, such that D(A) C K
and that A can be extended to K — Q'. Given f € Q',h € K, we look for u € K
such that u —h € D(A), Au = f. The space K is obtained by the process used in
Theorem 2.1, (P = {0}), as the set of solutions forall f € Q’, ug € W*?(Q), gz € V'.
It is also the point of view adopted by the cited authors; nevertheless, in Chap. 4, we
shall generalize the boundary conditions, in the classes of %, i, cf. G. Stampacchia
[10], [11], G. Fichera [6, 7], G. Cimmino [1], B. Pini [1, 2]. For regular domains,
which is the case in all the cited works, we shall give more important generalizations
as in M.I. Vishik, S.L. Sobolev [1], J.L. Lions, E. Magenes [1-3, 5] in Chap. 4.
Chaps. 5, 6 and a part of Chap. 7 will be devoted to direct methods in nonregular
domains for generalized boundary conditions.

Exercise 2.1. Let Q be a domain in R? such that the origin is a point of Q. Let
us consider the operator Au = —Au+ u/r®*. Find the upper bound of o such that
Theorem 2.1 can be applied, cf. Remark 2.2 and Example 2.2. After that, use the
ideas of Example 2.7 for other values of .

Exercise 2.2. Let Q be the half disc in R?: x? +x3 < 1, x, > 0, and [ = (I1,1)
a nontangent vector. At the vertices of €2,/ is rotated by + /2. Applying formally
Lemma 2.4 and constructing (3.14) we arrive at the problem —Au = fin (2,
% =gonodQ.
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Exercise 2.3. Let Q be as in the previous exercise, V = {v € W'?(Q),v = 0 for

[x1| < 1,xp = 0}. Let ¥ C C™(£2) be the space of functions equal to 0if 0 <x, < ¢,
€ depending on the function. Prove that 7" =V.

Remark 2.8. 1f the operator A in Proposition 2.11 is selfadjoint, we obtain again
the selfadjoint extension of Friedrichs, given for a symmetric operator A defined
on a domain ¥ C V dense in V; cf. F. Riesz, B. Sz. Nagy [1]. Using the spectral
decomposition, we can define A*, 0 < A < 1, and D(A*). We obtain D(A'/?) =V,
D(A%) = L?(Q). If Q and the coefficients are sufficiently smooth, D(A) is a closed
subspace in W252(Q); cf. also Chap. 4. If V = W*2(Q), we have for 0 < A <
1/2, and with hypotheses weak enough D(A*) = W2*:2(Q), cf. J.L. Lions [12],
T. Kato [1].

We have not investigated the problems in the case that €2 is unbounded. For
a general investigation cf. L. D. Kudriavcev [1]. The fundamental question is the
V-ellipticity, if it is satisfied, we can proceed as in this section. It is necessary to
choose “good” Q, g;;. For instance we can take Q = {u, [, [u|*pdx < =} where p is
a weight with a reasonably “good” behaviour at infinity.

3.3 The Fredholm Alternative

In this section we shall give some direct generalizations of results obtained in
Sect. 1.1.6, Chap. 1; we do not recall the basic properties of the spectral theory
for the case of a hermitian form ((v,u)). The literature can be found in J.L. Lions
[1].

A boundary value problem is given by the V-elliptic sesquilinear form ((v,u)).
Let N C V/ be the subspace of nonstable conditions, that is to say the closure in V'
of the set g = Y1, Zi:{“l " gy, cf. (3.151). We define the Green operator G € [Q' x
Wk2(Q) x N — Wk2(Q)], taking u = G(f,ug,g), where u is the solution of the
problem.

Let Q C L*(Q) C Q'. We write G(£,0,0) = Gf.

According to Proposition 1.5.1, G is a compact mapping from V to V (by
definition, Q € M),

Proposition 3.1. Let (f,ug,g) € Q' x Wh2(Q) x N. Then the boundary value
problem has a solution u for the operator A — A if and only if

u—AGu=G(f,uo,8). (3.22)
Proof. Indeed, we must have u —uy € V, and for every v € V
((Vﬂ I/t)) = I(v,u) + <V,f> +§v ——u= G(AM‘{»‘]F, I/l(),g) = lGM+G(fa M(),g)'

O
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We use in W52 () the scalar product (1.2.3), with the notation (v, ).
By Theorem 1.1.4, the operator G is compact from W*?(Q) into W2 (Q), hence
(cf. F. Riesz, B.S. Nagy [1]) we have:

Proposition 3.2. The equation (3.22) has for every (f,ug,g) a unique solu-
tion, except for a denumerable set of values of A, which are eigenvalues. If A is
such an eigenvalue, there exist functions uj,ua,...,uy €V, which form a linearly
independent basis of eigenfunctions. If G* is adjoint of G (with respect to the scalar
product (v,u)i in'V), we have:

w—AG'w=0 (3.23)
for wi,wy,...,wy elements of the basis of eigenfunctions. (3.22) has a solution if
and only if

(wi, —uo+ G(f + Aug,up,g)) =0, i=1,2,...,v. (3.24)

In this case, the solution of (3.22) is unique modulo a linear combination of eigen-
functions u;,i =1,2,...,v.

Indeed: The equation (3.22) can be written as u — ug — AG(u — ug) = —up +
G(f + Aug,ug,g); u—ug is a solution of (3.22), the right hand side of (3.22), —up+
G(f + Aug,up,g) € V hence (3.24). O

Lemma 3.1. Let G be the Green operator associated with ((v,u)) and G, the Green
operator associated with ((v,u))*. Let Z be the one-to-one operatorV — 'V such that
forviueV, ((vu)) = (v,Zu)y. If Z* is the adjoint of Z, we have:

G.=72""'G'7". (3.25)

Proof. Due to Lemma 1.3.1, Z exists and is unique. For all v,u € V, we have
((G*u,v)) = ((v,G.u))* = (u,v) = (Z"*G4u,v);; on the other hand ((#,Gv)) =
(u,v) = (u,ZGv), hence (ZG)* = Z*G.,. O

Theorem 3.1. Suppose we are given a boundary value problem with the V -elliptic
sesquilinear form ((v,u)). Then for all (f,ug,g) and for the operator A — A, the
problem has an unique solution, except for an at most denumerable set of eigen-
values A. If A is an eigenvalue, there exist eigenfunctions uy,us, ... ,uy, associated
with A. The adjoint problem is given by the sesquilinear form ((v,u))* — A(v,u),
corresponding to the operator A* — A, A is the eigenvalue for the adjoint problem,
to A correspond the eigenfunctions vi,v,...,Vy, a basis of the space generated by
the eigenfunctions. The original problem has a solution if and only if

<V1'77> +8vi— ((VivMO)) J’_I(Vi»uo) =0, i=1.2,...,v. (3'26)

In this case the solution is defined uniquely modulo a linear combination of eigen
functions.
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Proof. Let A be an eigenvalue. According to Propositions 3.1, 3.2 and Lemma 3.1,
using the same notation as before, we denote v; = Z*~lw; and obtain a basis of
eigenfunctions of the problem

v—AG,v=0. (3.27)
From (3.24) we can write:

(wi, —uo +G(f + Aug,uo, g) )k = (Z"vi, —uo+ G(f + Auo, uo, g) )i
= ((vis—uo+ G(f + Aug,u0,8))) = (vi, ) +8vi — (vi, o)) + A(vi, ug).

3.3.1 Remarks

Corollary 3.1. For the given boundary value problem, we assume that ((v,u)) +
A(v,u) is V-elliptic. Then for the original problem, we have the Fredholm alterna-
tive.

Proposition 3.3. Let P C Py_yyNV, ((7,ii)) a sesquilinear form on W*? /P x
Wk2/P. For v € V /P, suppose

Re ((‘Z ‘7)) Z C|‘7|€Vk.2( (328)

Q)/P°
Then ((7,i1)) is V / P-elliptic, and for A > 0,

veV =Re((vv))+A(v,v) > c|v|€vk‘z(9).

Remark 3.1. 1f (3.28) holds, we have Theorem 1.1 with P # {0}, using this theorem

with ((v,u)) + A (v,u) and Theorem 3.1 with “—A".

Remark 3.2. Let B be a linear differential operator, B € [W*2(Q) — ('], assume
GB compact, V — V, and assume Q C L*(Q) C Q'. For a given f,ug, g, ((v,u)) the
Fredholm alternative is true for Au = f + ABu. The problem is the same as above
for the equation:

u—AGBu=G(f,up,g). (3.29)

Examples are given in S.G. Mikhlin [2].

Exercise 3.1. Let A= —A,V = Wé‘ ’2(!2), B = div. Prove that GB is compact,
V—-V.
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3.4 The V-ellipticity

3.4.1 Coercivity

In this section, we shall give necessary and sufficient conditions implying the
V-ellipticity. For references, cf. S.G. Mikhlin [3], E. Magenes, G. Stampacchia [1],
J.L. Lions [1, 2, 4], N. Aronszajn [2], S. Agmon [1, 4], L. Garding [1], M.I. Vishik
[1], M.Schechter [1], P.C. Rosenbloom [1], L. Nirenberg [1], K. Yosida [1].

Following N. Aronszajn, we shall say that the sesquilinear form ((v,u)) on
Wk2(Q) x Whk2(Q) is V-coercive, if there exist A > 0,¢ > 0 such that for all v € V,
where V is the space defined in (3.15e),

Re ((v,v)) +A(1,v) > eVl ) (3.30)

If A =0 is admissible in (3.30), then ((v,u)) is called strongly V-coercive (cf.
M. Troisi [1]).

Theorem 4.1. Given 'V, A(v,u), suppose that for all v € V we have

Re > a,-jD"vDJ'deJrao/ wdx > c1[vjea g
2 ij=)jl=k @

Let us assume that the identity imbedding W**(Q) — L?*(Q) is compact.® Then if
Ao is large enough, the form A(v,u) is V-coercive.

Proof. Let us denote

Ak(v,u) :/ Z E,-jD"ijﬁdx.
2 if=|jl=k

Using Lemma 2.6.1 and the classical inequality
2ab < £2a® + (1/€*)b?, (3.30bis)
valid fora >0,b > 0, > 0, we can find A(c;/2) such that
[Re A(v,v) —Re Ag(v,v)| < (c1/2) |V|€Vk>2([2) +2A(c1/2) Miz(!))'
We obtain:

Re A(v,v)+A(v,v) > Re Ar(v,v)| + A(v,v) — |[Re A(v,v) — Re Ag(v,v)],

3Just for this section V can be any closed space such that Wé"z(Q) cVcwki(Q).
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and the result holds with A = Ao+ A (¢ /2). O
We immediately have:

Proposition 4.1. Strong V-coercivity implies V -ellipticity.

Proposition 4.2. Ler A(v,u) be V-elliptic with

|[A(v,v)] 261|V|‘2}Vk‘2(9>. (3.31)

Let Q € M%', and let a(v,u) be a sesquilinear boundary form, such that for all
vevV,lavv)| < (c1— 8)|v|€vk’2(g), 0 < & <cy. Then ((v,u)) is V-elliptic.

Proposition 4.3. Let A(v,u) be strongly V-coercive and Re a(v,v) > 0 forv € V.
Then ((v,v)) is V-elliptic.

Lemma 4.1. Let By,B,,Q be three Banach spaces, By C By algebraically and
topologically, By reflexive. Let Z be a compact mapping: By — Q. Then for every
€ > 0, there exists a A (&) such that for all u € B| = |Zu|g < €|u|p, + A (€)|uls, .

Proof. By contradiction, let us assume that there exist € > 0 and a sequence u, €
By, |un|, =1 such that
|Zun|Q>8+n|un|Bl. (332)

Due to the property of reflexivity of Bj, there exists a subsequence of the
sequence u, denoted again u, such that lim,_,.. u#, = u weakly in By, and by (3.32)
lim;, . 4, = O strongly in B;. Hence lim;, .. u, = 0 weakly in By, which implies
lim;, e Zu, = Zu = 0 in Q, and this is a contradiction to (3.32). O

Theorem 4.2. Let Q € NO!, A(v,u) V-coercive, a(v,u) a form given by (3.12).
Then ((v,u)) is V-coercive.

Proof. We use Lemma 4.1, where B; = Wh2(Q), B, = L*(Q), Q = L*(0Q). Due
to Theorem 2.6.2 and by Lemma 4.1 with Z = D%, |¢t| < k — 1, we obtain:

la(v,v)| < Mz + A2(E) M g (3.33)

O

Remark 4.1. If a(v,v) is as in (3.14), then the conclusion of Proposition 4.2 is true
if Q € 9?01 and the sum

k—1
Z z |bia|c\a\—k,l(ag)

i=0 |or| <2k—1—i

is sufficiently small. Nevertheless we have:
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Theorem 4.3. Let Q € N1, b;; real functions in C®'(Q), and

a(v,u) / z ij—bji) 5]n,~dS.

111

Let k=1, A(v,u) V-coercive. Then ((v,u)) is also V-coercive.

Proof. Forv € C*(Q) we have:

_dv
2Re a(v,v) = / Z ij—bji)v ndS+/ Z ij—bji) 3 —n;dS
Xj

1]] l]l

v
b; dx+/ —Dbj;)v=—dbx,
/ ¥ j—bji) = .9 bij—bji ox;

ij=

and the result follows from this equality and from Theorem 4.1. (]

Remark 4.2. If Q € M!, then Proposition 2.3 implies that all forms of the
following type:

N i
/ zv—ulid&
005 dx;

such that 25\1:1 tini =0, t; € C%(9Q) are admissible due to Theorem 4.3 (cf. also
J.L. Lions [3]). We solve the oblique derivative problem in the general case. The
problem is the Neumann problem associated with the decomposition of the operator

N p] N

2
A:_,.leax,( ”ax,) za L bigsre

in the following form:

d
@

HMz

-2

iJ

0 0
19_( aij+ bij _bji)a_x) -
& d(bij—bji) 9 J
+ z ox; 8xj + g‘ bja

ij=1
Theorem 4.4. Let Q € MM, a(v,u) given as in (3.14). Let us assume bjq, = 0 for
|a| =2k —1—i, A(v,u) V-coercive. Then ((v,u)) is V-coercive.

Proof. If k=1, we have |a| = 0 and are in the hypotheses of Theorem 4.2. If k > 2,
we follow the proof of Theorem 1.3.1. We have i + |or| —k < k — 2 and use again
Theorem 4.2. g
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3.4.2 The Aronszajn Theorem

Proposition 4.4. Let P C Py_)NV, Q bounded, ((v,u)) V / P-elliptic. Then ((v,u))
is Wé{’z(ﬂ)-elliptic.
Proof. We have:

()] >e Y, Dhg. €>0
|a|=k

forv € C;(£2). By Theorem 1.1.1 we get the result. t

We recall that the operator A defined in €2 is said to be elliptic at the point x if
for £ € RV & #£0,

Y aWET A0, (EF =gy, (3.34)

lil=ljl=k

The operator A is said to be elliptic in €2, if it is elliptic almost everywhere in €.
The operator A is uniformly elliptic in €2, if almost everywhere in 2

Y agEt >l e>o. (3.35)

lil=ljl=k

Concerning the V-ellipticity, condition (3.34) is necessary (cf. also N. Aronszajn

(2D.

Theorem 4.5. Let Q be bounded, xo € Q a point of continuity of the coefficients
aij, if =|j| = k. Then, if ((v,u)) is W&’Z(Q)—elliptic, the operator A is elliptic at xo.

Proof. By contradiction: let us assume that there exists a vector & € RV such that

El=1, Y @®Ee =o.

lil=lj1=k
For v € C (£2) we have:
[(v,v)] > ¢ |V|€Vk-2(g)’ c1 >0; (3.35a)

to simplify the computations, here we take the norm:

Mzkz :/ Z L|Div|2dx.
Wh=(8) 0 M:kilgizg...w!

We can find a cube C C C C , with center yin €, the faces parallel or orthogonal
to &, meas C = (28)" such that
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xeC—= |‘ HZ“ al’j(x)élf” <Cl/2.
i|=[j|=k

Let § > &' > (2/3)/W=1§, C’ the cube with center y “parallel” to C, meas C' =
28N, 9 e C3(C),0< (x) < 1, (x) = 1 for x € C'. Let us denote

o(x)

We have ug € Ci(£2) and

N
/ z a,-jD’ungzngx S (k')2/ Z Eij§’+f|Z(Xi—yi)éi—ie|_2(k+l)dx
il jl<k Clil.ljl=k i=1
N -1

> (i—y)éi—ie| dx

i=1

ci(k)>(28)N-1 ro/e ds 3
< =) 42
= D2kt sje (1+s2)FT T gk
(3.36)
Now we have:
k! P2
2 i > / —|Dug| dx
|u£|Wk’2(Q) - C/\i\Z:‘k il!i2!---iN!| I/tgl
k! o dx
= (k1)? .—éz’/ 3.37
20 e wer e B
_ (k)8! /5’/8 ds
- g2k +1 sr/e (1+82) 17k
Using (3.35a)—(3.37), we obtain:
(kN)2(28")N-! /6’/6 ds (k!)2(28)N-! /6/8 s o
I g2k e (1+82) 14K = 02kt /e (1452)1HE T g2k

and this is impossible if € is sufficiently small. ]
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Corollary 4.1. Let Q be bounded, a;; € C(Q), |i| = | j| = k, and ((v,u)) Wy (£2)-

elliptic. Then (3.35) holds.

3.4.3 Strongly Elliptic Operators

According to M. 1. Vishik, [1], L. Nirenberg [1], L.Garding [1], an operator A is
called strongly elliptic at x € €, if for all & € RV:

Re Y @;(x)E'&/ > c(x)|E[*, c(x)>0. (3.38)
lil=Ljl=k
The operator is called uniformly strongly elliptic in €2, if almost everywhere:
Re Y G;(x)&E >clE*, c>o0. (3.39)
li|=lj|=k

The following theorem is due to L. Garding [1], cf. also M.I. Vishik [1],
K. Yosida [1].

Theorem 4.6. Let Q be bounded a;j € C(Q), |i
elliptic. Then A(v,u) is W0 (Q)—coerczve.

= |j| = k, A uniformly strongly

Proof. First we assume the coefficients a;; constant, equal zero if |i| 4 | j| < 2k. Let
¢ € Cy(£2). We have:

Re S @DieD/gdx= Re / > a@E|plPde
2 |ij=|jl=k RY 1= =k
N (3.40)
1 2k A2 / S22
> dé = —|D dx
> Gy J 0P 08 = [, 3 10l
where

08)= [ ol ) dx

using the properties of Parseval’s equality, (3.40) implies the conclusion in the
particular case of constant coefficients.
Let us now consider, for p > 0, the function:

o(p)= max ( max |a;j(x)—aij(y)|)
lil=ljl=k xyeQ
[x=y[<p

and let i, € CJ(RY) be given real functions such that

R
xEQ = Zh%(x):

r=1
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with support in a set of diameter not bigger than p. If we denote u, = uh,, we have:

Re/ 2 @;;D'uD’iidx = Re A(u,u)
Q

lil.|j1<k
R . .
~Re ¥ ¥ / ;DD dx + Re / by;D'uD'udx,
lil| jl<kr=174 lil, |1 <k
lil+|j1<2k

where b;; are measurable and bounded.
We denote:

Ak(v,u):/ Z Ei.,‘Diijﬁdx,
€ Ji|=|j|=k
and obtain:

Re A(u,u) > Y Re A(ur,uy) — ealulyi-12(0) ulwrz(q)-

r=1
Now

Re Ay (ur,u) =Re 2 aGij(rx))D' 'u,.D, dx
Q
li[=] 1=k

+Re / (aij(x ﬁij(rx))Diu,Djﬁr dx,
Q

|i|=[j|=k
where ,x is in supp &,. Due to (3.40)
Re Ay (uy,u,) > ofus|f — czo(p)|usl?, o >0.
But

R

> lurli > Bluli, B >0,

r=1

and by (3.42), (3.43), (3.45) we obtain for p sufficiently small,

Re A(u,u) > }/|14|,%—C5\u|,%717 y>0.

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

Using Lemma 2.6.1 with B = Wé"z (Q), By = W(ffl’z(Q), B3 = L*(Q), the result

follows from (3.46).

O

We have also the converse theorem (for a second order operator see

J.L. Lions [4]):

Theorem 4.7. If Q is a bounded domain and the coefficients ajj,

i| =jl =k of

the operator A are in C(Q), and if A(v,u) is Wo 2(Q)-coercive, then A is uniformly

strongly elliptic.
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Proof. Tt is clear that it is sufficient to consider the operator

Ao= Y (=)D (a;j(x0)D),

lil=1jl=k

in a ball B(xo, ), with center xo € Q, and radius r = r(xo) > 0; indeed if we choose
¥ (x0) < r(xo) small enough, the strong ellipticity is proved in the balls B(x, 7’ (x0)),
and, by Borel’s theorem, the result follows.

Without loss of generality we choose xg as the origin of our space, since the
property is invariant by translation. The existence of r(xg) and the coerciveness of
the form Ag(v,u) in B(xo,r) are consequences of the continuity of the coefficients
aij, |i| =|j| =k, and of Lemma 2.6.1.

We claim that Ao (v, u) is coercive in RY. To prove this let ¢ € C’(R") and denote
Ou(x) = @(x/u). If u is sufficiently small, 0 < p < 1, we have ¢, € C5(B,), B, =
B(xp,r), and thus

Re Y D(pﬂD/(p#dx—k?L/ | pu | dx

Briij=|jl=k

—Re u?~ 2"/ Y a( D<pr<pdy+Mt/ o[> dy
Bry it jl=k

>t [ ZID‘¢|2dy+C1u/ pPdy, y=x/p.
r/u|| k

Then we get the inequality:

Re 2 aij( D’quJ(pdy—f—(l—i-l)/ |(p|2dy
R i 1l=k R

i 2
o[ S IDol v+ [ lolay

|i]=k

Using the Fourier transform, we obtain:

R ai D D'od A 24
e R“%k ;(0)D oD g dy + ( +)/RN|<,>| v
i+ 2 (l‘Fl) 12
2” /RN i OFIBFAE + /Rlepl 4
(3.47)
1 = i+ .
~ 2y fu(Re |l~|,%:k“”‘(°>5 (A +1)]0l*dg
> _@

> T o (1167 0Pz,
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Now we can take ¢ with arbitrarily small compact support: ¢ € W5?(Q); then
using the property of density C5y (RV) = W*2(R") — this is Proposition 2.2.6 - and
(3.47), the result follows. ]

Remark 4.3. 1f the coefficients a;;, |i|, | j| = k are real, (3.39) is equivalent to (3.35).
We have a stronger theorem:

Theorem 4.8. Let k = 1, A uniformly elliptic, a;j, i,j = 1,2,...,N, real. Then
A(v,u) is W2 (Q)-coercive.

Proof. Let § =& +in;, E,n € RY. We have:

N _ N N
e Y a;G;= Y (aj&&i+ajmm;) >c Y |G
ij=1 ij=1 i=1
Hence
u (914
wi?(Q R / /
ue (Q) = Re llzla,]ax 8x Z|8x,
and the result follows from (3.30). Il

Remark 4.4. Tt is important to know whether a sesquilinear form ((v,u)) is strongly
coercive; moreover it is possible to have ((v,u)) coercive with A < 0: Indeed, let us
assume ((v,u)) hermitian, V-elliptic, ((v,v)) > 0 (£ smooth enough, for instance
Q € NY%. By Theorem 1.5.1, it is necessary and sufficient for the V-ellipticity of
the form ((v,u)) + A(v,u) to have —A; < A, where 4, is the first eigenvalue of the
problem.

We recall the fact observed in Example 1.3.7; in other problems, as the Neumann
problem, in general the strong ellipticity is not a sufficient condition.

3.4.4 Algebraic Conditions for the W*?*(Q)-ellipticity

In the previous parts, we considered the algebraic conditions for the Wé‘ "2(!2)-
ellipticity, now we consider the more general case: the W*2(Q)-ellipticity. The case
of “coercivity” conditions for “intermediary” problems, for domains with smooth
boundary was investigated by S. Agmon [1]; in the case of formally positive forms,
it is possible to find the first steps in N. Aronszajn [2], followed by M. Schechter
[1,3] and others. Briefly, let A;v,i=1,2, ... h, be operators defined by the following
formula:
Ay = 2 aigD%v, ajq € L7(Q).

o <k



142 3 Properties of Solutions of Boundary Value Problems

A formally positive form is:
h
/ > |Aiv| dx.
Qi

In the last section of this chapter we shall study formally positive forms for
systems of equations and we shall obtain new, simple enough, algebraic conditions
for W*2(Q)-coercivity of these forms, for domains Q € M1

We have:

Proposition 4.5. Let Q be a bounded domain, A an operator with constant
coefficients which are equal to zero if |i| + |j| < 2k. Then a necessary condition
implying the Wk'fz(Q)/P(k,1)-ellipticity is

| Y @bl =e X |G e>o, (3.48)
li|=lj|=k li]=k
where {; are arbitrary complex numbers.

Proof. By contradiction: let us assume that there exist &, ¥jjj—x |&i|> = 1, such that
==, 66 = 0-
Let |
p(x) :I%ng' (i' =ilip! ... in!). (3.49)

We have:

|A(p, p)| = meas(£2)| ’ % a6l =0,
il=|jl=k

on the other hand,

| 3 pipPar=u(@) #o.

lil=k
giving a contradiction. O

Proposition 4.6. Letr Q be a Nikodym open set, A such that a;j = 0 for |i| + | j| < 2k.

Let us assume that for complex numbers §;, |i| = k
Re 2 ﬁij(x)ci?jZC 2 |Ci|27 c>0, (3.50)
lij=Ljl=k |i|=k

almost everywhere in Q. Then A(¥, i) is W52 (Q) /Py_y)-elliptic.
Proof. Indeed, ifu € Wk’z(Q), we have:

Re A(u,u) = Re Y @;D'uD’udx > c/ Y |D'ul* dx. (3.50bis)
2 lil=|jl=k Q ik

Then the result follows from Theorem 2.7.7. O
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We obtain immediately the converse proposition:
Proposition 4.7. Let Q be bounded, A given with constant coefficients a;; for |i| =
|7l =k, equal zero for |i| +|j| < 2k. Then if

Re A(7,7) > ¢ ‘V|€V"52(Q)/P(k71)’

inequality (3.50 bis) holds.

Indeed: it suffices to choose p as in (3.49) for v € ¥ the polynomial p as in (3.49).
O

Proposition 4.8. Let Q € N, A satisfying (3.50). Then A(v,u) is W*?(Q)-

coercive.

This results follows from (3.50) and Lemma 2.6.1.

For a more general theorem using condition (3.50) cf. Theorem 1.3.3.

Remark 4.5. Condition (1.4.3) in Theorem 1.3.3 is satisfied if for complex numbers
&, |i| < k, we have almost everywhere:

Re > @;G¢;>0.
li]|j|<k
[i]+]j]<2k

Remark 4.6. 1t is clear that if A is an operator as in (1.29), the conditions of type
(3.38), (3.50), etc. can hold for aA, |a| = 1, a a complex number. Instead of A, we
look at aA.

Exercise 4.1. Let Q € M*!, V be given by (3.15¢), X;, i = 1,2,...,R, open sets
such that 2 C Ufe: 1 Xi. Assume that for every such covering, there exists a partition
of unity associated with the covering:

xEQzZ(p,’(x):l,

i

with the property: veV = @v €V, i=1,2,...,R. (This is true, if for instance
V= W(;C’Z(Q) or V.= Wk2(Q).) The sesquilinear form ((v,u)) 4+ A (v,u) is called
locally elliptic (coercive), if for every y € £, there exists a neighborhood S(y) such
that ((v,u)) + A (v,u) is V-elliptic for v with compact support in S(y) N Q. Prove
that a necessary and sufficient condition for the V-ellipticity of ((v,u))+ A (v,u),A
sufficiently large, is the local V-ellipticity.

Remark 4.7. 1t is possible to study with the same method (we have done this in
Rﬁ) the same type of problems for unbounded domains; we obtain estimates of
type (3.56). Cf. also S. Agmon, A. Douglis, L. Nirenberg [1].
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3.5 The V-ellipticity of Forms [, AvAidx

3.5.1 Definition

In this section we adopt a point of view taken by M. Schechter [2, 4, 5]. We only
consider the questions concerning the V-ellipticity. The problem of existence for
Au = f will be discussed in Chap. 4.

Let us consider an operator of order 2k of the following type:

Au= Y aD'u; (3.51)
[i]<2k

we assume the coefficients a¢; measurable and bounded. We have:

Au=Y (—)D @u). (3.52)

li| <2k
Let us consider the operator:

Aau= Y (~1)D(@a;Du) (3.53)
il 1<k

and the associated sesquilinear form:

A*A(v,u) / (a ajDiijﬁ)dx:/ AvAudx.
Cliljl<2 ©

In this section we consider only € 9?5!; this restriction of regularity for
domains is very natural.
Let us consider boundary operators

Bu ah z csaD%u,

lee|<Js

of order j; < 2k — 1, with local representation 1.3.2; we assume 0 < j; <
2k—1,s=1,2,...0k, 0 <, <2k—1,t=1,2,...,k, V given by the conditions
Byv=00ndQ,s=1,2,... k. We consider the problem of coercivity corresponding
to the sesquilinear form [, AvAudx following the ideas in S. Agmon, A. Douglis,
L. Nirenberg [1], F. Browder [3-5]; we shall simplify their method using the Fourier
transform. Let us observe that our method works, using the multiplier theory (cf.
N. Marcinkiewicz [1], S.G. Mikhlin [4], B. Malgrange [2]), in the case of a priori
estimates

| ialrae= el g

f/l\v|{,,<g), 1< p<eo. (3.54)
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With the same approach, we can probably obtain the inequality
|AV|C2kAp(§) > Clvlc2k,p(§) — )’|V|C°(§)7 O<u<l. (3.55)

Using the following inequality:
[ 1A= s )~ Aagg), (3.56)

we shall study in Chap. 4 the existence of a function # € V such that for f € L?,
Au = f. We obtain the same result as M. Schechter [2, 4], implying the fact that A is
an isomorphism of V onto L?(€) if the adjoint problem A*v = 0, B*v = 0 has only
the trivial solution.

3.5.2 The Fundamental Solution

We give a simple construction of the “fundamental solution”:

Theorem 5.1. Let C = (0,1)N, 1 > 0 an integer, f € W'2(C), f=df/dn=...=
=1 f/an'=1 =0 on C except the face in the plane xy = 0. Let us denote by V
the space of such functions and let Au = 3 ;o a;D'u be an elliptic operator with
constant coefficients. Then there exists R € [V — W*+1L2(RN)] such that, in RY, the

solution u = Rf satisfies:
Au=f (3.57)

and
|u|W2k+1.2(RN) < Cl|f‘L2(c)- (3.58)

Let m > 0 be an integer; then the transformation R can be constructed in such a
way that u(x)xP | |B| < m, is in W**L2(RN) and satisfies the following inequality:

|ux |y axsi2ny < el flwae)- (3.59)

Proof. Let the numbers A, r = 1,2,...,2k 4+ [ + m, be solutions of the following
linear system with determinant # 0:

2k+14+m
A(=r)t=1, h=—1,—1+1,..2k+m—1. (3.60)

r=1

We define f in RN by

f(xjaxN)v xN>Oa

3.61
— Zfﬁ”m(lr/r)f(x’, —xn/r), xny <O0. (3.61)

f(x/va) = {
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It is easy to see, as in Theorem 2.3.9, that we have constructed an extension
of f:V — WH2(RY), such that supp f C P, P={0<x; < 1,i=1,2,....N—1,
—2k—1—m <xy < 1}. Now let us put

R Ji(3)
=2/ 3.62
#e) (—DFEji—ak @i (3.62)
We have, for |B| < m,
IDP |2 gy < €3l fl12(0)- (3.63)

Indeed, let us consider first |£| < 1. If |ot| < m, we get:

A 2k+l+m)~ )
Daf(éﬂ“/R &) x% f(x) dx — / flx ’,_xTN)el(xé)dx‘

+

/Nxaf(x)e(fix”é:/) (e*iXNéN - 2 (—r)aNlreirxN5N> dx
R

r=1

2k+1+m ‘

|67 ixvév _ zziJlrler(_r)aNlreirch‘;N |

< [1Fladg P sup
C

0<iy<1 |§[Hm—aw
—in _ 2k+l+m(__ oy ) irn
pyan le Imit (—r) M|
<|fl2 c)||5| " aN‘Slllfl |n [2k+m—an
< calflpz(e)|E P,
(3.64)
the last inequality results from (3.61).
By ellipticity of A, it follows that
| Y ] > clgl, (3.65)
li|=2k
then, if || < 1,|B| < m:
ID*a(8)| < eslflr2(c)s (3.66)
and if |£] > 1, we have obviously
ID"a(8)| <ce Y, IDUf(E)I. (3.67)

|| <|B]

Now using (3.66), (3.67), we obtain (3.63). We have for x%u € W2*+12(RN), with
o <m,
P ulyanriamyy < €1l flwizc)- (3.68)
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Starting from
‘flwé'z(P) < Cg|f|W/,2(C)7 (3.69)

if || < m, due to Lemma 2.3.5, we have:

L 10T ER1+ (5P 4 < colflyraey (370

finally (3.62), (3.63), (3.70) imply the inequality (3.68). We obviously have (3.57);
(3.58) is a consequence of (3.68) if [ = 0. U

3.5.3 A Lemma

Let A be an elliptic operator with constant coefficients:

Au = z a,-Diu.
li|=2k

We denote, L
PEL D)= 3 .

li|=2k

We shall assume that for every & # 0, the polynomial P(&’, T) has exactly
k roots with positive imaginary part, 7;(£'), i=1,2,... k. (3.71)

We define:
k

k
ME' ) =[](r-u(&)) = Zoap(i')fk_’i
pa

i=1
and

J .
Mi(E 1) =Y ap(ENT7P, j=0,1,....k—1.
p=0

We have (cf. S. Agmon, A. Douglis, L. Nirenberg [1]):

Lemma 5.1. Let y be a closed, rectifiable, Jordan curve such that all roots of
the polynomial P, 7;, i = 1,2,...,k, with positive imaginary part are inside of the
domain with boundary y in R%; then

1 M_1_;(& 1) .
— L(é)r’dr:&j, 0<i,j<k—1. (3.72)

iy M(E',7)
Proof. Let j > i; in this case the polynomial My_;_;(&’, 7)7' has the degree k — 1 —
Jj—i<k—1.LetC, be the circle with center at the origin of the complex plane and
with radius n sufficiently large. By the Cauchy theorem, we have:
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B Mkflfj(gl,f)ri P Mi—1-;(&',7)
2wiJy M(E',T) 2riJe, M(E'T)

1 M. (E' 1) . 1 I\ pk—1—j+i
lim —— k148", )T’dr: lim _/ ao(8")T dt=3§,;.
n—e 21i Jo, M(E',T) n—e 211 Jc, ao(él)fk ’

tidr

Let j < i; in this case,

M (&' 7)
M(&'\7)

Z(&',7)

! 9

- b) T b

0D )

where Q(&’, T) is a polynomial of degree i+ j — 1,Z(&, 7) is the polynomial of order
<i— 1, the remainder from the division; then by the same approach as used above,

we have: | Z(é/ )
T
— [ =2~ dr=0.
27ri/yM(é’,r) ‘

3.5.4 A priori Estimates in Rﬁ

With the notation given in 3.5.3, let By = ¥|4|—, by D* be boundary operators
(on 8R1) with constant coefficients, s = 1,2,....k, my < 2k — 1. In general we
do not assume By is in the canonical form (1.34a). We define o = o + o,
o’ =(0,0,...,0,0n), and the polynomials:

By, 1) =Y byl 1, E'#0, (3.73)
|| =my
linearly independent modulo M(&', 1), &' #0° (3.74)

We have the following:

Lemma 5.2. The operators By satisfy (3.74) if and only if the determinant
detby (&) #0, (3.75)

where

By(&',7) = 3 ba ()7

M=

t=1

is the remainder after the division of B(€',7) by M(E',T).

This means that there do not exist constants ¢y, s = 1,2, ...k, ¥ |¢s| # 0, and a polynomial Q(&’, T)
such that T¥_, ¢;B(E',7) = Q(E', T)M(E', 7).
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Lemma 5.3. Let [b¥(E')] be the inverse matrix of by (E')), and let us set:

k
1) = ;bij(il)Mkfi(é'aT)-

Let v be as in Lemma 5.1; then we have:

1 N;(E,1)Bi(E 7)
— | —————=— 2 dt=§;;. 3.76
el T (3.76)
Proof. We have,
1 [N;(&, 1)Bi(E, T 1 N<B’ 1 [ My 7!
_/ J(é? ) l(é? )dTE_ J z bsjblt k ST dT
277:1 Y M(g’,T) 27[1 Y M si—=1 27'5 Y M

k

k
= 2 bbby = 3 bbis = 5.

sit=1 s=1

Theorem 5.2. Let A, B be operators satisfying (3.71), (3.74), x*u € W2kt 2(
la| < m, m > N, Au = 0 almost everywhere in RY. We denote by Gs(x')

(Bsu) (¥, 0),

O
).

Then
e <cz o JGEOP QSN R Ay (377)
Proof. First of all we have u € W2*+LI(RY); this follows from the inequality

1/2
[ pealas< ([ ool yzan) ([ e mea)
RY RY RN

where |of] < 2k. If 0 < xy < oo, |0t| < 2k, we have the following inequalities which
can be proved as in (1.8):

1/2

o / / XN+1 o / /
. l|D u(xX,xy)|dx < ¢ - |D%u(x’,y)|dx"dy
RN— =1,

XN+ 1
/ /x
RN 1 N

(3.78)

8xN

2 pey ( ’,y)‘ dx’"dy.
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This inequality implies in the case |¢t| < 2k that

lim |D*u(x',xy)|dx’ = 0. (3.79)

xN—re JRN—1

We have also for xy > 0 (if xy = 0, then we take & > 0):

lim ID*u(xX ,xy +h) — D%u(x',xn)|dx =0, |a| < 2k. (3.80)
h—0 JRN-1

Let us denote

U(&' x) :/ e_i(gl’xl)u(x/,xN)dx'.
RN-1
We have fort =1,2,...,2k, xy > O:

d'u ey Ot u(xX xn)
cr (&) A HAN) 407
a Lot ox, O

To obtain this equality, it is sufficient to prove that (we use Proposition 2.2.6)

li
hlir(l)h

O u(x xy+h) 9 u(x,xy) Au(x,xn) . N
_ = L' (R .
( a)ngl axt]\71 axtN mn ( )

Now we have, as h — 0,

L

dx/

1 " 'u(xX ,xy +h) B " u(¥ xy) ~ d'u(x,xy)
h 0y ! 9y ! dxy
l/xN”l du,t)  du(¥,xy) dr
h Jxy Ixly oxly

(¥, o)
X!

dx/

RN-1

1 | [t T
ST LN A
/ /xN+h at+1 (¥ G)

~ i e T,

axt+1
xy+h
< for ),

" u(x’, o)
Now U (&', xy) is the solution of the following ordinary differential equation with
constant coefficients:

do

(xN+h76)dO'

do — 0.

&l+l
.Xf+]

Y ()7 AU o, a0, (3.81)

Ji|=2k dxy/
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If xy = 0, then by (3.80) it follows:

(&)= T bul)IE L0 ¢ 0) (5.82)
|ot|=m AN

For each &', U(&’,x,) and all its derivatives of order < 2k, are continuous
functions for xy > 0 and by (3.79), we obtain:

i
— (&' xn), i=1,2,....2k (3.83)

XN 7o dixN

Now we claim that the solution of the problem (3.81)—(3.83) (for i = 0) with
&’ #£0, is unique. Indeed: let us consider the characteristic polynomial associated
with (3.81):

Y (0)1E" aio™,

lij=2k
and put o = i7. We obtain (—1)*P(E’,7) as in 3.5.3. Let V(&’,xy) be a solution
of the homogeneous problem; V(&' xy) is a linear combination of functions of
the type ¢!™VH(xy), where H is a polynomial of degree equal to one less then
the multiplicity of the root 7% of the characteristic polynomial. According to (3.83),
we see that only the roots with positive imaginary part are admissible. Let y be a
curve as in Lemma 5.1; we can find a polynomial Q of the variable T of degree
< k —1 such that

1 01 ;
V / — / ? 1TXN d
) = o fme
where M (&', T) is as in 3.5.3. Using (3.82), we obtain:

1 108 1)Bs(E" ) iy 1 o
Tﬂl/yWe dt=0 5—1,2,...,]{.

According to (3.75) this is equivalent to

L o 98(c"7) Lo ort _
Tm/)‘/wdl'—()éz—m/ymdl'—o, t=1,2,... k.

If r = 1, using the same approach as in the proof of Lemma 5.1, we find that Q(&', 7)

has degree < k—2. Now forz =2,3,..., kit is easy to see that (&', 7) =0.
Using the previous results, we obtain:

1

U(é/va) = 2_7_“

M=

() ™6u&) [ e

1

§
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If we have (3.81), (3.83), it is sufficient to verify (3.82); using Lemma 5.3, we
obtain:

k
Z b, (i) |oc|€/o/d U )t G )/NS(£/>T)Bt(5’7T) dr
1 Y

|ot|=my dx/?/N _2_7'51S: M(é’,’f)

= l(é/)a

and (3.84) follows.

For simplicity let yz be the boundary of the rectangle —R < Re 7 < R, € <
Im7 < R. We can take R sufficiently large and € > 0 sufficiently small such that all
the roots of the polynomial P with positive imaginary part are inside of the rectangle
with the condition |£'| = 1; this is possible because the roots 7;(£’) are continuous
functions.” It is clear that, for all & # 0, we have:

PE0 =P (g ) (3.55)
m(& ) =11 (G ). (3.56)
My o) =i (5. o8 ). (387)
Bi&0) =128, (15 ) (3.88)
bu(&) =& 0 21 ). (3.89)
bIE) = &'V by, <|§|), (3.90)
NE D) = N ), (391)
Using the definitions (3.85)—(3.91), we obtain from (3.84):
UE =2ii ) |E TGy (& Mé;lf Th M) g gy (3.92)

"More specifically: Let & be a given point in RN, 11 (E7), 1(E"), ...t (&), trs 1 (E7), ..., T (&)
the roots of the polynomial P(E’,7) (this property holds for all polynomials continuously
depending on the parameters). Let € > 0, then there exists 6 > 0 such that the roots
71(n"),2(n’),..., 7x(n’) are in the set U B(7:(E"),€) for |E' — 1’| < & where B(7;(&'),€) are
the discs with center 7;(£’) and radius €. This result can be proved by contradiction.
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Let |o¢| = 2k and let us consider D%u; we have:

1o d*NU
dxy

/ WDy ) d = (i)l € (&),
RN-1

then using (3.83), we obtain:

/ k R 1/ £l .
= (—])kg/ot | €/|qu Z(i)fmsg/rijs(g/)ani ) %615 |ude‘u.
s=1 R )
(3.93)

Starting from (3.93) we deduce:

/RN e E Dy (x xy)dx = Hy (€)
¥

/ k R / / oN
= (- g 3 ) G €y [ ML LR A

= w ME /I8 ) |8 —iEN
(3.94)
Denoting {1 = [i; +1iflp, we have:
2 2
Ny —Ev2> H2 124 /2 2y /2 2 N2, g2
181 a = 18P e e I R ()

But we have also the estimate:

Ns(E'/IE], )™

ME e | = (3.95)
Using (3.94), we get:
P& i
()] < s i s 261G (3.96)

Now we get:

|§ |4k 2my

Ha2ge <csz e L ICIRE

1| 4h=2my 2htmgt1/2
=cs 2/ |€| |1§+|2|i|£iz] |GS(§/)|2(1+|€/|2)2k—m5—1/2d€
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<es3 [ GaeragpE ey [T s,

then, using the Parseval equality,

>, D%y, <c62 LGP e

|| =2k
to finish, it suffices to prove for u € W’“Z(RN ) the inequality:

iz amy < erl(ulls g + 3 1D gy (3.97)
lot|=h

To do this, we use Theorem 2.3.9; we extend the function u from R’X to RY in such
a way such that

‘M|L2 RN + Z ‘DaM‘LZ RN <C8(| |L2 RN + Z |Dau|L2 RN)
o[ =h o[=h

using the Fourier transform, we have without difficulty:

‘M|Wh2 RV) <C9(|“|L2 (RY) + 2 ‘Dau‘Lz ]RN))
loc|=h

3.5.5 Properly Elliptic Operators

Let €2 be a bounded domain with a sufficiently smooth boundary, and A =
Z\quﬂiDi an operator with coefficients measurable and bounded in Q if |i| <
2k — 1 and continuous if |i| = 2k. This operator is called properly elliptic in x € Q,
if for any pair of linearly independent vectors & # 0, 1 # 0, the polynomial of the
variable T given by

Pe (T = ailx Y(E4+1n) (3.98)
|i|=2k

has exactly k roots with strictly positive imaginary part.

Remark 5.1. A properly elliptic operator is elliptic: Indeed, if along with the given
vector 1, we also consider the vector —1, the polynomial Pz _ (7) has exactly k
roots with strictly negative imaginary part, which implies that 7 = 0 is not a root.

Remark 5.2. If N > 2, an elliptic operator is properly elliptic. Indeed, let
71, T,..,Ty, be the roots with positive imaginary part. The polynomial
Pz _n(7) = Yjij—2k ai(x)(§ — Tn)" has exactly u roots with negative imaginary part,
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ie. —71,—T,...,—Ty. For every o €]0,1[ we can find a vector of length |n|,
say Mg, such that ny = 1,M; = —1N, Ny depending continuously on o, &, ng are
independent for any cc. The polynomial (3.98), Pz ,(7), has precisely u roots with
negative imaginary part, hence u = k.

Let Bs = X || <m, bsoaD* be boundary operators with sufficiently smooth coeffi-
cients, s = 1,2,...,k, of order my < 2k — 1. We say that A, B satisfy the covering
conditions at the point x € d Q8 where A is properly elliptic, if for all vectors & # 0
tangent at x € dQ and 1 # 0 normal at x € d£2 the polynomials

Y. ba(E+Tn)” (3.99)

|ot|=my
are linearly independent modulo

k

M(§77’-) = H(T_Ti)v

i=1

where 7; are the roots with positive imaginary part of the polynomial defined in
(3.98).

If (A, By) satisfy the covering conditions for all x € €2, we say that (A, By) satisfy
the covering conditions.

Theorem 5.3. Ler Q e 21 A = Ylil<2k a;D' an operator with a; € L™ (Q), and
moreover a; € C°(Q) if |i| = 2k. We assume A uniformly elliptic in Q.

Let B, = Z|a|§m3 bsoD* be boundary operators of order my; < 2k — 1,
s = 1,2,....k, with coefficients bsy € C*~1="1(9Q). Finally we assume that
(A, By) satisfy the covering conditions. Then there exists A > 0 such that for all
u € W?k2(Q), we have the inequality

k
lulwaraq) < (Y Bstlyaiom-1/22090) + Aul2(q)) + Alul 2 q)- (3.100)

s=1

Proof. We use the domains G,, r = 1,2,....M + 1, as in 1.2.4, such that
Gyi1 CQ,90Q2C Ulr‘”zl G.QcC U’r‘”j]lG,; we use also the mapping (1.4.7). Without
loss of generality, we choose vy = —1 at the point x = 0. Let us put u, = uy,. First
consider w1, the support of w1 is in G415 let us denote B(x;, p) the ball with
center x; and radius p. Let v € WO2 k’z(B(x;, p)) and let us denote A’ = ¥ ;o a; D',

Al = 2il=2k a,-(x;)Di . Using the Fourier transform, we obtain:
J

8Cf. S. Agmon, A. Douglis, L. Nirenberg [1]. In the Russian literature these conditions are called
Shapiro-Lopatinskii conditions.



156 3 Properties of Solutions of Boundary Value Problems

Av(E) = (1 (Y ailx;)€N)0(E),

lil=2k

hence -
)
 Yji—eai(xg)§

Let |ot| = 2k; we have (D) (&) = (—1)kE*H(E), hence according to the uniform
ellipticity and Parseval equality, it follows:

‘alz:“2k|D V|L2 <cy Py (3.101)
We have:
Ay —Al| @ S o) |a\§zk ID*V|12(q)
where

w;j(p) = ‘n‘laﬁ(xeg}ax’p) |ai(x7) = ai(x)])-

We can choose p sufficiently small such that @;(p) < 1/2 uniformly with respect
to x7 € Guy+1; then (3.101) implies:

| ‘sz|D vz < = |A’v\L2 (3.102)
ol=

Suppose p is a fixed number, x;, j =1,2,...,1, points in Gy, such that the
following inclusion occurs, GM+1 C U]:IB( j,p), and let h; € C5(B(x7,p)) such
that x € Gy 1 = Zl,-:1 h?(x) = 1. Let us denote w; = up41hj; using (3.102), we
obtain:

1
i1 lwaez (o) < €2 D wilwaea (o) < e3(lumsilwa12i0) + 2 A'Wjl2(0))

j=1
< calluprlwonr2(0) + A" urr1112(0)) < es(lup1 w120y + |Aumii|2(q)),

hence, by Lemma 2.6.1, we can find A, sufficiently large such that
lurs1lwr2 () < colAumial o)+ Mlul2q)- (3.103)

Let us consider now u,, r = 1,2,...,M. The mapping (1.35) transforms
W2*2(QNG,) ontoW?2(K,), where K, = {(0,1),|ci| <o, i=1,2,....N—1,0<
t < 0}. Using the local coordinates (0,¢) the operator A can be written as
Ar = Yij<ak a,D'. We do not restrict the generality of computations if we assume o
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and & small, such that v € W2 (K, ) implies:
! ! 1 o
{ArV*ArOV|L2(K 5 2 D™k
o|<2k

here A, = 2lil=2k a,(0)D'; the previous inequality is a direct consequence of the
continuity of the coefficients a,;, |i| = 2k. The boundary operator B, can be written
in local coordinates in the form: By = 3| <n, brsa D%, brse: € C=1=ms1(A), where
A = (—o,0)N"!. We denote B, = Y| =m, brsaD%; it is necessary to choose a, 8
sufficiently small to have the estimates glven later; we will return to this particular
point. For simplicity we denote u, the function u, after the mapping (1.35); the
support of u, is in Ky UA, cf. 1.2.4. Now we can find a sequence u,.,, n =1,2,...,
limy,—yeo tty, = Uy in W2(K,), Uy € C*(K,) with support in K [JA.

It is clear that A/, is an elliptic operator: this is a simple consequence of the fact
that, at the point ¢ = 0, ¢ = 0, the mapping (1.35) is the identity mapping. A being
properly elliptic, the condition (3.71) holds for A/,,.

Denoting as above 7; the roots of the polynomial associated with A, we can find
€ > 0 such that Im 7; > €, uniformly with respect to x € d€2, the origin of coordinates
in our case.

LetB., = Y a|=m; brsa(0)D*. We have (3.75), moreover, if || =1, the absolute
value of this determinant is bigger than a positive constant, uniformly with respect
tox € Q.

Let f., = Alro”m- We use Theorem 5.1 with [ = 1, m > N; we can assume
without loss of generality Ky C C defined in Theorem 5.1. Let v, € Wzk’z(RN )
as in Theorem 5.1 such that Alro"r,n = frn. Then

|Vr,n|W2k«,2(RN) < C7|fr,n|L2(K+)- (3.104)

The function (4, — v,) satisfies the hypotheses of Theorem 5.1, hence

k

ya —mg— 1/2
iy s ([ 1Bt €)1+ [P 12 ag')
s=1

k —_—
v X ([ 1B €1+ ag) V2
s=1 R

+ C8(|fr,n|L2(K+) + |“r,n‘L2(Rfi))- (3.105)

)N—l

Let us denote A = (—o, o as in 1.2.4 and assume

AcC (12,12 e (-1, T =4,
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Using Theorem 2.5.1 and Lemma 2.5.6, we can estimate:

_— 1/2
(o B @R+ P2 0
R

< <o |Bi’sou”,n‘WZk—mg—l/Z.Z(A]) . (3.106)

Now (3.104)—(3.106) imply:

k
|Mr,n|w2kﬂ2<M> <cu (2 |BlrsOu"Jl|Wzk—’”s—l/z-z(Al) + |frJl|L2(K+) + |Mr,nL2(R§)> )
s=1

hence, for n — oo,

k

|”r|W2k~2(IM) < ( |Bi”soul“W2k—ms—l/2(Al) + |fr|L2(K+) + Mr|L2(]M)> . (3.107)
1

§=

We observe that ¢ does not depend on ¢, §; hence we can take o, 6 sufficiently
small such that for v € W22(RY) with support in K UA, we have:

i ‘B/rsv_B/rs0v|w2k—my—l/2.2(Al) < (1/2]‘)|V|W2k~2(R’X)~ (3.108)

It follows, according to (3.107) and (3.108) that

k
‘“r|W2k‘2(Rﬁ) < 2Cll(z, |B/rs0ur|W2k7m_v71/2,2(A1) + |fr|L2(K+) + ‘ur|L2(Rij{))~ (3~109)
s=1

Then, by Theorem 2.5.4 and Lemma 2.6.1:

k
|ur|W2k~2(]Rﬁ) < Clz(z |Brsur|W2k—m3—1/2,2(Al) + |fr|L2(K+) + ‘u"|L2(]R1_;_’))' (3.110)

s=1
Now we use again the representation by local coordinates and get:
k
/
|”r|W2k~2(G,) < Cl3(z ‘Bs“r’WZkﬂnx—lﬁz(ag) + |fr|L2(G,+) + |ur‘L2(Gr+))

s=1

(3.111)

k
< Cl4(z ‘B;M|Wzk—m—1/2,2(ag) + |f|L2(Q) + |”|L2(_Q));
s=1
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here G, = G, N £2; c14 does not depend on r. Finally we can write:

M+1
\u|W2k,2(Q) <cys z \urh,vzk,z(g)7
r=I1

and (3.103) and (3.111) are proved. Il

Corollary 5.1. Under the hypotheses of Theorem 5.3, let u € W?*2(Q) be such that
Bsu=00n0dQ,s=1,2,... k Then (3.56) occurs.

Remark 5.3. 1t is possible to consider with the same method (we have done this in
RY) the same type of problems for unbounded domains; we obtain estimates of the
type (3.56). Cf. also S. Agmon, A. Douglis, L. Nirenberg [1].

3.5.6 Properly Elliptic Operators (Continuation)

Using an adapted method of S. Agmon, A. Douglis, L. Nirenberg [1], we obtain:

Theorem 5.4. We assume the hypotheses as in the previous theorem, except that
the covering conditions are not satisfied at a point xo € €2, where A is a properly
elliptic operator on 0L, uniformly elliptic in Q. Then (3.100) does not hold for any
constant c.

Proof. Without loss of generality, we can assume that the particular point xq is
the origin of one coordinate system and that the tangent plane to this point is
the hyperplane xy = 0. Let |E’| = 1 be the exceptional vector, and introduce the

operators _
Ay= Y a(0)D', Biy= Y bsw(0)D%,
li|=2k |ot|=my

Y, bw(0)E”

|ec|=ms

and the polynomial

Then we can find a nontrivial solution of the equation

T4 i diNU
> (i)le” i

|i|=2k AN

=0, (3.112)

which tends to zero as xy — o and satisfies the boundary conditions:

2 by (0 \06\5

|or|=my

! /d U
s ——(£',0)=0, s=1,2,... k. (3.113)

Using the approach which gives the uniqueness of the solution of the problem
(3.81)—(3.83), we construct such a solution in the following form:
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_ 1 Q(élvr) iTxN
V()CN) = z—m/}lme dT, (3114)

Q(&’,7) # 0 1is a polynomial of degree < k — 1. Let T be the mapping (1.4.7) of K,
onto Gy, (we assume that the origin is in Gy, cf. 1.2.4), G; = G1 N 2. Let us set
s=(0o,t) and

uy (s) = A2 AE 0, 4. (3.115)

Let o € C5(K), K ={s = (0,1),0 € A,|t| < 8}, ¢(s) =1 for |[g;| < (1/2)at, i =
12, N 1L0< 1< (1/2)8,0< gls) < 1, 0y (5) = 9(s)us (5) = 03 (T~ (x)) =
23 (x); 7, € WH2(Q). Let us assume that inequality (3.100) occurs with cj. It is
possible to find o and § sufficiently small (cf. K ) such that

k
2 |Bsz;, |W2k—u;—l/2.2(ag) < é€lz, |W2/<,2(Q> + Ai1(€)|zy, |W2k—l,2(Q), (3.116)

s=1

|Az), |L2(Q)) < E\Zﬂwzk,zm) + Aa2(€)|zy, |W2k—l.2(9), (3.117)
with (¢ + ¢2)€ < 1/2. Then using (3.100), (3.116), (3.117):

(1/2)[z2lwa2(q) < c1(Ai(€) +Aa(€))lza w21 (q) (3.118)

Now, taking into account the fact that v(xy) is a linear combination of functions
of the type H(xy)e'"*V, 7; a root with positive imaginary part of the polynomial in
consideration, we obtain:

;}EJZMWM‘Z(Q) =c; >0, Aliglo|zl|wzk712(g) =0.

But this is a contradiction to (3.118) O

3.6 Continuous Dependence on the Data

3.6.1 Dependence on the Coefficients

The notion of a well posed problem in the sense of Hadamard concerns only a part of
the data, in our case the set f,ug, g. Inequality (3.18) gives the property of continuity
with respect to these data. It remains to consider the continuous dependence on the
coefficients of the sesquilinear form ((v,u)), on the coefficients of the boundary
operators B;, and on the domains £2. All these questions are not completely solved
in the most general setting and many open interesting and fundamental problems
must be considered. The problems concerning the dependence on coefficients can
be found in the works of S.G. Mikhlin [2], J.L. Lions [1], J. Necas [14]; concerning
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the dependence on domains cf. I. Babuska [2—4], J. Deny, J.L.. Lions [1], J. Necas
[2, 8], A. Kufner [1], J. Kautsky [1]. In these works only partial results are
obtained, for instance the domain £2 is fixed and the investigations concern only the
simultaneous dependence on coefficients, etc. We shall give some theorems with
general dependence.

Now we begin by a generalization of a theorem of J.L.. Lions [1]:

Theorem 6.1. Suppose we are given Q,V,Q,((v,u)) V-elliptic, ((v,u))n, n =

1,2,..., a sequence of sesquilinear forms such that for all v,u € W2k’2(£2):
Lm(  sup |((vu))—((v,u)),|) = lime, =0; (3.119)
T <L ful <1 e

let G,, resp. G, be the associated Green operators from [Q' x Wh?(Q) x N —
Wh2(Q)] (cf. 3.1). Then limy—. G, = G in [Q' x W52 (Q) x N — Wk2(Q)].

Proof. Ttis clear that ((v,u)), is V-elliptic if n is sufficiently large, moreover, v € V
implies:
()l = eIz, (3.120)

where ¢; does not depend on n. Let be u, = G,(f,uo,8), u = G(f,up,g). For all
v eV, wehave ((v,u, —u)), = ((v,u)) — ((v,u))n; then for v = u, — u we obtain:
|(Ctn = sy = 1) )| = | (e, 1)) = (e = 10, 0) )| < ot — | ua]

< &nfun — ule|G|(|f]gr + [uolk +[glv)-
Hence using (3.120), it follows that

Gl
|ty — e < Sn?(|f|Q’ + luolwrzq) +lglv)-

O
Obviously we have

Proposition 6.1. Let a,(v,u) be given forms as in (3.12), let condition (3.119) be
satisfied if:

) ) k—1_ aiv
((vu))n = / Y, @ija.D'vD/udx+ / Y big.n=—D"uds,
21 {71k sn iz T on
where
,}anif*" = aij in LDQ(.Q)7 (3121)
lim bjg = big,  in L™ (9Q2). (3.122)

n—oo
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If an(v,u) is given as in (3.14), Q € M2 it is sufficient to replace (3.122) by:

lim big., = b in CI*%1(0Q), |a| <k

. (3.123)
lgll bia,n =bjy In Lm(ﬁg), |O£| <k.

Nn—yoo

Remark 6.1. If ug = 0 in Theorem 6.1, it is sufficient to have (3.119) for v,u € V.
This remark will be used often in the sequel.

Remark 6.2. With the same hypotheses as in Theorem 6.1, if lim, . f;, = f in
Q' 1imy e tig , = ug in WE2(Q), limy 00 g, = g in V', then

|t —ulx < c1(|fn _f‘Q’ + ""07n_"‘0|wk12(9) +lgn—glvr) (3.124)
+c2&(|flo + [uolwrz () + 8lv)-

3.6.2 Dependence on the Coefficients (Continuation)

Theorem 6.2. Let Q,V,0,((v,u)), and ((v,u))p,n = 1,2,..., a sequence of
sesquilinear forms be given such that for allv € V:

()= el ()l > el (3.125)

Let u € Wk2(Q); we assume:

r}grolo(‘s‘u£)1| (vyu)) — ((vyu))nl) Egilgoen(u)zo, (3.126a)
[((v,u))n] < BIVIk[uli- (3.126b)

Let limy, e fy = f in Q' limy ety , = Ug in Wh2(Q),lim, e g, = g in V' with
un, resp. u, the solutions of the corresponding problems. Then lim, ., = u in
wh2(Q).

Proof. Forv eV, we have:

(v un))n = () + ((v,u))

= ((vu))n+ ((viuo = to.n))n

= . fo) = (0 f) + 8y —3v+ (V)
— (v u))n+ ((v;uo — t.0))n-

((V, Up —Uu~+ug— uO,n))n
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Using (3.125), (3.126a), (3.126b), we obtain:
[((vyun —u+uo—upn))| <
(3.127)
<\fa = flo Ik +|gn — glvr Ik + € (u) [V]i + BIvIk|uo — 1o nlx-

Let us choose v = u,, — u+ up — ug 5, then (3.127) and (3.125) give:

1
ltn — u+ug—sonlk < —(Ifu— flor + Ign — 8lvr + €a(u) + Bluo — uonl)- (3.128)

8]

O

Proposition 6.2. Let a,(v,u) be given by (3.12), Q € N, then conditions (3.125),
(3.126a), (3.126b) hold if

lijn aijn = ajj inmeasure on 9S2, (3.129)
n—soo 7’
|aijn| < c1, (3.130)
lgn bion = big  in measure on 92, (3.131)
|bian| < c2. (3.132)

If the sequence a,(v,u) is given as in (3.14), Q € M1, it is sufficient to replace
(3.131), (3.132) for |at| > k by:

1im bign = bio in cl“*0Q), (3.133q)
olol—k+1p,. glol=k+1p.

lim — lgv’fl = ;:71 in measure on d€2, (3.133D)

e do) .. doy,  do)'...doy
|bia,n|c\a|7k.l(ag) < 3. (3134)

Proof. We have:
A(v,u) —Ap(v,u) / Z (Gij —aijn)D' 'vDU T dx.
@il ljl<k

Let € > 0, and
M, = {x €Q, n}a}x|a,~j(x) —a,-j,n(x)| > 8}.

We have lim,,_,..(measM,) = 0, hence

\A(v,u)fAn(v,u)|§£/ > |Dlv||DJu|dx+262/ S DD uldx
Q=M i) |l <k Mo i | j1<k

< C48|V|Wk‘2(g) |M|Wl<,2<Q) + C5|V|Wk.2<Q) |I/£|Wk,2(Mn).
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Then we have (3.126a) for A, (v,u), A(v,u). For given a,(v,u), a(v,u) satisfying
(3.12), the situation is the same; if (3.14) is verified, the proof is as in Theorem
1.2.1. =

Remark 6.3. Theorems 6.1, 6.2 can be modified without difficulty to the case of
V / P-ellipticity.

We are interested in the following particular case:

3.6.3 The Singular Case

Theorem 6.3. Given Q,V,Q,P C V N Py_y), ((vu)) V/P-elliptic, ((v,u)) V-

ellipticcn=1,2,..., a sequence of sesquilinear forms such that for allv € V :
((5.0)] < e1lflyeeayplibeaye 1)l 2 1l (3.135)
()l = @lvlizgg)s >0 (lim o =0 s possible). (3.136)

For all v,u € W*2(Q) we assume

[((v20))a] < 2l ((v,v))" 2t (3.137)
lim ( sup [((v,u)) = ((v,u))n]) = lim g, =0, (3.138a)
T ()l 2 <1 .
either
lim( sup () — ((20)]) = lim () =0, (3.138b)

()al'2<1

Let limy oo fy = f in Q') 1imy 0 gy = g in V' limyyseatin n = ttg in WE2(Q). Then
veEP= f)+gv=0=(f,) +8,

Let un,u be the solutions of the corresponding problems. Then with hypothesis
(3.138a) we have:

|ﬁn*ﬁ|wk,2(g)/13 < C(|fn *f|Q’+ |”O,n*”0|k+ |gn*g|\/’)+£n(|f|Q’ + |’/‘0|kJr ‘g|V’)>

with hypothesis (3.138b) we have lim,,_se. i, = i in W52(Q) /P.

Proof: We choose u € i such that [ulx < 2|2 (q)/p; We have:
(v un —utuo—uop))n = ((vun))n = (1)) + (v, )

= ((vu))n+ ((viuo — to.0))n
= (v fu) 8w — (0 f) =8y + ((v.ae)) = (1) Jn+ (v, 10 = t0)
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then

[((vattn =g —10,0))nl < e31fu = Flo /()Y + €3lgn = glvr ((vv))al' 72

+ (1) (1))l /2 + 2 (V)] 2110 — o i
(3.139)
If we choose v = u,, — u -+ up — ug 5, then using (3.135) and (3.139), we obtain:

|y — i - ig — ’ZO,n|W/<>2(.Q)/P < C4(|fn _f|Q’ + |gn _g‘v/
(3.140)
+ &n (1) + 1o — ”07n|Wk,2(Q>)~

O

Example 6.1. Let Q € N, V = W'(Q), Q0 = [*(Q), Ay = —\ + by,by, >0,
by # 0, limy_e b, =0 in L=(Q2), a,(v,u) = a(v,u) =0, g, = g = 0. All hypotheses
of Theorem 6.3 are satisfied, P = Fg), (3.135) is clear, (3.136) is proved using
Theorem 1.4.3, (3.137)is a consequence of the Schwarz inequality. Since ((v,u))n
is hermitian, we have for (3.138a):

/2
aV? = / dx /bn 240) .
I((v, Z -/, v| )

(9x,

Then
()l <1 :>/ bu|v|*dx < 1.
Q

We obtain:

(1)) — (v ,1|—‘/b vudx‘ /b Iv[2dx /2(/Qb,,|u|2dx

1 2
< [l g 1l
IfN >3, Q e N then it is sufficient to have lim,_se |bn|LN/2(_Q) = 0; this follows
from Theorem 2.3.4.

The following theorem is more or less a theoretical example; the modifications
depend on the particular cases.

Theorem 6.4. Fix Q,V,Q,P C Py_1), ((v;u))1, ((vu))1n ((vu))2, ((vu))2n
sesquilinear forms on W2 (Q) x W52 (Q); we assume: 1imy,_yeo(v,11) )i = (v, 1)),
i=1,2, v,u € Wk2(Q) in sense of (3.119), with &,; we assume ((9,i))1, ((¥,i))1 0,
to be sesquilinear forms on Wk2(Q) /P x W*2(Q) /P, satisfying for all v € V:
Re ((7,9))1, > c1|v|V/P, Re ((7,9))2, > cl\ﬁ\‘z,/P; if veV, we assume also:

Re ((v,v))1 +Re ((v,v))2 > cz|v|€vk>2(9). Let lim, .o f, = f in Q', lim, ,oo 8, = g
in V', limy, seoutg, = up in W2(Q). If v € P, then (v,f) +gv = (v,f,) + &, = 0.
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Let A, >0, n = 1,2,..., lim, Ay, = O,u the solution of the problem u—uy €V,
((vu))r = (v, f) +3v, v €V, and uy the solution of the problem u, —ug, €V,
()1 p+ A ((v,u0))20 = (v, f) +8,Vsv € V. Then there exists a unique u € i such
that

|t — uli < c(|fn = flo + [uon — uolwr2(g) +|gn = glvr) + & flg + [uolk + [glvr))-
Proof. For all v € V and for n sufficiently large, we have:

Re (v,v) 10+ ARe (v,v))20 > (1 —An)Re (v,v)) 1.0+ AuRe (v, V)10
+ AqRe ((v, V))Z,n > ;Ln(cl/z)lvll%~

Now we can find u € #, such that v € P = ((v,u))» = 0,u unique. Forv € P we
have ((v,u))1n+ An((v,u))2.» = 0; hence for v € P we have ((v,uy))2,, = 0. Let us
put (v,u))n = (V1)) 1,0+ An((v,u))2,,. Now we have forv € V:

[((vyun —u+uo—uop))nl < c(|fu—flo i+ 180 —&lv|vIk

(3.141)
+ &n|vlic|ulk + |uo — o nlk[V]k)-
Letvy,va,..., v be a basis in the space P. If n is sufficiently large, v € V, then
2 - 2 2
95+ 2 ((vi))2nl® > esili. (3.142)
i=1

In the previous inequality, if we replace ((v,u))2,, by ((v,u))2, we obtain:

<|ﬁ|é/p+§<<v,vi>>z|2>1/%

this is a norm and V is complete with respect to this norm; the result follows from
Banach’s theorem. If n is sufficiently large, we obtain (3.142).
In the inequality (3.141) we can take v = u,, — u -+ up — ug ; then

ci iy —11+110+110,n|5/p < | ((up — u~+ 1o — uo pnyn — U+ 1o — U0 1) )n)) 1 0

< c(|fu = flottn — u~+uo— uonli + [gn — &lv |un — 4o — 1o 11

+ &ty — 1+ 1o — 1o 1| + [n — w410 — U0 |0 — uon|x

+ Aty — u+ug— uo’nﬁ).
(3.143)

Now in the first and in the last terms of the previous inequalities we add the
following term:
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K

S 1((tn — u+ 1o — g 0, vi)) 20|

i=1

then we get:

(C4_)Ln)|un_u+u0_u0,n| < |fn _f|Q/+8n|u|k+ |u0_u07n|k+ |gn_g|V’

. K ) - _ 2\1/2
e 2172 (S (O ttn — e+ 00— tt0.1) )20
+(2|((V,,u,, u+uy—uon))2n)|") [ ’

i=1

(3.144)
But we have:
K
(X (Vi ttn — u+1o— 10.1))2.0)"? < c5lttn — 10+ 1o — 1o 1
i=1
on the other hand,
|((tn — w410 — 10,1, vi))2.0] = | = ((tn,vi)) 20 — ((,vi))2 + ((vi, o — 1o n)) 2.
< c6(&n|ulk+ 1o — uo nlk)-
Then, using (3.144), the theorem is proved. O

Exercise 6.1. Using a simple modification of Theorem 6.4, where the conditions
(3.126a), (3.126b) replace condition (3.119), prove that lim,, .. u,, = u in W52 (Q).

Example 6.2. Let Q € M0,V =W*3(Q), Q = L*(Q), P = Py, Ay = A, Ay =
A%, By = by, limy by =b=BinL”(Q);b>0,b#0,A=A>+b.Put f=f, €
L*(Q), g = g = 0 and assume:

/?dx:/x,?dx:O, i=1.2.. N
Q Q

Then if A2u, + Aybuu, = f resp. A?u = f in Q, with boundary conditions
generated by:

’ _ _
/ 2 _—D’vD’ﬁndx+/ lnbnvﬁndx:/ vfdx, VEWZ’Z(.Q),
.QMZZZ! Q Q

resp.

2 .o —
/ Y _—D’leﬁdx:/ vfdx, vewr(Q),
2ji= o

we can apply Theorem 6.4.

Remark 6.4. Let O be a domain in the Gauss plane G and let ((v,u)), be
a sesquilinear form defined for A € O. The spaces V, Q are given, the sesquilinear
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form is V-elliptic, uniformly for all A € O. For A € O we define f;, € 0, g, € V',
ugy, € WE2(Q); moreover we assume that for all v € V, the functions of variable
A, (v, f1), 8avs ((v,upy)); are analytic in O. Then ((v,u(A)))s, where u(A) is the
solution of the corresponding problem, is also analytic in O.

Example 6.3. Let ((v,u))1, ((v,u))2 be two sesquilinear forms and let us assume
that for v € V, we have ¢ [v[7 <Re ((v,v)); < c2[v[Z, Im((v,v)); =0,i=1,2. Let us

put ((v,u)) = ((v.0))1(1 = 2) + ((v,u) 2.

Then we can take for O the set defined by:

+e<ReA <
1l —C Cy—Cy

—&, €>0.

3.6.4 Dependence on the Space V

In this section we consider the dependence of the solution on the space V.
Let V,,,V C W52(Q) be closed spaces. We say that lim, .. V,, = V uniformly, if:

}g{lo(‘jugl(ég‘f/|v—w|k)) E}gt}osn =0, (3.145)
vev,
i = i ! —
}H}I‘}Q(‘WS‘HEI(VIQ‘Z [v—wly)) = r}glolosn 0. (3.146)
wevV

Theorem 6.5. Let V,,V C Wk72(.Q), lim, e V,; =V uniformly. Let us assume the
existence of a closed subspace W C W*2(Q) such that V,, C W,V C W algebraically
and topologically. Let W C Q algebraically and topologically. Suppose we are given
a sesqmlmear Sform ((v,u)), W-elliptic, and lim,_,e. fy = f in Q' limy ugn = &
in W, limy e ttg, = ug in wk: 2(!2). Let u, (resp. u) be the solutions of the
corresponding problems. Then the following inequality holds:

|t *”|k_1 (\uoﬂto” (1+&)(1+&)(1f = flo + 18— gnlw)
+8n(1+8n)(|f|Q'+\g|w/)+8n(1+€n)(|fnlgf+Iuo,nlk+|gn|w))~
(3.147)
Proof. We can write:
M_un+u07 —M(),M—Mn—i-uo) —Up
(( n n— ) (3.148)

= ((—un+ 1o —uo,u—up)) + ((—tty+uo n — o, g n — ttp))-
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Then we have:
((u—un+uopn—uo,u—uy)) = ((hp,u—un)) + ((u— p+ 1oy — o — hp,u —uy)),

with A, € V chosen to minimize |u — u,, + o, — uo — halk.
Now due to (3.145), we have:

|u— v+ 110 5 — tto — Pnlie < Enltt — U+ Ug , — Uo |- (3.149)
Let k), € V,, be chosen to minimize |k, — /,|. Then (3.146), (3.149) imply:
|hn—h;|kS£;(l+8n)|u—un+u07n—uo\k7 (3.150)

hence

(i, u—un)) = <hna7> +8hn — ((hn,un))

. 3 (3.151)
= <hnaf> +ghn - <h:z>fn> _gllh:l+ ((h:z _hmu"))'

Now, using the previous formulas (3.148)—(3.151), we obtain:

|t — tty + g — uo|; < 1 (|uon — x|t — tt + g — oy
+ &t — 10— vto| k|t — i A (1 + &) (1 + &) | f — ful o [10 — 1+ 110, — w0
(1+&n)(1+&,)|g — gnlwrlu—un
+ g — olk + &, (1 + &) (| flor + |&lwr)|u — ttn+ 10, — o

+£r/t(] + 8,,)|u — Up+upn— uOlkl”n'k)7
and finally we have the estimate:
| —tun| < c2 (|0, — ol + &nlt — unli + (14 &) (1 + &) (| fa — Flor + 180 — &lwr)
+e&(1+&)(|flo +lglw) + (1 + &) ([ fulgr + [gulwr + o uli))-

Hence we get (3.147). ([l
Exercise 6.2. We replace (3.146) by:

. . . "_ :
’}glolo(vlél‘z [v—wlk) _I}E};en =0. (3.151bis)

Prove that lim,, e u, = u in WF2(Q).
Hint: Start by proving weak convergence.

Remark 6.5. Condition (3.145) is trivially satisfied if V, CV,n=1,2,....



170 3 Properties of Solutions of Boundary Value Problems
3.6.5 Dependence on the Space V (Continuation)

Let M be a subset of some vector space; we denote by [M] the vector space generated
by M. Instead of (3.145) we can introduce another condition:

v =, [, Vi (3.152)

Then we have

Theorem 6.6. Let V,,V C WK?(Q), lim, ..V, = V in the sense defined in
(3.151bis), (3.152). Denote W,, = [U2 Vi, n=1,2,3,.... Let W; C Q algebraically
and topologically. Suppose we are given a sesquilinear form ((v,u)), W-elliptic,
and sequences such that lim,,_,.. f, = fin O/, lim,_,..g, =g in W’, limy, oo ug n = Uo
in W52(Q). Then if u,,u are the solutions of the corresponding problems, we have:
lim,, oo tty, = u in WE2(Q).

Proof. Let P, be the projectors P, : W) on W,; we have: Pp > P, > ....and if v € W,
then lim,_,.. P,v = Pv, where P is the projector P : W; — V. Denote by Z;,Z* the
mapping of W, onto W, (resp. V onto V) defined by: v,u € W, = (Zv,u); = (v, u)y,
(resp. vyu € V= (Z*v,u); = ((v,u))); cf. Lemma 1.3.1.
We shall prove that v € V implies lim, .. Zjv = Z*v.

Indeed: let @ € Wy, then (Z}v, @)y = (Z;v, By®)y, but limy, e (Zv, (P — P,) @), = 0,
we obtain lim,_.(Zv, P,0); = (v, P®)) = (Z*v,P®); = (Z*v, ®);. From this we
can deduce:

lim (Z;v.Zpv)e = lim ((v.Z;v)) = lim (Z°v.Z;v)e

= (ZVZV)=(n,Z*V) = (ZV,Z"V);.

This gives the result.
Now we prove that lim,,_,. #, = u in the weak topology. Let w € W, we have:

(Wytty — ug n — u+uo)k = (Wyuo — o)k + (W, tty — ).

But
lim (w, uo — g n)x = 0,
n—yoo

hence it is sufficient to consider (w,u, — u);. We have:

(W sty — ) = (Paw, tty — tt — U+ 10k + (W, o, — o)k

= (Pw,up — u—uo, + 1)k + ((Po — P)W,tty — tt— g+ o) i + (W, U0 n — 1 )k-
Using the hypotheses on P,, P we have:

lim ((P, — P)w,up — u—ug ,+ ug)r = 0.

n—oo
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Using the fact that |u,|; are bounded, there exists exactly one element v € V such
that Pw = Z*v. Now we consider (Z*v,u, — u —ug , + o). We have:

lim (Z7*v,up — u — g+ o)k = ,}EEQ(Z;V’ Up — U0 )k — (Z*v,u —ug)

= lim (47— 1)) — (= 0)) = i (v, )+ Bovn — (1. F) — &) =0,

where v, € V,,, lim v, = v strongly in W52(Q),1im,, . u, = u weakly. Now we have:
n—soo

Hm ((un — u — ugp+uo, ty — u — g+ 1)) = lim ((u, — g, — u+ 1o, up — ut))
n—soo ' n—yoo

= lim ((u— uo, f) + 8(u — uo) + (ttn — 01, f ) + 8 (ttn — 0.,1))

n—oo

— lim (g, ) — i (st — t,,10)) = 0.

O

Example 6.4. Given Q € M*! if k > 2, Q e MO, if k = 1, we define on 9Q
boundary operators B (resp. Bs), s = 1,2,..., 1, as in (1.2.6a). We suppose that
F;,s are written in local coordinates (o,t) as

gledl

Fys = z Cnso
. . o [2%] ON—1 3.0’
oj<k-1 907'd0y° ... doy  diw

(3.153)

oy = iy if 7 is well chosen, with lim,,_se. ¢,5q = 5o in CK71%1=1:1(9Q). The spaces
V, (resp. V) are generated by the conditions B,;v = 0 (resp. Byv = 0) on dQ,
s =1,2,...,u. Moreover condition (3.145) is satisfied: we look for & such that
w=v—h, d"h/dt" =0on dQ,t=1,2,....k—u, and d’5h/dts = (F,s — F,)v,
s =1,2,...,. Such a function exists due to Theorems 2.5.7, 2.5.8; we have
|Alx < &, |v|k» limy—se &, = 0. The same process is used for condition (3.146).

Remark 6.6. The conditions B,;v = 0, resp. Bsv = 0, can be restricted to I', an
open subset of d€Q, without restrictions on the other part of dQ. In the previous
Example 6.4, it is sufficient to have an extension operator:

[]ﬁ WE22(A) = Iﬁwk*i*%@(ag)]

i=0 i=0

(cf. Corollary 2.5.3), or the operator from Theorem 2.5.8:
k—1 '1
TTW22a) - wh2(@));
i=0

it is possible to use the construction from Chap. 2, 2.2.5.
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Example 6.5. Let Q € M1, A, C 92, lim, .. A, = A, A, C A, A and A, open
sets. Then we have:

U:::l mz?c:n Ai=A= ﬂ:::l U;o:nAiﬂ

the spaces V,, resp.V are given by the boundary conditions d'v/dn’ = 0,
i=12,....,k—1 on A, resp. A. We have in the sense of (3.151), (3.152)
lim, .V, =V; indeed, V C V,, (3.151) is clear; concerning (3.152) we observe
that: V. C N7 U2 V.

Let v € N7°_,UZ V; then there exist v, € Ui—,V;, lim, v, = v in WE2(Q);
but if v, € UV;, we have d'v,/dn’ =0,i=1,2,...,k— 1 in NZA;. Now using the
Lebesgue theorem we have lim,, ;.. meas(A — N3, A;) =0, hence v € V.

3.6.6 Dependence on the Domain, the Dirichlet Problem

Now we investigate the dependence of solutions of our boundary value problems on
the domain. Let €, be such that lim, . €2, = Q; we always assume 2, C Q.
I. Babuska [2, 3] has considered a more general case connected with the notion of
stability of domains for the Dirichlet problem; for other results of the same type cf.
J. Kautsky [1], A.Kufner [1].

The first steps in this direction can be found in N. Wiener [1], J. Keldysh [1]. The
variational method was used by R. Courant, D. Hilbert [1], J. Deny, J.L. Lions [1].

We begin with the simplest:

Theorem 6.7. Let Q be a bounded (or unbounded) domain in RN, Q,, n=1,2,. ..
a sequence of subdomains in Q;U;y_| N2, Qi = Q. Let V(Q) = Wg’Z(Q), V(Q,) =
W(f 2(Q,); we assume the functions in V(£,) extended by zero to Q and denote V,,
the spaces of extended functions; we have V,, C'V and assume:

v eV = lim( inf [v—v,l¢)=0. (3.154)

n—eo v, eV,

Let ((v,u)) be a V-elliptic sesquilinear form, f,,f € W’k’z(!)),limnﬁwfn =fin
WR2(Q),1imy, o0 tton = g in W52(Q);u,,u are the solutions of the corresponding
boundary value problems. We extend u, by ug, outside of €2,,. Then lim,,_,eo tty, = u
in Wk2(Q).

Proof. We prove first that lim,,_,.. u, = u weakly. Indeed, if v € V, we have:

lm ((v,un — uo —u~+uo)) = Um ((v,u, —u)) = lim ((va,un)) — ((v,u)),

n—eo n—yoeo n—roo

where v, € V,;,lim, .. v, = v, by (3.154). But since

((Vﬂ,un» = <Vn7n>’ ((Vau)) = <Vaf>,
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we get:

lim ((v,un — o, —u+up)) =0.
n—yoo

Let us denote by Z* the one-to-one, linear, continuous mapping Z* : V — V
defined by:
vweV = (Z"vw), = ((v,w)),

cf. Lemma 1.3.1. We have:

lim (Z*v,u, — up, — u — up)x = 0;
n—soo

but, by definition of Z*,Z*(V) = V, hence the result follows. (It is clear that the
sequence |ul; is bounded). We can write:

}ggo((un — U, — U U, Uy — U, — U+ 1))

= lim ((up — to o — t+ Uo, ttn — )

n—soo
— i (1)) = Jim (o= 0, 1)) — T (=, 100)) + ((u = ).
(3.155)
We have:

’}gl;lo((un — UQn, un)) = nll_{l;lc<un - uO,n;?n> = <u - ”0)?>;
and finally using (3.155) and the V-ellipticity of the sesquilinear form the conclusion
occurs.

O
We have obviously

Proposition 6.3. Let 2 be a bounded domain, €, n = 1,2,... a sequence of
subdomains €2, C £ such that for every compact set K C £, there exists ny such that
n > ny = K C €, Using the notations of the previous theorem we have (3.154).

3.6.7 The General Case

Now we formulate a more general theorem; an adaptation is possible for the
Dirichlet problem and other problems.

Theorem 6.8. Let Q be a bounded (or unbounded) domain in RN, Q,, n=1,2,...
a sequence of subdomains in Q, U>_, N2, Q; = Q. Let V =V (Q) C W-?(Q),
V(Q,) € Wk2(Q,). Let us assume the existence of a sequence of extension
operators P,,P, € [V(£,) = V(Q)], |P.| < const, n=1,2,...; we denote V,, =
R.(V(2,).
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Moreover we also assume:

veV(Q)= lim(inf [v—w,x) = (3.156)

n—re vy €Vy

Let V(L,) C Q(L,), V() C Q(Q) algebraically and topologically, C5°(£2,) =
0(£,),C5(Q2) = 0(Q); let ((v,u))q,, resp. ((v,u))q be a sequence of sesquilinear
forms on Wk2(Q,)) x W52(Q,,) resp. a sesquilinear form, V-elliptic on W52 (Q) x
Wk2(Q), such that

[((mw)a,| < arlvlwee(q,)lulwezq,), (3.157)
VEV(@) = (1)), = erbli g (3.158)
vu € Wh(Q) = lgn((v,u))gn =((nu)a, (3.159)

the convergence being uniform with respect to u for fixed v and conversely.
Let f € Q'(Q), fu € Q' (). Let us assume that for v € V(£,)

[fuv = fPav] < €a|V]ye2 (@) ’}LH;SH =0. (3.160a)

Let g, € V(,)',g € V(Q)' the nonstable boundary conditions, assume that for
v e V(&)
lgnv — 8P| < & |vIwr2(q,)s lim g, =0. (3.160b)
n N—so0

Letlimy, oot , = ug in Wk’Z(Q) and denote by uy,,u the solutions of the correspond-
ing boundary value problems.

Then 1imy, 0 Py (ty — tt0.n) = u — ug in Wh2(Q).
Proof. We begin by proving that lim, . P, (u, — g n) = u — ug weakly. Let v €
V(€) and let us consider ((v, P,(un — U0 ,))) . Condition (3.159) implies

,}E];((V’P”(u” - ”‘0#)))9 = ,}L‘I}w(("v Uy — “O,n))Qn;

now if v, € V(£2,), then by (3.156) lim,,_.. P,v,, = v. Using (3.157), we obtain:

I}EEO((‘@ Un — MO,n))-Qn = r}m(("na Un — MO,n))-Qn

= lim (v, 7))+ 1im g, — (v0)) 2 = (0. ) + 8 ((v.0))

this completes the first step of the proof.
Now we use the transformation Z* € [V (Q) — V(€)], as in the proof of the
previous theorem. Let v, € V(€2,) be a sequence such that

lim P,v, = u — uyp.
n—yoo
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Using (3.157), (3.159), and the weak convergence proved above, we obtain:

;}H)rolo((un —UQn — Vn,Un —UQn — Vn))!l,, = ’}g{}o((un — UQ,ny Un — uO,n))Qn

_r}i_lggo((un - ”O.nvvn)).Q,, - }E};((an”n - ”O.n))Qn + y}gg((vn?vn))gn

= — lim ((uy — o, 0) ), + lim (u — tto,p, f,) + lim g, (1t — o)

i (P — ).~ )2 — Tim (0, Pt~ 01))
+((u—uo,u—up))o

= —((u—uo,up))q + (u—uo, f) +g(u—ug) — 3((u — uo,u — ug)) o = 0;

the last result is a consequence of (3.158). Then finally:
T [, — w0 0 = Valye2(g,) =0,

and hence
lim [P, (up — ugn —va)|) = 0.

n—o0

]

Remark 6.7. The sesquilinear forms ((v,u))q, depend on €,. This can have two
reasons:

1. The boundary forms a,(v,u) change with respect to £2,,.

2. The coefficients of the operators change, and at the same time the sesquilinear
forms ((v,u))q, on WF2(Q,) x W*2(Q,) change with respect to £2,,.

From this point of view, Theorem 6.8 can be considered as a generalization of
Theorem 6.2 and is an example of simultaneous dependences.

Remark 6.8. In comparison with the Dirichlet problem, where the extension is the
simple extension by zero, for other problems the situation is more complicated.

For the Neumann problem, consider 2,,, Q € 9%*~!! and assume lim,, ... Q, =
£ in the sense of 2.4.2. In the construction of P, we can use Theorem 2.3.9, and
we obtain |P,| <const. If lim, .. 2, = € in N*! in the sense of 2.4.2, we can use
Theorem 2.3.10 and we obtain again |P,| <const.

For other problems such as the oblique derivative, etc., in each case, where
V(Q,) =Wk2(Q,), V() = Wrk?(Q), the situation is the same.

For all other problems, where W(f 2(Q,) £ V(Q,) # Wk2(Q,), we can combine
different types of extensions.

Example 6.6. Let Q = {x e R2 32 +x3 < 1,xp > 0}, Q, = {x e R2x3 + 3 <
1 —&,x > &},& > 0,limeg, =0; V(Q) = {v e Wk’Z(Q);t?iv/&ni =0,
i=0,1,2,....k—1, for x; = 0,|x1]| < 1}, V(£,) = {v € Wk?(Q,), d'v/on’ =0,
i=0,1,2,....k—1,forx, = &, x| < (1 —g,—&2)"/?}.

We define P, by P,v =0 for x; < g,, x%+x% < 1—¢,, and we use Theorem 2.3.9.
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Example 6.7. Let €2 be the unit disc, €2, the n-sided regular polygons with vertices
on the circle 9Q; let V(Q) = {v € W?2(Q),y =0 on dQ)}, V(,) = {v €
W22(€,),v=0on dQ,}. The sequence P,, as in Theorem 6.8, here does not exist.
This is a result from I. Babuska [3]: let u, € V(£,) be such that

2
/ Y DDy dy = / vidy, vev(Q), fel}Q),
njii=2t
and u € V() such that

/922 DvDudx:/Qvfdx, vEV(Q).

Then there exists u* € W!2(Q) such that

nll_r>I°1°|Mn—u Wiz, =0, [u" —ulyr2g) #0.

Remark 6.9. If V(Q) = Wk2(Q), V(Q,) = Wk2(Q,), usually the construction of
the sequence P, satisfies the hypothesis:

AS V(Q) = lim |PnRV—V|Wk,2(Q) = O7
n—yoo

which implies (3.156).

Remark 6.10. Under certain hypotheses, it is not necessary to have P(V(£2,)) C
V(Q); it is sufficient to require P(V (£2,)) C W*2(£) and the condition (3.156) for
Vi =PV (£y)).

Remark 6.11. 1f 0Q,0€, are sufficiently smooth, sometimes it is more convenient
to transform the problems on €2, to problems on . Then we have the hypotheses
from 6.1 to 6.5.

Example 6.8. Let lim, . £, =  in MO! in the sense of 2.4.2. Given:

Y9, 0
*’jzla (”ax

((vu)a, = / <5u§; ou +bvu> dx—l—/ G,vuds,

i,j=1

(vu))a = 2/ <HU§; on +b u> dx+/ ovuds,

i,j=1

A= )+b,
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let us assume:

|6n (X, arn (X)) < c, lim On (X, arn(x))) = 0(x,,a,(x])) in sense of measure,
n—oo

and for complex numbers §;, i =1,2,...,N:
N
2“”“”;@ >2\§,|2 Reb >0, Reb#0.
ij=1

We take:
Q(-Qn) = Lz(Qn)v Q('Q) :Lz(g);

Fa €L2(Q), fELXQ),  Jim |fy = flizq,) =
Letbe g, € L*(9€,), g € L*(0Q), such that

lim g,(x),arn(x))) = g(x,a,(x))) in L2(4,), lim ug,, = ug in W'*(Q).
n—so0 n—so0
We are in the setting of Theorem 6.8; indeed: V(€,) = W'2(Q,),V(Q) =W'2(Q),

using Theorem 2.3.9 we construct the sequence P,. We have also Remark 6.9. It is
clear that (3.157) is satisfied, because the following inequality holds:

' 2 2
/MHIVI dS < caVlyiag,)- (3.161)
If n is sufficiently large, then by Theorem 2.7.4 we have:
Re (nv)a, = asVlying,), Re((m)a > elliing).

Ifvyu e WH2(Q),r =1,2,....m, let us consider:

N—1

— , _ Adrn , ;2012 .,
~ [ Bulhan () () () (14 X, (522 60)°) P a,

r i=1

E/Evﬁpdx/—/anvnﬁnpndx/.
A A

(3.161 bis)
We take v fixed, and \u|W1.z(_Q) < 1;we obtain:
lim sup /(6—6n)vupdx’ ~0. (3.162)
" ) <1]/A
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Indeed: let € > 0 and M,, C A the set such that |0 — o,| > €;
we have lim,,_,.. meas(M,,) = 0, and hence

1/2 1/2
[ 5-gblulplar <cie ([ wRad) ([ uPar)
A Cc—M, C—M,
1/2
+C5</ |2dx') (/|u|2dx> .
M,

Then (3.161) implies (3.162). Now using Theorem 2.4.5, we obtain:

lim sup /En(v—vn)ﬁpdx' =0. (3.163)
) <1 ]/A

Then it follows:
lim sup /Envn(ﬂ—ﬂ,,)pdx’ =0, (3.164)
) <1 [/A

and
lim sup /Envnﬁn(ppn)dx" =0. (3.165)
" <11/4

Indeed: we have:
—_ 1 1
’/A(O'nvnun(p—pn)dx/’ §c6(/A|vn|qu') /q(/A\unwdx/) 10— gl av-2a)

for N >3 with 1 /g =1 — 1[1/(N—1)]; for N = 2, the modification is clear; we use
Theorems 2.4.2 and 2.4.6. We must also use the property:

,}l_fgja “n‘wl-ﬁ(A) =0

for all p > 2, but this is a consequence of the fact that

’}5210|a—an|wlz 1) =0

and of ‘an|@11(Z) < const; we can use inequality (2.4.6bis), applied to da,/dx;.
Using (3.162)—(3.165) we deduce that the last quantity in (3.161 bis) tends to zero if
n — oo, uniformly with respect to |ul; < 1 which implies (3.159). (3.160a) is clear;
using the inequality:

‘/ VngnPndx’*/ vgpdx" < C7(m@(‘ann*ar|1/2|V|l|g|L2(aQ))
A A X€EA

+e1(|v]ilgn — 8li2gay +7lvIiIgnl 2 (a)lar — arnlwin s
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we obtain (3.161) with p > 4, if N =2, and with p = 4N —4, if N > 3. We must
use (2.4.6).

Exercise 6.3. Let lim, ;.. Q, = Q in M*!, V(Q,) = Wk?(Q,), V(Q) = Wk (Q);
we assume the existence of a sequence Py, |P,| < ¢, and (3.156); let us denote
0(Q,) = L%(2,), 0(Q) = L*(Q). Let A be the operator

A= 2 Di(aiij);

li].]j|=k
let us set:
(vu))q, = /Q Y aDvDluds, (o= [ 3 ayDvDluds
cEen il jl=k li].]j|=k
and assume:
o <2 o <12
(el 2 e1lile gy m, o 1Tl = el Bz m, -

Let

frz S Lz(Qn)a f € Lz(Q)’ ;}I—I)Iolo |ﬁ1 _f‘Lz(Q’l) - 0

Finally we assume:
pEPi1y= / pfdx= / pfadx=0
Q on

Let u, resp.uy, be the solution of the homogenous Neumann problem. Prove that in
Wk’z(Q)/P(k_l), lim,,_>oof’,,un =1.

3.6.8 Dependence on the Domain, Another Method

Let us come back to the case lim, . Q, = Q, V(Q,) = Wk (Q,), V(Q) =
W"*z(Q). For simplicity, we consider only the homogeneous case; let us assume
that the following sesquilinear form is given:

A(V, M)_Q = Z 5ijDiijﬁdx,
il j<k

and let us define:

A(V7M)Qu:/ z 5,’/DiVDjﬁdx;
il |l <k
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the reader can make other generalizations. We have Q(€2,), O(Q2), f, € O'(£,),f €
0'(Q). Letu, € W"’Z(Qn), u € W52(Q). We shall say that lim,, e u,, = u almost in
Wk2(Q), if

y}l_{?o |vn — M|Wk.2(Qn) =0,

this will be written as lim,, .. 1, = u-almost in  W*2(Q), if |u,, ‘Wk72(Qn) <const and
if for Q,, n=1,2,..., u, converges to u weakly.

We shall assume that f;,, converges to f in the following sense: if lim, ol =
u- almost in W52 (Q), then

Tim (. f,) = (. ), |fulg(@,) < const. (3.166)

For instance, this is the case if:

0(Q,) =L*Q,), 0(Q)=L*Q), fel*(Q), feLl*(Q),
lim |f = flp2(q,) =0-

We have:

Theorem 6.9. Let Q2 be a bounded domain, lim,,_.. 2, = Q in the following sense:
if K= K C Q, then there exists ng, such that n > ng = K C Q,. Let us assume,
that for v € Wk2(Q),

Avv)al = c1lVljes q): (3.167)

and forv € Wk2(Q,)
|A(v,v)q,| > c1|v|‘24,k‘2(9n). (3.168)

Let f, € Q'(£,), f € Q'(Q), lim,_ye f, = f in the sense given by (3.166), u, the
solution of the problem
Avyun)g, = (v Sy vEWEH(),
and u the solution of the problem
Avu)g = (v f), vewh(Q).

Then lim,,_,e. tty, = u—almost in W52 (Q).

Proof. First of all we have |M"‘W’<12(Qn) < c1. using the diagonal process we can
extract from the sequence u, a subsequence u,, which converges weakly almost in
Wk2(Q). Let u* be this limit; now we claim u = u* almost everywhere in . Indeed:
letv € Wh2(Q), we do not loss any generality if we assume lim,, .. D* Up, =D%u*—
almost in L2(Q), || < k; this is a direct consequence of lim,,_;.. up; = u* —almost
in Wk2(Q). We have:
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Av,u*)o = limA(v,u") g, = imA(v,uy)q, = lim(vjn,> = ).
i—»o0 i [—»o0 i [—oo ‘

Now we prove lim,,_;e. 4, = u strongly. Indeed: we have
.limA(u"i U Up; — “)Qn- = hm <u”i77n'> - .lim <u77n'>
i—oo b oo ! i—oo !

+UmA(u,u)q, — limA(u,,u)q
[—yoo t [—yoo

n; = O’
then the result follows from (3.168); this implies the strong convergence. Indeed: if
not, there would exist a subsequence u,, ; such that |unj — I/L|Wk.2<an) > & >0, weakly
convergent almost in Wk=2(Q). If limy oo tty; = u* weakly, then as above u* = u and
limy, et ; = u which is a contradiction. ]

We can see that for the Neumann problem, for the mixed problem, etc, €2,,, Q2 can
be very general and we still obtain the continuous dependence on the domain.

Remark 6.12. We can generalize Theorem 6.9 in other cases, for instance if we
assume the existence of a sequence of operators R, € [V(Q2) — V(2,)], |R.| <
const., such that

for S V(Q)7 r}glolJRnV - V|Wk~2(_Q,,) - O,

or it is sufficient to assume that for v € V(') there exists a sequence v, € V(£2,)
such that

nlgl;lo |V — Vn‘WkZ(Qn) =0.

Clearly we can define the continuous dependence on the domains if €2, D €,
limy,—s. €2, = €2 in some sense. For the Dirichlet problem, we have a positive answer
if W(f’z(Q) = ﬂ;-"’:IW(;(Q(Q,'); the details can be found in I. Babuska [2, 3].

3.7 Elliptic Systems

We add this section to complete and to generalize the previous considerations for
systems of equations, but the results will be not given in complete generality. We
will not return to systems in the remaining part of this book; the reasons for this
choice is due to the fact that the investigation of systems is not so developed in
comparison with the equations and the state of the art for systems is presently not
sufficient.

We follow the ideas introduced in the works of L. Nirenberg [1], J.L. Lions [4],
M.I. Vishik [1], in particular we shall give new results concerning the coercivity
which can be easily applied.

For particular questions we recommend various references given later in this
section.
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3.7.1 Elliptic Systems and Sesquilinear Forms

Let us define m x m differential operators in the form

Av= Y (-1)D(aD)), (3.169)
[i] <K |j|< s
where k., K, 1,5 = 1,2,...,m, are positive integers, ai’j- are measurable bounded

functions on . The system (3.169) is called elliptic at the point x, if for & € RV
& # 0, the determinant:

det Y (et £0,
li|=Kr,| j|=Ks

and elliptic in Q if the ellipticity property holds almost everywhere in Q.

Let u = (uj,ua,...,u,) be a vector from the product [T, W*?(Q), and
v another vector from this product; we associate the system (3.169) with the
sesquilinear form

A(v,u) = /Q ( 2 > @;Dv.D'uy)dx. (3.170)

rs=1il<wlj|<x,

Together with (3.170) we define a boundary sesquilinear form, say a(v,u), such that
a(v,u) = 0 if at least one of v,u € [T, WOK”Z(Q).
The following proposition is clear:

Proposition 7.1. Let Q € !, and

a(v,u):/(m DD Ef;gl:i’oaﬁsds, (3.171)

rs=1i=0 |o|<k;—1

with by € L*(dQ). Then a(v,u) is a boundary form.
According to Lemma 2.5, we obtain:

Theorem 7.1. Let
K= max k, QeMN® pEel”(0Q) for |a| <«
b e Cl=519Q)  for |o| -1 > 0.
If the operators

Y bis,D*

|| <rrt+xg—i—1

are at most Ks; — 1 transversal (cf. 1.2), then
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. m Kp—1 i
a(V,U)z/‘m XYY by 9Vt e, ds (3.172)

io i
= 50 o <xnio1 oM

is a boundary form.

3.7.2 Boundary Value Problems

Now we define the boundary value problem for an elliptic system; consider
Qe 9Q=uk1; (3.173a)

(except a set of zero superficial measure on the boundary), I; open disjointed sets

in 0Q2;

the system (3.169) and the associated sesquilinear form (3.170); (3.173b)

a boundary sesquilinear form of the form (3.171) or (3.172), depending (3.173c)

on the regularity of 9Q;

indices jjq, [=1,2,...,A, r=1,2,...,m, such that 0 < j,,, < x,— 1, (3.173d)

a=12,..., W, jin <jir2 <;---s< jiry,, complementary indices to i,

from the set 0,1,2,..., k.—; such that 0 < i}, < K- —1,b=1,2,...,

Ky — My, operators for [ = 1,2,... A, r=1,2,....m,a=1,2,..., 1,

ajlravr m Ks—His &ilsbvs

P =3 > (3.174)

i
s=1 b=l dn'ish,

with coefficients ¢z, Which are complex functions in general; if the sets I; are
locally (k + 1)-times continuously differentiable, the operators can be written as

ajlravr m 8‘a‘vs

=5 = Clrsab
dniira X X 06100520y, dnow’

(3.175)

ay is one of the indices ij,,; we denote V' the subset of v satisfying (3.174), (3.175);
a Banach space O, V C Q algebraically and topologically such that (3.176)
[C(2)]™ is dense is Q;
a vector ug € [11, W:2(Q), a distribution f € Q’, functionals g/, € v, 3.177)
[=1,2,...,A;s=1,2,....m; b=1,2,... K, — L, such that g;vs = 0 if
on A

Qlsbyg

dnilsb -

We set

8V = 2 2 2 8isbVs-
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The vector u € [T/, W¥2(Q) is the solution of the boundary value problem, if:

u—ug€eV, (7.8a)

and forallveV _
A(v,u)+a(v,u) = fv+3gv. (7.8b)

Now can proceed as in Chap. 1; using Green’s formula we can give a formal
interpretation of the conditions (3.178b).
Obviously we obtain, in the sense of distributions:

m
zArsus = fr,
s=1

with
fv = Zfsvs.
s=1

3.7.3 Strongly Elliptic Systems

The sesquilinear form ((v,u)) = A(v,u) +a(v,u) is called V-elliptic, if forveV
(v, V)] = v, (3.179)

where |V],, = (37, [velywr2) /2.
As in Chap. 1, we have

Theorem 7.2. For a given boundary value problem with the sesquilinear form
((v,u)) V-elliptic, there exists a unique solution of the problem, and we have the
estimate:

w2 < c[|flo + [wolyx2 + glv].? (3.180)

Remark 7.1. The definition of the Green operator and Fredholm alternative can be
obtained by the same approach as for equations, cf. Sect. 3; if ((v,u)) is hermitian,
we generalize immediately the results obtained in Chap. 1, Sect. 6.

The system (3.169) is called uniformly elliptic in €2, if almost everywhere in Q:

det T apE| 2 lgPE,

‘i‘:Kh‘jlzKS

The system is called strongly elliptic at x, if for all &€ € RV, & # 0, and for all
complex numbers N1, M2, ..., Nm,

“Here we denote W*2 = [T/, W*-2(Q).
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Re > Y a@i)&tnm, =c() Y nPIEP", c(x)>0, (3.181a)
r=1

rs=1il=x,|jl=xs

and uniformly strongly elliptic if ¢(x) > ¢ > 0.

Theorem 7.3. Assume that the operators A, in (3.169) are of order K, + K, with
constant coefficients, and the system is strongly elliptic in the bounded domain 2.
Then the sesquilinear form A(v,u) is [T, WOK[’Z(Q)-elliptic.

Proof. Let @ = (@1, ¢2,...,0m) € [C5(£2)]™; we have:

ReA(tp,<p)=Re/Q(2 > a@iD'e.D/g;)dx

rs=1li|=x,|j|=K;

1 & s it K A T
Re o [ 53 @) e) e

N . .
R [

d Kl
so [ Sieferrac=aen” [ 3 5 Hipefa

r=1|i|=xK;,

O

Let us observe that if d€2 is sufficiently smooth, the necessary and sufficient
conditions of V-coercivity (cf. Sect. 4) have been obtained by D.G. Figueiredo [1]
using a method developed by S. Agmon (cf. [1]).

By the same approach as used in the proof of Theorem 3.5, we prove:

Theorem 7.4. Let us assume: €2 bounded, the coefficients a;; in (3.169) for |i| =

K, |j| = Ky in CO(Q). If the system is uniformly elliptic for . sufficiently large, then
the form

A £ A S (o) (3.181b)

r=1

is TT™, WOKi’z(Q)—elliptic (the form A(v,u) is [T, WOKi’2(Q)—coercive).

3.7.4 Algebraically Complete, Formally Positive Forms

As far as concerns the [T, W¥-2(Q)-ellipticity of the forms ((v,u)), we have a
simple theorem:

Theorem 7.5. Let {! be complex numbers, r =1,2,...,m, |i| = k. We assume that
almost everywhere in Q € N°
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m
Re > X a@;¢ CY>CZ Y ILP e>o. (3.181¢)
=1 i|=K| j|=K; r=1lil=x;

Then for A sufficiently large, the form (3.181b) is TT", W -2(Q)-elliptic.

Proof. Indeed: we have

ke / i Y, @DVDVidr> C/ Z Sy DV, [Pdx, ¢>0;
Q

rs=Lil=x| jl=Ks r=1lil=x

then we proceed as in Theorem 4.1.

O
Let us now consider the operators
m
Nyv=> 3 D% a€l”(Q), 1=12,...h, (3.182)
s=1|o| <Ky
and the forms
A(v,u) / zszNzu )dx. (3.183)
JQ

Such a form is called V-coercive if there exists A > 0 such that forall ve V

AV, V) + A (v, v, >cZ|vs|W,Q (3.184)

s=1

If Q is sufficiently smooth, m =1, V = kaz(Q), a necessary and sufficient
condition for V-coercivity was given in N. Aronszajn [2]; for m = 1 and V more
general see M. Schechter [1, 3]; form = 1, h = 1 cf. also Sect. 5. For m > 1 cf. M..S.
Agranovich, A.S. Dynin [1], S. Agmon, A. Douglis, L. Nirenberg [2]: V =[], V;
with V; of the same type as in Sect. 5.

We consider the problem of []7, W¥i2(Q)-coercivity for (3.183) in the case
Qenol,

We call the system N;v a complete system, if the form (3.183) is [T/, WH2(Q)-
coercive.

Now we prove the following

Lemma 7.1. Let Q € %! [ an integer, f € W_l’z(.Q). Then

2
8x,~

N
|f|W 12(Q <C<Z
i=1

+|f|Wll.2(Q)> . (3185)

w-1-12(Q)

Proof. 1f 1 <0, the lemmais trivial. Let / > 0; we use the same notations as in 1.2.4.
Cy(Q) is dense in W'2(Q), and C () € W!2(Q) in the sense of distributions,
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hence it is sufficient to consider f € G5 (L2). Let f, = f@.. Forr=1,2,...,m+1,
we have obviously:

N 8fr N af
+ —I—1, S C —_— + VY .
“ ox; W 12(@) |fr|W =12(Q) 1 (Z{ o w1200y |f|W 1-12(0)
(3.186)
Let us consider first f,,+1; we have suppf+1 C Upn+1, then
& | 9t
2 amf +|fm+1|WfH(RN)
i=1 Xi W—I-L2(RV)
(3.187)

N

< CZ(Uerl) (Z

aferl

8xi

i=1

+ fm+1|w11,2(_Q)> .

w-l-12(Q)

On the other hand:
|fm+1|€V*1~2(Q) < |fm+1|€V*1w2(RN) ] /RN st (E)P(1+EPP) " dE

o [ @PA+ERA+ED 1 (5 g

i=1

2

afm+1
ax,»

+ |fm+l |‘%V1I,Z(RN)> )

W—I—l,2(RN)

hence, using (3.187), we obtain (3.185) for r =m+ 1.
Now let us put

wih) =t [ ep B E e
RN ey =GR

We choose 0 < o < a,0 < B’ < B, o — o, B — B’ sufficiently small such that U/,
i=1,2,...,m, and Uy cover Q and that ¢ € Cj(U/), i = 1,2,...,m. We choose
0 < h < a— o'. By simple computations, using the hypothesis a, € C%!(A,(«)),
we obtain a,(h,x.) € C°((0,0 — ') x A, (")), a,(h,x.) infinitely differentiable in
(0,00 — ') x A(0'), and

dlila,

i i iN-1 i
ox} Ixi ... dx | IhiN

Cs .
< >
<o Mzt (3.189)

Let € > 0 be sufficiently small such that for 0 < n < 8’

43

J /
‘ %a,(sn,xr)
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We denote K, = (0,8) x A(¢') and define T : K, — V; = {x. € A(¢(), a,(x,) <
xrn < ar(x)) + (14 2c)B'} setting:

Yo =X ar(€y, ;) + (14 co)ym = X (3.190)
We have T'(K,) DV, T is a one-to-one mapping such that the Jacobian,

dT _ Jda,

—=e—+1
dy 8h+ =+ ce,

is infinitely differentiable in K.
Ifm=0,1,...,y € C5(K,), and if we denote y (x) = y(T~!(x)), we have

X lwmavey < c1lWlymak,)- (3.191)
This result is a consequence of the following inequality which we must prove:
. DAY (T () P (eow — ()21 dx < e WGma g, s ol <. (3.192)
According to Lemma 2.3.2:
. IDXW (T~ (x)) 2 (e — ar(x)) 20 =) gy < (:9/ D%y ()20 gy,

and (3.192) follows by the Hardy inequality (cf. Lemma 2.5.1). Let us denote
f+(T(y)) = g-(y) and let us prove:

afr
8xi

9gr
3yri

>

i=1

N
+ |gr|wfl—1¢2(1<,) <cio (Z

i=1

+ |f”|wll,2(v,<)> :
(3.193)

W*l*l,Z(Kr) W7[71>2(Vr)

Indeed, if v € Wé“’z(l(r), we obtain:
agr / N dfr Oxyj 1) (d_T)—l
Ky 3yrz V/ axrj 8}’” dy
But y € W, ""(V) by (3.191) and we have as in (3.192),
8x,j dT \
dyri \ dy

Then using (3.191), with the same argument for || , &rydy, we obtain (3.193).

< cnlxlwiawy.-
WH»I,Z(Vr*)
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Let us denote M, = {y,y. € A.(a),|yn| < B’} and let A;, i =1,2,...,1+2, be
solutions of the linear system:

+2
N(=i)A=1, h=01,...,[+1. (3.194)
i=1

If —B’ <y <0, let us put

1+2

yraer Z)'lg( lra_)L.N) .

We have:
N a a
8r 8r
+[grlw-1-120,) S €12 +18rlw-1-12 .
Z{ dyri W= (my) o ) 51 oxi W-I-12(K;) o )

(3.195)
Indeed, if ve W ""*(M,),i=1,2,...,N — 1, then

8 r (9 r &2 a r 1 [7
& dy= | 25 (Ve yrn )V dy+/ ( g ( y7N)>V(y)dy

M, ayi’i K a Vri

agr , 1+2 ,
=/ 3 3 yen) (VO yew) + D Aiiv (), —ivey ) ) dy
K, OYri i—1
98r

- (yrany) (y/mer)dya
Ky OYri

where w(y) = v(y., y) +2§if Aiiv(yh, —iym); by (3.194), w € Wé“’Z(Kr) and
satisfies
Wiy, < ci3lvlwieiagg,)s

the same argument works for [, u, §vdy. Now we consider:

98r = 98r (s - 9dgr (, YN
v, 8erde7/r aer (yrver)V(y)dy+ X, (izl Taer ()%*-.) V(y)dy

3gr / / & . .
= Je v (yr,er)(V(ymer)—ZiliW(ym—ler))dy
r =

dgr (
Ky ayr

Vi YN ) O (1, yen ) dy.
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It follows again from (3.194) that w € Wé“’z (Kr) and that

|(D|W1+],2(Kr) S C14|V|W1+|’2(Mr);

these inequalities imply (3.195). The support of g, is compact in M,., hence it follows
as for fi,41,:

N

|grlw-12(,) < €15 (2

i=1

dgr
ayri

+|gr|W11.2(Mr)> . (3.196)
W7171'2(M,‘)

Obviously, we also have:

|gr|W*1~2(K,) < |gr|W*l«2(M,)ﬂ

then with the same approach as used in the proof of (3.193) we get the inequality:

|frlw2vry < &rlw-12k,)

and (3.185) is a consequence of (3.186), (3.193), and (3.196). U
Arguing by recurrence, we obtain from Lemma 7.1

Lemma 7.2. Let Q e %! f e W_Z’Z(Q)J and v integers, v > 0. Then

N
|f|W—l.2(Q) <c ( z |Daf|W717v72(Q) + |f|le,2(Q)> . (3197)

ee|=v
Now we come back to the properties of the operators (3.182). Let us put for
EeRN
Msé: = 2 aisot(x)éa-
|oe]=xs

We say that the operators (3.182) constitute at x a system algebraically complete,
it there exist positive integers v,, r = 1,2,...,m, such that for all |3| = v, + &, we
can find homogenous polynomials of degree v,,B;&,1=1,2,...,h, such that

o h
S BEN,E=EP, Y BEN&E=0, s#r (3.198)
=1 =1

Theorem 7.6. Let Q € MY aj constants and

m

NIVZZ 2 aisaD% v,

s=1|o|=xy

an algebraically complete system. Then it is complete, i.e the form given in (3.183)
is T, WX-2(Q)-coercive.
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Proof. Letv € [Cg(RN)]™, and consider for ¢ € C3(2), |y|=k, [§|= v, the
integral

/ Dv,.D?@dx.
Q

We have:

[P Dpds = o [ (EaE e

where B/& are as in (3.198). Now using Lemma 7.2 with [ =0, v = v,, r =
1,2,...,m, for any v,|6| = v,, we obtain the inequalities:

h
D" 12(q) < 1 (IDYVrlyy—v2q) + X INiV]12(0))
i=

h
S C2(|Vr|wxr—vr,2(g) + Z |N[V|L2 Q )
= Q)

For vy arbitrary with length |y| = k;, we obtain:

m m m h

2 2 2
21 |VS“2/VK:,2(Q) < 03(21 |V.Ylwx';—vs,2<g> + 21 ‘Vlez(Q) +lzi |MV|L2(Q))’
5= §= §= =

and the result follows from Lemma 2.6.1. O
Using Lemma 2.6.1 and the partition of unity given in Theorem 4.5, we prove:

Theorem 7.7. Let be Q € N1, ), € CO(Q) for |a| = &, and

m

N[V:Z z almDavs.

s=1|a|<K,

Let Ni(xo)v be algebraically complete for every xo € Q. Then the system is complete,
i.e. the form in (3.183) is [T/, W 2(Q)-coercive.

By definition, the operators in (3.182) constitute at x an algebraically complete
system, if for all £ # 0, &; complex numbers, we have:

rank(N; &) = m. (3.200)
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We have (cf. J. Necas [15]):

Theorem 7.8. Let Q € MU', Nyv as in Theorem 7.6. Then the system is complete
if and only if condition (3.200) is satisfied. The definitions (3.198) and (3.200) are
equivalent.

Proof. (a) The condition is necessary: if for & # 0, we have rank (N &) < m,
then we can find numbers by, b3, ..., b, such that X' | Nj§ -by=0,1=1,2,....h,
Zg'n:l |bs| 7& 0.

For each complex A # 0 we define uy, by u,) (x) = A~%b,e* S By (3.184), any
linear combination of uy,, say u, satisfies Y, ‘ur|%VKr-2<Q) <c X, |”’|i2(g)’ which
is not possible because the set of such u is a finite dimensional space and the identity
imbedding W*2(Q) — L?(Q) is compact (cf. Theorem 1.14).

(b)The condition is sufficient: Let us denote by A;§, i =1,2,...,7, the m x m
determinants of the matrix N;;§ and by A;,; the (m — 1) x (m — 1) associated
algebraic minors; if A,',ﬂ& is not defined, we set A,-’,lé = 0. The only common root of
A;€ is 0. By the Hilbert theorem — cf. Van der Waerden [1] — we know that there exist
polynomials P;§ such that 3.7, P;EA;E = &P, p a positive integer. If we consider
B)&E = 2}21 A;j 1&P;& we obtain (3.198) with ilp, hence (3.198) in the general case.

O

Remark 7.2. A proof of Theorem 7.8 in L” — spaces, | < p < oo, is given in J. Necas
[15].
If Q = RN, then Lemmas 7.2, 7.3 are obvious; as in Theorem 7.6 we can prove
with ¢ € C (RM)
Proposition 7.2. Let Q € RN be bounded, a5, constants,
m

N]VZZ Z alanaVs

s=1]al=r

an algebraically complete system. Then the form (3.183) is [T, WOKi 2 (Q)-coercive.

3.7.5 Examples

Example 7.1. Let Q € MO N =2, m=1, Njv=09*v/dxk, Nov = 9*v/9x&, k > 1.
Then Ny, N, form an algebraically complete system. For v € W52(Q) we have:

2
/ D |D°‘v|2dx§c1/ <|v|2+ >dx.
o<k Q

2
+

o
8x’§

P
o
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Now, let us consider a particular case, called the system of elasticity:

3

d
;Amu =—ulu,—(A+pu) o

divu, ©>0,2>0. (3.201)

We immediately obtain:

Proposition 7.3. The system (3.201) is strongly elliptic. If we consider the Lapla-
cian written in the form *2?:1 %[1%}, we obtain immediately the condition
(3.181a) for the sesquilinear form A(v,u) generated by (3.201).

In elasticity problems we use another decomposition:

d
—A=—diva—2udive,, & = (&1,&2,&3),
ox,
where vz 5
Ur Us
Es==|=—+=—). 3.202
) (axs + axr> ( )

The V-ellipticity of the Dirichlet problem does not depend on the decomposition
of (3.201). For the investigation of coercivity of A(v,u) corresponding to (3.202)
cf. K.O. Friedrichs [1], D.M. Ejdus [1], S.G. Mikhlin [3], S. Campanato [1-4]; the
inequality

3 3 2

A(v,v) > ¢y 2 2

s=1i=1

vy
8x,-

L2(Q)

is known as Korn'’s inequality.
We have for v € [T}_, W!2(Q) obviously

3
A(v,v):/Q(MdiV vP42u Y fei)?) dx. (3.203)
i,j=1

We prove without difficulty that the system g;; is algebraically complete. If we
neglect the term A div v (A = 0 is possible), we have h = 6 and

2] 1/0 d 1/0 d
vazi, Nov = ( VI+ V2>7 N3V=§( VI+ V3)7

x| T2\ 0xn | o9x ox3  ox|
o 8\/2 - 1 8\12 8V3 - 8\13
Nav = 8_x2’ N5V N 2 ((9)63 8x2> ’ N6V B (9)63.

Let us consider the case r = 1 and let us write for £ the polynomials (B &, B3¢, . . .,
Bg&) from (3.198):
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£ ~ (£1,0,0,0,0,0),
G162~ (£,0,0,0,0,0),
G163~ (£3,0,0,0,0,0),

é ~ (0,2&,,0,—-&,0,0),
6283~ (0,63,8,0,-61,0),

& ~(0,0,2&,0,0,—&)).
Then we get:

Theorem 7.9. If Q € MY, then the sesquilinear form (3.203) is H?:l Wi2(Q)—
coercive.

If we solve one of the elasticity problems, for instance: given V, a closed
subspace in [W!2(Q)]?, we look for u € V such that for all v € V,

(Vtaﬁ) fieLz('Q)a

Mw

A(v,u) =

i=1

where A(v,u) is given by (3.203); then it is sufficient to apply the Fredholm
alternative. We find a finite dimensional subspace H C V and the solution exists if

3
z hrafr h:(hl7h2;h3)> heH.

If this last condition is satisfied, the solution is unique if we require:

3
Z(hr,u,) =0forheH.

r=I1

We recover well-known results, cf. S.G. Mikhlin [3].

Let us observe, that for Q € 99! the results obtained by S. Campanato [1, 2] are
a consequence of Theorem 7.8.

We close this chapter with a result of L. Nirenberg [1].

Example 7.2. LetN =2, m =2,k = 1, kK, =3, L;,M,L3,M3,N, operators with
constant coefficients of orders indicated by the indices. Let us define:

*u
Ay = —Auy + Ly + =+ Lo + Ay,
x5 ’
2*u; 3
Aou = ——4 — ONuy + Msuy + NoMyuy + Aus.

dx
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Using these operators we define the following corresponding sesquilinear form:

ov; 9u,  Jdvy du v %u v, du
A(V,u):/ ( ! 1+ 1—l—|—v1L1u1——l—2—|—v1L3u2—|— 2 !
Q

ox1 9x1 | dx; Oxa dxz Ox3 EER)
(931)2 83ﬂ2 83\12 83ﬁ2 83\/2 83ﬁ2 83\12 83ﬁ2
dx} dxi  dx3 Ix3 0x39x; 0%x10x2  ~ dx19x3 9x19%x,

+M§V2ﬁ1 —|—N§v2M1u1 —|—Iv1ﬁ1 +7,V2ﬁ2) dx;

the system is strongly elliptic, moreover it is easy to see that A(v,u) is W!?(Q) x
W12(Q)-coercive, for instance if Q € M. A delicate problem is the computation
of ki, k>. Let us observe that the term —d*u; / 8x‘2‘ in A “corresponds” to k; = 2.






Chapter 4
Regularity of the Solution

In Chap. 3, we have found the solution for a large class of problems. Here we
adapt the difference method, used by L. Nirenberg [1], E. Magenes, G. Stampacchia
[1], J.L. Lions [4], N. Aronszajn [1], M. Schechter [2, 4] and others to prove the
smoothness of the weak solution inside of the domain if the coefficients and the
right hand side of the equation are smooth; moreover we introduce the concept of a
very weak solution; cf. S.L. Sobolev [1], M.I. Vishik, G. Fichera [3-5], J.L. Lions
[4],J.L. Lions, E. Magenes [1-3, 5-8], E. Magenes [3].... and we prove for the very
weak solution some regularity theorems. The Green kernels are a particular case of
very weak solutions, cf. L. Schwartz [3], J.L. Lions [4]. For questions concerning
the regularity of solutions cf. also K.O. Friedrichs [2].

For other references cf. also: S.Agmon [2], S. Agmon, A. Douglis, L. Nirenberg
[1, 2], M.S. Agranovich [1], M.S. Agranovich, A.S. Dynin [1], M.S. Agranovich,
L.R. Volevich, A.S. Dynin [1], Ju.M. Berezanskii, S.G. Krein, Ja.A. Rojtberg
[1], S.N. Bernstein [1], M.S. Birman, T.E. Skvorcov [1], FE. Browder
[3-5, 7, 8], R. Cacciopoli [1], A. Douglis, L. Nirenberg [1], A.S. Dynin [1],
V.V. Fufaev [2], ILM. Gelfand [1], G. Geymonat, P. Grisvard [1], D. Greco
[1], L. Hormander [2, 3], F. John [1], J. Kadlec [2, 3], A.J. Koshelev
[1], O.A. Ladyzhenskaya [1], Ja.B. Lopatinskii [1], E. Magenes [2, 3, 5],
B. Malgrange [3], N.G. Meyers [l], C. Miranda [3], Ch.B. Morrey jr,
L. Nirenberg [1], A.L. Mullikin, K.T. Smith [1], J. Necas [9], L. Nirenberg
[2, 3], J. Peetre [1, 3], Ja.A. Roitberg, Z.T. Sheftel [1], P.C. Rosenblum [1],
E. Shamir [1], M. Schechter [3, 5, 7-10], L.N. Slobodetskii [1-4], V.A. Solonnikov
[1],[2]1, S.L. Sobolev, M.I. Vishik [1], B.Ju. Sternin [1], Z.T. Sheftel [1], M.I. Vishik,
B.E. Shilov [1], A.L. Volpert [1], L.R. Volevich [1].

In this chapter, we also consider the behaviour of the solution in a neighborhood
of the boundary. We use the compensation method of N. Aronszajn and we prove
that this method can be used in all problems considered in Chap. 3.

We obtain also results concerning boundary value problems for properly elliptic
operators and boundary operators satisfying a covering condition, cf. Chap. 3,
Sect. 3.5. The reader will find the references for this topic in Sect. 4.3.

J. Necas et al., Direct Methods in the Theory of Elliptic Equations, 197
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8 _4,
© Springer-Verlag Berlin Heidelberg 2012
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4.1 Interior Regularity
4.1.1 Regularity of the Weak Solution

Let us consider u € Whkr(Q), p>1,Q c Q, Q c Q. Let |n| < dist(&[),ﬁ/),
denote A1) = (0,...,0,h,0,...,0) € RN: i.e. the coordinate on the i-th place equals A,
the other coordinates are zero. Let us denote Aju = (u(x + h ) — u(x))/h.

Lemma 1.1. Let Q' C Q, Q' bounded, dist (39,5/) > 0and |h| < dist (92,2,
u € WoP(Q). Then

‘A;'I|Wk’]vl’(!2/) < C|”|Wk‘p(g)7 (4.1)
IMIMM—QZ =0. (4.2)
h—0 8x,» Wk_|,p(Q/>

Proof. Without loss of generality, we can assume C=(Q) = W5?(Q); if not we

replace 2 by a subdomain Q* C Q, with 8_9* smooth, such that C=(Q*) =
WP (Q*). We use Theorem 2.3.1. Let u € C*(€2). We have:

) 1
Alu(x) = j;’ (x+hOr)dr.

Let o be a multi-index such that |ot| < k— 1. Then

1 T9D%y - D%y P
(D)
/Q , /0 { E (x+h'"r) o (x)} dr| dx
1 oD%y » oD%, |P
< (UM
< /0 dr /Q A on (x+h'"t) o (x)| dx,
hence
. dD%y , oD% . |P
i o o < (1) — .
/Q/ A D%u— —'D u dx / dt/g/ 8x, h\t) Py (x)| dx

(4.3)
By a limiting procedure, we obtain (4.3) for u € W5?(Q), and Theorem 2.1.1
implies (4.2). The proof of (4.1) can be done in the same way. [l

Theorem 1.1. Let Q be a bounded domain, A an operator from 1.2.1 with the
associated sesquilinear form A(v, u) W(;c 2(Q) —elliptic. Assume that the coefficients
a;j of A belong to C%'(Q). Let us consider f € W *112(Q), and let u € W*?(Q) be
a weak solution of Au = f, i.e. in the sense of distributions (cf. Remark 3.2.1). Then
for each subdomain Q' C Q' C Q, u € W1L2(Q") and the following inequality
holds:

|M|Wk+l,2(g/) < C(Q/)(‘u|wk.2(g) + |f|W—k+1.2(Q)). (4.4)
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Proof. Let Q' c Q" c Q" c Q, y € C7(Q") be such that y(x) = 1 forx € Q. Let
us denote w = yu, § > 0 sufficiently small such that if |4 < & then x+ A(9) € Q,
1<t<N,forxe Q' Let Qc Wé"z(Q”). Then

Alp Afw) = [ ¥ a@;D'oD’ (Afw)dx
@il ljl<k
= [ 3 @047, (000D ds @5)
lil,]j|<k

-3 aSa,mp et - KDl

Moreover,

— [ Y @A, (D (9(x)y()DIu) dx + 11 (9, u) (4.6)

where I} (@,u) is a sum of terms of the following types:

/QaAthi(ijﬁdx, li| <k, |j|<k—1, aecC™(Q), (4.7)
or
/aDi(ijﬁdx, i<k |jl<k acC"(@), (4.8)
Q
or
/QaAthi(ijﬁdx, i|<k—1, |j|<k, acC(Q). (4.8bis)

We integrate by parts and transpose (4.7) into (4.8 bis). Then Lemma 1.1 implies:
11 (@,u)| < c1|@lyrzo) [ulwez () (4.9)

moreover (4.5), (4.6), (4.9) lead to
(9, AFw)] < cal|@lysaay iz + 1 flw 120 [@lpiaig)-  (4.10)

We can choose & sufficiently small such that Afw € Wé‘ 2(Q"), thus by (4.10)
and by the W(;c ‘2(.Q)-ellipticity of A(v,u), taking ¢ = Afw, we obtain:

|Apwlye () < e3(lulyraiq) + [ Flw-r12(q))- (4.11)
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Due to Lemma 1.1 limj,_,o Afw = dw/dx; in WE=12(Q); the theorem follows by
(4.11) and by Proposition 2.2.4; we take T =1,2,...,N. (Il

In L. Nirenberg [1] we have with more restrictive hypotheses:

Theorem 1.2. Let Q be bounded, A the operator from 1.2.1 such that A(v,u)
is Wé"z(ﬂ)—elliptic. Let us assume that the coefficients a;; € C%'(Q), o =
max(0,]i| +1 —k —1), I > 0 an integer, and f € W*2(Q) such that D*f €
W1L2(Q), |aof <1—1. Let u € W2 () be a weak solution of the equation Au = f
in Q. Then for all subdomains Q' C Q' C Q, u belongs to W<2(Q") and the
inequality

|“|W’<+1‘2(Q/) < C(Q/) (‘M|W’<12(Q) + Z |Daf|Wfk+1,2<Q)) (4.12)

lor|<i—1

holds.

Proof. We proceed by induction on [: if [ = 1, we have the hypotheses of Theorem
1.1; let us assume that the theorem is proved for [ — 1, [ > 2, hence we have the
inequality

|M|Wk+1—1,2(gu) < C(Q//)(|M|Wk,2(ﬂ> + Z |Daf|wfk+l4,2(g)) (4.13)

laj<l—2

with -, .,
QcQ' cQ cQ.
If € C5(R2), 1 <t <N, then
0 Ja 0
Alose) == [ 3 SUpepiadc— [ 3 @ 5Ppimax
Q

9.5
X oxzr X
T lil,|jl<k @il |jl<k T

f(&xr) 1(9)-

If || <1—2, we have:

/ ‘;"” D*FipD/ndx.
il |jl<k 9XT

Let us consider [, %D“”(ijﬁdx. In case |a +i| < k— 1, we do not change
this form. If |& + i| > k, we can write it in the following way

/ (%% ot pigdy = / DB¢D7<%DW) dx,
Q Q d

ax'; Xt
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where |B|=k—1,|y| =|a+i|—k+1<I—14]i|—k; then by (4.13) I(¢) satisfies
the hypotheses of Theorem 1.2, playing the role of the right hand side for the case
I—1and Q". Then du/dx, € WKH=12(Q"). O

Remark 1.1. Theorems 1.1, 1.2 give local results. For £2 we can take a subdomain
of the given domain where the weak solution should exist.

Exercise 1.1. The results of Theorems 1.1, 1.2 hold if the sesquilinear form
A(v,u) + A(v,u) is Wok ’2(!2)-elliptic for A sufficiently large.

Obviously we have:

Proposition 1.1. Suppose f € W*12(Q),1 > 1 an integer. Then f satisfies the
hypotheses of Theorem 1.2.

Remark 1.2. 1f | = k, Theorem 1.2 implies that u € W?*2(Q"). The equation Au = f
holds almost everywhere. If / > k + N, Theorem 2.3.8 implies that u € C**(Q) and
hence u is a classical solution of Au = f.

4.1.2 Regularity of the Very Weak Solution

Let us consider an operator A as in 1.2.1 with coefficients in C*! (ﬁ) K > 0 integer.
Let us consider f € W**-1.2(Q). The distribution u € W*~1-%2(Q) is called
a very weak solution of the equation Au = f if Au = f holds in the sense of distribu-
tions, i.e., for all ¢ € C3(Q), (A*@,u) = (¢, f).

Theorem 1.3. Let Q be a bounded domain, A an operator as in 1.2.1, with a;j €
C*1(Q), k > 0 integer. The form A(v,u) is Wé"z(Q)-coercive (cf- 3.4.1), moreover
we assume a;; € C%'(Q), o; = max(0,|i| +1—1—k), I >0 an integer. Let us
consider f € W "X"142(Q) and let u € W*=*=12(Q) be a very weak solution of
Au = f. Then for each subdomain Q' C Q' C Q, we have u € Wh=K=1+12(Q") and
the following inequality holds:

|M‘W1<—K—I+I,2(Q/> < C(Q/)(|u|wk—x—l,2<g) + |f|W—k—K—]+l‘2(Q>)-

Proof. Letus consider s =k -+ 1 andletw € W(f ’2(9) be the solution of the equation
(—1)*A’w = u; by Theorem 1.2 we have w € WK$2(Q"), Qcaca'car
v € Wph?(Q"), then we obtain:

(v,Au) = (v,(—1)*ADSW)

=(=1" [ [ Y aDvD/( Y DY (A,5(D%W))] dx,
Qi jl<k Iyl=[3|=s

with A,s # 0 only for y =&, Ay = s!/y!. We have
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B(v,w) = (— / Y @;D'vD!( Y, DY(Ay/(D"W))]dx
lil,]jl<k I7l=s
—/ Y @ijAy DD/t dx
il | <klyl=s

+ / (Y cuwD"vD'W)dx,
Q//

|| <k+s—1
|v|<k+s

where cyy € co (@), oy = max(0,|u[+!—1—k—s). But forv e Wgﬂg(ﬁ”)
and A sufficiently large we have:

Re / Y Y G;jAy DDy dx
lil,[j<k|vl=s

+/’L0 o ‘% |DYV| )dx>C1|V|Wk+52 @y

and according to Lemma 2.6.1, the form B(v,w) is W(f +S’Z(Q” )-coercive. We apply
Theorem 1.2, and obtain:

|W|Wk+x+l,2(Q/) < (Q/) (‘W‘WkH,Z(QII) + |f|W—k—x—l+l.2(Q//))

/ (4.14)
< CZ(Q )(|f|W*/\'7K71+/,2<Q) + |M|Wk7;c7|,2(g>),

where (—1)*A*w = u which gives us the assertion of Theorem 1.3. O

Let A be an operator with infinitely differentiable coefficients in Q. Let v €
2'(Q) be such that Av = f in Q. The operator A is called hypoelliptic in Q
if £ € C(Q) implies v € C*(£). Each distribution is locally in W~"2(Q), cf.
L. Schwartz [1, 2], hence Theorem 1.3 implies that every Wé"z(Q)-eHiptic operator
with coefficients in C*(£2) is hypoelliptic. The converse is not necessarily true, the
heat operator is also hypoelliptic.

If A has constant coefficients, we have a necessary and sufficient condition for the
hypoellipticity, cf. L. Hormander [1-3], where also the case of variable coefficients
is considered. For elliptic operators with coefficients in C*(€2) it is well known that
they are hypoelliptic, cf. L. Schwartz [3]; for these questions cf. also B. Malgrange
[4], A. Friedman [1], F. Treves [1].

Following Hilbert we can ask whether the solution, being a distribution, is
analytic in the case where the right hand side f and the coefficients of A are analytic;
the answer is positive if A is elliptic, cf. for instance F. John [1]. In the papers of
C.B. Morrey, L. Nirenberg [1], E. Magenes, G. Stampacchia [1], the analyticity of
the solution is considered in a neighborhood of an analytic boundary.

We will end this section with the following theorem (cf. J.L. Lions [4]):
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Theorem 1.4. Let Q be bounded, A elliptic in Q, with coefficients in C*(Q), f €
C=(Q), u € W2(Q) the weak solution of Au = f. Then u € C*(£).

Proof. Since A is elliptic it can be written as in (3.51); A*A is uniformly strongly

elliptic in £, hence also W(;{ ’Z(Q)-coercive. We can apply Theorem 1.3 and 2.3.8.
O

4.2 Regularity of the Solution in the Neighborhood
of the Boundary

4.2.1 The Second Order Operator

To give the reader the fundamental idea, we consider the case of a second order
equation and of the Dirichlet problem; then we shall prove the general case.

Theorem 2.1. Ler Q € M1,

A=Y (-D)IDi(a;D)), a; €™ (Q), feLl*(Q), wucW*?(Q),

lil,1jl<1

where the form A(v,u) is Wol’z(.Q)—elliptic. Let u € W"2(Q) be the solution of the
Dirichlet problem Au = f in Q, u—ug € WOI’Z(Q). Then u € W*2(Q) and:

lulw22(0) < c(|fl2i0) + [uolw22(q))-

Proof. We use the notation 1.2.4. Let us set w = u — up; w solves the Dirichlet
problem Aw = f — Aug in Q, w € WO]’Z(Q). Let us denote w, = weo,. If r=M +1,
Theorem 1.1 implies:

Wrtilw22g) < e[ fl2iq) + luolw22())- (4.15)

Now let us consider 1 < < M. The function w, solves the Dirichlet problem Aw, =
12 .
for+grnwr € Wy (Q), with

18112y < e2(Ifli2(0) + luolw22(0))- (4.16)

Using a linear mapping we transform the coordinate x into (x,,x,y); the
Wo1 72—e11ipticity of A(v,u) does not change if the coefficients are in C%!(Q).
Without loss of generality, we can assume that the system (x.,x.) coincides
with the original system. Let K be the prism defined by: |y;| < ¢t,i =1,2,...,N—1,
O<yy<PBandA={ycRN yy=0,|y| <a,i=1,2,...,N—1}. We define the
mapping T : K — V, by:

x,r = y:’a XrN = YrN Jrar(ylr)' (4.17)
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T is one-to-one, regular, with Jacobian equal 1, the first derivatives of T are
lipschitzian in K. It follows from Lemma 2.3.4 that w,(7(y)) € WOI’Z(K). The
operator A is changed to A, with A(v,u) WOl ’Z(K)-elliptic, with coefficients in
C%(K).In K we have:

gWr:gr+f(Pr7 (418)

where

A=Y (-1)Di(@a;p).

lil,|j1<1
After the mapping T we denote the functions w,, g,, f¢, by the same symbols, for
simplicity. Let us remark that supp w, C KU A. We use the same approach as in
Theorem 1.1 with h(?), T = 1,2,...,N— 1. Let us denote f, = f¢,, then:

IDaWV|L2(K) < C3(|fr|L2(K) + |gV‘L2(K)) (4.19)

for
|| =2, a#(0,0,...,0,2).

From Theorem 3.4.5 it follows that (g, 02) 7 0 in K. Then (4.18) and (4.19)
imply inequality (4.19) also for a = (0,0,...,0,2). O

4.2.2 The Regularizable Problem

Now we consider the general case for an operator of order 2k. We define the
regularizable problem in Q as follows:

The boundary d€ is sufficiently smooth (the smoothness will be (4.20a)
specified later). '
There is given an operator A of order 2k with the associated
sesquilinear form A(v,u) and the boundary form a(v,u), with (4.20D)
sufficiently smooth coefficients.

There are given boundary operators By, s = 1,2,....Uu, U >k
written as in (1.34a), (1.34b), i.e.: let u be an integer, 0 < u <k,
asetofindices jy, s =1,2,...,4,0< ji < jo <+ < ju <k—1;
this set can be empty, in this case we write 1t = 0. We denote the
complementary indices by i, t = 1,2,....k— U, i1 <ip < -+ <
ik—y; 0 <ir <k—1.Then
s
= 2 hsaDaa

By=—+—
’ nts .
a ‘O(‘S]X

where A, are sufficiently smooth,
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olol

- — 7
001900,?...00\" ' Inm

o

where (o,n) are the local coordinates as in 1.2.4 with n = —1, (4.20c)

oy is one of the indices i;. The space V is defined as usual by:
V={eWht(Q),By=00n0dQ,s=1.2,....u}.

The sesquilinear form ((v,u)) = A(v,u) + a(v,u) is assumed to be

V-elliptic. (4.20d)

The problem is given by conditions (3.15f)—(3.151), with the

boundary conditions sufficiently smooth. (4.20¢)
We prove similarly as in Lemma 1.1:

Lemma 2.1. Letu € WEP(RY); (RY = {x € RN, xy > 0}). Then

|Agutlyiro@yy < clulyrr @)@y

du

dxr

A;uf

lim
h—0 kal‘p(R[i)

We recall that for u, ¢ € Cg (RM):

A ()9(x) = Afu(x)@(x+ 1Y) + u(x)Afp(x), (4.21a)

/]R (Afu() p(x)dr = - /IR u(x)AT, () dx. (4.21b)

Let [ > 1 be an integer. We say that the boundary value problem (4.20a)—(4.20e)
satisfies k + [ conditions of regularity or that it is (k+I)-regularizable, if:

Q e LT (4.224)
a;; € C%N(Q), oy =max(0,|i| +1—k—1),
. (4.22b)
a(0,0,...0)(0.0,...04) € W7(Q),
the coefficients b;, of the boundary sesquilinear form belong to (4.22¢)
ClHH=k1(9Q) for |ot| —k > 0, and to C'~1-1 (92) for |ot| —k < 0, e
the coefficients A, of the boundary operators B belong to (4.22d)

Ck—js-H—l,l(&Q),



206 4 Regularity of the Solution

the right hand side f of the equation belongs to Q' and if [ < k
then
sup vl = [f] <o (4.22¢)

VeV Vlypk—12(q) <1

fork <llet Q C L*(Q), f € W*2(Q), |flyi-k2(q) = If]-

ug € WHH2(Q), (4.22f)
gi, € WiT1/2H=k2(9 ), (4.22g)

Remark 2.1. The hypotheses (4.22a)—(4.22g) are almost the same as the necessary
conditions implying that the solution belongs to W*/2(Q). We can make other
refinements. Briefly, the conditions (4.16a)—(4.16g) are satisfied if €2, the coeffi-
cients and the data are sufficiently smooth. This is the case if Q € M™, a;; € C~(Q),
big € C*(dQ), hyy € C*(9Q), the form ((v,u)) is V-elliptic, f € C*(Q), ug €
C*(Q), gi, €C(0Q).

Lemma 2.2. Suppose Q € W1 ¢. € WHK—i=1/22(9Q), hy € L™(9RQ). Then
there exists a mapping:

H .
T e |:HWl+k71571/2,2(aQ) —)Wl+k’2(9):|7
s=1

\

such that T(gj,,8jys---+8jy) = U0, Bso = gj, s =1,2,... L.

Proof. We follow the same method as in the proof of Theorem 2.5.8: We are looking
forug € WH:2(Q) such that dsug /dn's = g on dQ, s =1,2,..., 14, d''ug/In" =0
ondQ,t=1,2,....k—pu, dug/dn' =0on dQ, i =kk+1,...k+1— 1. Clearly
we have B,uy = gj,, which gives us the assertion of Lemma 2.2. ]

4.2.3 Lemmas

Let us consider open sets G; as in 1.2.4, with the same notations as in this section,
and denote V; = {v € V, supp v C G;NQ}. We use the mapping T defined in (1.35),
T:Ki — G, =GiNQ. We set: 2(T(y)) =z2°(y), V* = {v € WE (K. ), v(y) =
o(T(y)),0 € V;}. If v € V°, let vo € V; be such that (ve)® = v; we set f°v = fV,,
gve = g°Ve. If u € W2(Q), we define for v € V* : ((v,u®))* = ((ve,u)). We have
the following lemma: 0

Lemma 2.3. Suppose the boundary value problem is (I + k)-regularizable, let u
be the solution; for all v € V® : (vu®))® = f v+8°v — ((vuf))®, where for v,u
Wk’z(lﬂ), we have:

(ar=[ (3

lil,1j|<k

—e iy < 7o OV, /
a;;D'vD u)dy+/A Y Y big=-D%|dy;

i=1|o|<2%k—i—1 Iy
(4.23)
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a;]- e %! (Ky), o; defined in (4.22b),
b, € ClUFHRIAY  for o] —k >0,
be, € C7VYAY for ol —k<O.
We have v € V® < v e Wh2(K, ), suppv C KL UA,

aJiv R a‘a|v
Wh a2 TN

where oy = iy for well chosen t,h3, € CK=IsTI=LI(A). If v € V*, then |((v,v))*] >
C|V|Wk,2 K+)

Proof: We must take into account the fact that up to order < 2k+ /[ — 1 the
derivatives of T (resp. T~!) are lipschitzian in K (resp. in G ). O

Now we give two lemmas concerning the “compensation”. We denote, for 0 <
€ <min(o,7):
Ve ={veV® suppv C Kc UA},

where
Ae={yeRY,yy=0,ly| <o —e,i=12,....N—1},
Ke={yeR |y|<a—gi=12,....N—1,0<yy <y—&}.
Lemma 2.4. Let us consider |h| < (1/2)e, 1 <t <N — 1. Then there exists Z} €
[Ve — Wh2(Q)(K..)] such that for all v € V;? (Afv — Zfv) € VS r<ec

S,’

Proof. Setting

.
S

Vs B 2 h‘ D

ol <

we have
= Y Arhi(x)D %y(x+h).

lee|<Js

We extend v(x) by zero to RY and use the operator Z defined in Theorem 2.5.4:
k=1
c [Hkalfl/Z,z(A) N Wk,Z(K+)] '
i=0

Letusset ¢, =0on A, @;, = B;A}fv,z,fv =Z(¢0,@2,...,—1). Let y € C3(RV)
such that supp ¥ C K, x € Ag = y(x) = 1. and let us set:

Ziv=wyZv. (4.23 bis)
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Now Lemma 2.5.5 implies the assertion. U

Use (4.23 bis) to define Z} forv € W*2(K) with supp v C K U A, and denote
Wie = {ve WK2(K.), supp v C K UA,}. We have:

Lemma 2.5. Let us assume that the boundary value problem is (I + k)-regu-
larizable. Then the operator Z defined in (4.23 bis) has the following properties:
ZZG[W]H_,J@ 4>Wk+[~170]7 u=0,1,...;/—1,

andlimy,_,0Z; = Z§ in Wiipe = Wirnol- If v € Wi e, then for o] < p1, oy =0

ziD% =Y DPZi,v, (4.24)
Bl <o

where
Zpp € Weipe — WrHPL2 (k)

and lim;HoZ}fﬁ = Zgﬁ in this space. Let us consider |ot| < L — 1, 1| an integer,
1 <1 <N — L If|h| is sufficiently small, v € Wiy 2¢ then

ZpAMv="Y AlDPygv+ Y DPI v, (4.25)

1BI<|c] IBI<|or
with
Yg e [Wk+#’2£ — Wk+\/3|+1,s’]a £ >0,
Iy € Wi oe = Wieripl o]
and in this space limy,_,oI g, = Ip.

Proof. First, let us prove (4.24) for |a| = 1; the general case can be proved by
induction: letbe i <N — 1, and

dv ~; dv .
ZﬁxZWZZWZII/Z(WO,II/l,...ka—O with  y;, =0,

i 3 B s ),

|| < Yi

o J
o, i = Vis py A}f&—xihsa(x)Dav(x+h(T)),

o] < s

We have:

I IdPe1) _ 0
Z(a_Xi»..., aXi >8_xl-z((p0’“.’(Pk_1)7
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thus,
7 wiffv—wz(uo His-. 1) with ;. =0
haxi axi h ) geeey Mk—1 it )
d
M= X Aflo—hsa(x)D*v(x+h?).
lorl < !
This implies:
dv d oy ~
Z'f&_x, = a—xiZ;fV— a—xiZ;fV— WZ (o, M- -5 Hiy )
and (4.24) follows. O

Lemma 2.6. Given a (k+1)-regularizable problem, let y € Cg(RN) with supp x C
K. UA. Then there exists a mapping R € Wy ¢ — Wi o] such that for 0 < p <1—1,
R € Wispe — Wirpo) forve Ve, Re [VENWEH2(K ) — WHHTL2(KL)], and
such thatv € V? = yv—Rv € V*®, and forv e Wy e, sSuppRvCM CM C Ky UA.

Proof. 1f v € Wi letus set ¢;, =0, @; = Bs(vy) on A, and let v € G5 (R") such
that supp v (RN — Ky —A) = 0, with x € supp y = v(x) = 1. Let us set Rv =
VZ(@o, @1, .., Q1) where Z is as in Lemma 2.4; clearly R satisfies the hypotheses
of Lemma 2.6. (]

As in Lemma 2.5, we prove:

Lemma 2.7. Under the assumptions of the previous lemma and if v € Wiy e, 0 <

u<l—1,l|o| <u,on =0, we obtain:
RD“v= Y DFRgy (4.26)
1BI<|el
with
R € [Wiyiple — WIPL2 (kL)
and

supp Rgv C N C N CK,UA.
Now we prove a lemma about density:
Lemma 2.8. The space V* NW*2(K ) is dense in V*.

Proof. Letv € V*®; we extend v to K using (2.48); v € Wk*z(K), supp v C K. Now
using the regularizing operator we construct a sequence v, € C=(K),

lim,, .. v, = vin W&2(K). Let M be an open set such that suppv C M C M C K.If n
is sufficiently large we have supp v, C M; consequently BSv, € wkti=js=1/2.2 (A)
and lim,, .. B®v,, = 0 in W&=/s=1/22(A) hold. Applying Theorem 2.5.6 and assum-
ing w, € WH2(K, ) such that

'
— =B%v,, s=1,2,...,U, Wn _
oy $ V!
YN YN
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we have lim,,_,.. w, = 0in W52 (K,.). Moreover, let y € C3 (K) be such thatif x € M,
then y(x) = 1. Denoting ®, = yw, we have

3’ w, . " w,
i DsVm P
vy Iyy
on A, lim, .. @, = 0 in W*2(K ). Finally, if we set u, = v, — ®,, we obtain u, €
VeNnWk2(K,) and limy, e u, = v in WR2(K,). O
Also we get

Lemma 2.9. Let g€ W'/22(A), A= (—1,1)N"1 Ay p = (=1/2,1/2)N"1. Then

sup [(A5v.8) < clglyinagay,  |hl<1/2.

<l,supvaA1/2

My1/224<

Proof. Letbe K = A x (0,1), g € W'2(K) such that g(x',0) = g(x’). By Theorem
2.5.6 we can find g such that [gly12(x) < c1[gly1/224)- Let T be the mapping as
in Theorem 2.5.6, i.e. T is an extension operator, T € [W!/22(A) — W12(K)], let
@ € C5(RY) be such that x € Ay, = @(x) = 1, supp ¢ C KUA; forv e wi/22(A),
let us set Zv = ¢@Tv. Denote Zv = v. Now we have:

0 dg av
T / o T _ T T
/AAhvgdx = /K—aXN (Afvg)dx = /KAhv(x) I (x)dx+/KaXNA7hgdx

and the result follows from Lemma 2.1. O

4.2.4 Lemmas (Continuation)

In K; we define functionals F; and G; of the following type: Fj(v) is a sum of
integrals of the form [y D%vhdy, |oo| <k—1,ve WkX(K,), h e WikHel2(g )
forl —k+|ot| >0,h € L*(K:) for | —k+ |o| < 0, and G;(v) is a sum of integrals of
the form [, D*vhdy', |ot| <k—1,v € Wh2(K ), h € WIK+H1/2+1al2(A) supp v C
KL UA.

We prove now:

Lemma 2.10. Given a (k+ [)-regularizable problem, and with the same notation
as in Lemma 2.3, let y € C3(RN), supp y C K. Then forv € V*:

(v, wy))* =7 (0 = Rv) +8° (v = Rv) + Fi(v) + G (v) + (Rv,u®))*, - (4.27)

if we assume w = u® —ug € Wk+l’l=2(Kg), € > 0. Here F;,Gy, are the functionals
defined above and R is the operator defined in Lemma 2.6.
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Proof. Let v € V, then it is easy to see that ((v,wy))® — ((vi,w))*® is a linear
combination of the following terms:

/K ayDvDPwDIgdx,  ptq=j, g >1, (4.28)

+

/ a; DPqulewdx p+q=i, |q>1, (4.29)
o v

/bzaa_DpWqudsv pt+tqg=a, |CI| > 1, (430)
—e 8 v3 l// .

/b,agnp SDOTAS, prq=i, gl > 1. 4.31)

Let us consider (4.28);if |i| <k—1,as |p| <k—1, (4.28) is of type F}. If |i| =k, by
integration by parts, we obtain:

: . > > a
/ as, DD DI dx = / ay, VDI D ey — | Dy (@}, DPwDIP)dx.
K A Ky Xt

Here n; = 0 for T < N — 1, ny = —1. The first integral on the right hand side is
obviously of G;-type, the second is of Fj-type.

The integral in (4.29) is obviously of F;-type.

The integral (4.30) is clearly of G;-type: if |p| < k— 1, we see it immediately, if
|p| > k, we integrate (|p| —k+ 1)-times by parts, which is possible because D¥ is at
most (k— 1)—transversal. After this integration we have our assertion.

Concerning (4.31), everything is clear if |¢¢| < k — 1: the integral is of G;-type; if
|| >k — 1, we integrate (|ot| — k+ 1)-times by parts and obtain the result.

Let us observe that everywhere we have used Lemma 2.5.5.

We have now:

((vy,w?))* = (0w —uo)) = (vw,u*))* = (¥, 45))"
= (W —Rv,u))* + ((Rv,u*))" = (W, 15))"
=" (V% — Rv) + 8% — Rv) + (Rv,u*))* — (v, u5))"-

We see, without difficulty, that ((viy, ug))* is a sum of integrals of F; and G;-type.
O

4.2.5 A Modification of Lions’ Lemma

We give here a lemma playing the role of the “Lions’ lemma”, so called in
E. Magenes, G. Stampacchia [1]:
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Lemma 2.11. Foru,v € Wk’z(lﬂ), suppose we are given the sesquilinear form:

[vu] = / Y ﬁijiij udy,
K il 1<k
with a;j smooth as in (4.29), azoo - 0K)(0.0,.04) c Wl+k—1,oc(K+),. we assume also

that [v,u] is W(;{’z(lﬂ)—elliptic. Let F e W 2(K,), u € Wh2(K.,) be such that for
all v € C5(K) with suppv C K; UA,

[V’ u} = <V>F>v (4.32)

and that D%u € L*(K..) for |a| < 1+k a # (0,0,...,0,l +k) = a!*. Then u €
WKHL2(K, ) and we have the estimate

|ulwiriz g,y < c(supp u) (|F |y w12k, )+ > ID“ul 12 k.y)
o] <l+k a0l Tk

= c¢(supp u)M.

Proof. Let us prove, first, that for |B| <1 —1, |i[,|j| <k, ¢ € C5 (K1),

/K Di+ﬁ(prﬁdy‘ < aM|@lyr12k,)- (4.33)
|
Indeed, for j+B+i—i#pY, [i—i] <1,

/ D*PoDiady = (—1)BH1 [ Dippith+i-igdy,
Ky K,

hence we have the result in this case. We must now consider the term

[+k—1)

D"V op*“ 5 dy.

Ky

From (4.32), we get:

—e (I+k—1) (k) __
/K+ @y (0) ) D” @D* Wdy‘ < eaM[@|yr12k,)- (4.34)

But@ o € WH1=(K,), thus (4.34) implies:

Da(1+k—1)
Ky

e (k) _
(@ .10 9)D" wdy\ < esMlye12(K.).
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According to Theorem 3.4.5, we have a° e ( ) # 0 in K, hence a* o6 P is

an isomorphism of and onto Wk L 2( K.); thls implies (4.33). Now we can apply

Lemma 3.7.2; for pedagogical reasons, we use again the same argument but from
another point of view. Let us set for yy < 0:

2k+1—1 N
u(ylvyN): z lI’M(y/777)7
r=1
where the numbers A, satisfy:
2k+1—1 1\
> A,(——) =1, h=0,1,....2k+1-2.
r

r=1

Now we consider the sesquilinear form

(vu), = E DivDidy, vEW(f’z(K).
K
li|=k

We have for || <1—1,ve Cy(K):
‘(Dﬂv,u)k‘ < MVl - (4.35)

Indeed: the term
/ DB vDiﬁdy
K

can be estimated as (4.33), if B +2i — i # B!). Now we consider the term

/ Dﬁ(,+k_l)vDﬁ(k>ﬁdy.
K

We get:

(I+k— I) (k) _ (I+k—1) (k) _
/DB (', yn)DP u(y’,yN)dy:/K DP v(y',yn)DP (' yw) dy

k-1
3 DG ) (‘) pPa!, =) dy

K,r r

2k+1—1 k—1
(I+k—1) (20+k—1) 1
= <DB v ov)— Y, DP vy, —ryn) A, (——) >><

Ky r=1 r

(k) _
x DPTa(y ) dy.



214 4 Regularity of the Solution

Now if we set:
2Uetl-1 1 22
oy, yn) =v(Y,yn) Z Ar (——> vy, —ryn),

we obtain @ € WkH : 2(K+) and

, k-1 k—1 3
D oy ) = DBy ) — Z ;L( > DBy ),

r

hence (4.35) follows. With u € W*2(K), we are in the framework of Theorem 1.2.
O

4.2.6 A Fundamental Lemma

Now we prove a lemma which will play a fundamental role:

Lemma 2.12. Let us define a sesquilinear form on W*?(K ) x W*2(K,):

'y
[v, u] / a; D’vD/udy—i—/ 2 Yy, b, ——D"udy
K i) 1<k i=0 |ot| <2k—i—1 Iy

with coefficients satisfying

a;; € %K'), oy =max(0,i[ +1—k—1), a00,0,...1)(0,0,..k) € witkle=(k.),
bS, € ClF=RLAY  for o] —k >0, bt € CV(A)  for || —k < 0.
Moreover we assume that forv € V*®

[v,v]| > cl“’lévkl(lq)' (4.36)

Let F be a functional on W5 (K ,),

|Ot\ Sl—l,VECSO(K+)

sup |[FD%v| < M, (4.37)

<1
\V\kal.z(,q)_

andfor [o| <1—1, 0y =0, T<N—1,v € Wy g0

sup  |[FDYAfv| <M. (4.38)

‘V‘Wk,2<K+)§1
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Let u € V® be such that v € V® == [v,u] = Fv. Then u € W*"2(K ) and
|l yicer2 e,y < c(supp u)M. (4.39)

Proof. In this proof we use induction with respect to /. Let [ = 1. For 7 =
1,2,...,N—1,v e V®, we have:

v, Aju] = —[ALv,u] — D Afhﬁf»j(y)Div(y—h(T))Djﬁdy
K i<k
AN A7 50 02 (o WDy s
> X ALDO) (=)D ady. (4.40)
A =0 || <2k—1—i Y

Let |h| < € and Z} from Lemma 2.4 such that Z} € [Wise — W*?(K,)] and for
v E Vs, Zfv— Afv € Wy 3¢. Let X7 be an another compensation operator such that

for |h| <& X[ € [Wize — W5 (KL,

forve Vs, Xiv—Alve V.
We have for || < €,v € V3,

AL vul =[A%,v—X"vul + X5 vul = F(AT,v—X"v)+ X5, vul.  (4.41)

Moreover
(v, Afu—Zfu) = [v,Aju] — [v,Zfu] (4.42)

and if we put v = Afu — Z[u, it follows from (4.36), (4.40), (4.41), that
ci|lAju— Z,fuh%vk,z(&) <M|Aju— Z/f”|wk~2(1<+) +co|Afu— Z,fu\wkﬁz(,q) lulyra(k, )

and hence
|[Apulyia g, ) < ca(supp u)(|ulyez g, ) +M). (4.43)

As a consequence of Lemma 2.1, Proposition 2.2.4 and (4.43), we get:
ID%ul2 ., < es(supp u) (lulyiae ) + M), o =k+1La#a®. (4.44)
On the other hand, using Lemma 2.11 and (4.36) we deduce:
|”|Wk+1»2(1<+) < c(supp u)(|”|wk~2(1<+) +M),

and our lemma is proved for [ = 1.
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Assuming that the lemma has been proved for [ > 1, we consider the case [ + 1.
We have again (4.40) and set:

/ Z Afhﬁ;j (y)D'v(y — hm)Djﬁdy—i—
K il Jil<k

5 A%, Dt Lid — W ND%hdy =1
2 Z —h ioc(y)a H 8 )D%udy’ = Iv.
A =0 || <2k—1—i YN

If ®=Aju—Zju, |h| <&, we obtain @ € Vy,; for v € V3, and by (4.40), (4.42),
we get

v, 0] = [v,Aju] — v, Zju] = —F(A%,v — X*,v) — X5 v, u] — Iy — [v, Zfu]. (4.45)

Let us denote: Fjv = —F (A", v—X",v). We have limy, 0 Fj,v = F1v, v € Wy 3¢, |F1| <
c7M. Indeed: if we consider FAT,v, then by (4.38) [FAT,v| < M|v|yk2(g, ). On the

other hand the set of v € C“(f+) with supp v C Kz¢ U A3z, is dense in Wy 3. (cf.
Lemma 2.8), and we have:

av
ImFAY, v =—;
h—0 7hv a.xT

then
%irr(l)FAfhv =Fy forve Wz and |B| <M.
—

Finally, using Lemma 2.5, we obtain;

lim Fthv = FXOTV.
h—0

The functional F; satisfies (4.37) with [ and M;F; satisfies (4.38) with [: it is

sufficient to consider again v € C*(K ), supp v C K3¢ U Ase, and we obtain:

d
T T
|F]DaAh11V| S ‘FDag_xTAhll 1%

+[FXGD AV < (M +c5)[v]yro g, y;  (4.46)

this is a consequence of (4.38) applied to F and of Lemma 2.5.
Ifve Wk,}sa then
lim [X®,v,u] = F3v; (4.47)

h—0

due to Lemma 2.5, F3 satisfies the hypotheses (4.37), (4.38) with

‘ sup F3DaA;fV| < ClO|M‘Wk+l.2(K+)- (448)

VEWitjal.eoVlyk2 g ) <!
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Moreover if v € C5' (K4 ) then F3D%v = 0. We obtain (4.48) considering integrals of
following types:

S , — 9
/ aD'D*AfvD'udy, / b—D"AfvDPrdy
Ky A dyy

with [if <k, [j| <k I <k—1,|B] <2k—1—1, By <k—1,a,b are smooth as ag;,
by, for [+ 1. By successive integrations by parts with respect to y’ the first integral
can be rewritten into the following form:

/KDyvAth’l(EDjﬁ)dy with [A[ 4]+ 1<k |y <k,
X

which is possible. The second integral will be treated similarly.
We can use the same method to obtain the existence of

lim v =Ipv, lim[v,Zfu] = [v,Z5u] = Fav, v € Wy 3¢,
h—0 h—0 ’
with the conditions

sup D% < cutlulyeiag, ), el <11, (4.49)
VECT (K )i Vlyr125, <1

sup ‘IoDaA}fv| §C12‘M|Wk+1,2<1(+)a |O¢| Sl—l,aN:(). (450)
VEWitjal 3e: M2, ) <1

According to Lemma 2.5 we obtain the condition:

sup |[D°‘AgV,Zgu]| < cl3|u|Wk+’~2(K+)a |OC| <[l-1. (4.51)
VEWefaf 3eo Mk ) <1

If # — 01in (4.45) we obtain for v € V3:

d
[‘% 8_u — Zgu] =Fiv—Fv—Iy— Fyv. (4.52)
Xt
But 9
a_; —Ziue vy,

and Fy — F3 — Iy — Fy is a bounded functional on Wy 3¢ satisfying (4.37), (4.38), thus
we get:
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but Zfu € WF2 (K, ), and we have:

du k+1.2
I e W (K4 )

and the following inequality:

d
’Da_“ < c(supp u)(|ulyriizy +M), |o] <k+L.
Ixelppx,) .
Now we apply Lemma 2.11 and Lemma 2.12 is proved for [ + 1. O

4.2.7 Regularity of the Solution in a Neighborhood
of the Boundary

Theorem 2.2. Let us consider a boundary value problem satisfying the conditions
of (k+1)-regularity. Then the solution u is in W*2(Q) and we have:

k—u
|ulwiriz) < c(|flor + 1|+ [uolwrriz o) + > \8in Ly +1/241-k2(9.2) )
=1
where
If] = sup |fv] for 1<k,
1

VeV, Plyk-12(q) <
and | f| = |f|yi-x2(q) for | = k (here we assume Q C L2(Q)).

Proof. Using Theorem 1.2, we have u € WF:2(Q') for Q' ¢ Q' € Q and the
estimate

lulwisiz g < et(Q)(Iflg +1£D)- (4.53)

First let us apply Lemma 2.3 and then Lemma 2.10; we obtain using the notation
introduced in Lemmas 2.3, 2.10 and 2.6, forv e V*,

(nwy — Rw*))* = 7" (5 — Rv) + (v — Rv)

(4.54)
+Fv+Gpy+ ((Rv,u®))® — ((v,Rw*))*.
We claim: if u® € Wk+“_1’2(K+), 1 < p <, then the right hand side of the last
equality (4.54) satisfies the hypotheses of Lemma 2.12 where u is in the place
of [. Let us consider 7’(vW—Rv); if ] <k, f* is defined on the closure of V* in
W*=12(K ). By the Hahn-Banach theorem we extend f* to W*~/2(K, ) with the
same norm. Letv € C5(K.), |ot| < o — 1. Then

FOWMW =7 Y DP(Wv). wpeC(RY).

1BI<lel
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We have the estimate:

£ (DP (wpv)| < crlDP (Wgvlyi-rz, ) < calvlyir2k, )

which implies (4.37) with ¢,. If [ > k, we have:
;O ) = [ DPWpnrdy feW K
+

integrating by parts (|| —k+ 1) times, if || —k+ 1 > 0, we obtain (4.37) with c3.
Let us assume v € Wjy|q 0, |0| <  — 1; first let us consider the case k—1 > 0.
We have:

WD ARy =Y f(DPATW, ), wp € CE(RY),
IB|<| et

v, bounded in C5 (RY) for || sufficiently small. Then we have:
[f* (WD Apv)| < calvlweak, )- (4.55)
If k— 1 < 0 we obtain (4.55) with another constant.
We must consider the terms f*(RD*A[v), |o| < u — 1; according to Lemma 2.5
we finally have:

|f*(WD*Ajv — RD*Afv)| < CS|V|Wk>2(K+)' (4.56)

Now we consider the term g°* (viy — Rv); we have:

(VTI—RV),gt>, g € Wi’+1/2+l_k’2(A).

Let us consider v € Wi 40, IB] < pu—1,1<u <I. By the same method as above
we must estimate terms of the following type:

9 o'
DﬁA}f(Vxl))gI% < i Dﬁ(VX2)78r>7

(— ,
vy Iy

21, %2 € C (RY) with supports in K. Let us consider for instance a term of the first
type. If i, +1—k <0,

d

—DPAF(vy)

Iy

is bounded in W(;c =il 2"Z(A) and independent on A, hence (4.38) holds with

M< C6|gz|wi,+/+1/sz‘2(A).
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Ifis+1—k>0,|B|>i+1—k+1, we integrate by parts [ + i, — k+ 1 times and
arrive at the same situation as above. If || < is+1—k+ 1, we integrate by parts
|B| times. If k — 1 > i; we are in the previous case; if k — 1 = i;, we apply Lemma
2.9. With the same approach we estimate the term of second type: finally we obtain
(4.38) for g*(viy — Rv), with:

k—p

M <c; 2 |gt‘W1+i,+1/sz(A).
t=1

Concerning F;,G;, we obtain the conditions of Lemma 2.12 for u <[ after
integration by parts, and using Lemma 2.9 if necessary. Finally we have:

M < C7‘u|wk+u—1,2(1{+).

In the same way we estimate the term ((Rv,u®))®. We must take into account Lemma
2.7. For the term ((v,Rw*®))® we use Lemma 2.6, i.e.

RE [V.ka+u7]7£ _>Wk+lvl70]7 ‘LL Sl

Then we have the estimate of all terms.
Now let it = 1; then

[RW* lyei120xc,) < es([ulwiak,) + lHolweaii, )

Let us set ® = w*y — Rw®. According to Lemma 2.12, we get @ € W**1:2(K., ) and

k—p
|a)|Wk+z.2(K+) < C9(|f|Q/ + |f| + |M0‘Wk+1,2(9) + z ‘gi,|wit+l/2+l—k,2(ag))~
t=1

Then we deduce (4.48) for [ = 1. We apply again Lemma 2.12 for (4.54), with 4 = 2;
this finishes the proof of Theorem 2.2; it is sufficient to take y(y) = 1 in K¢, with €
sufficiently small, for each G;. O

4.2.8 Strong Solutions

Lemma 2.7 can be interpreted as a property of regularity for w, the solution of
a boundary value problem. It is interesting to observe that the boundary conditions
do not play any role in the results.

Exercise 2.1. Let V be a closed subspace of W?(Q) such that

e l.wehave: p € C5(Q),veV = 9veV,
e 2. using local coordinates y, v € V® —> A,fv € V*, with h sufficiently small.
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Prove Theorem 2.2 directly. Compensation and regularizing operators are equal to
Zero.

Theorem 2.3. Let us assume that the boundary value problem satisfies for | > k
the (I 4+ k)— regularity conditions. Then the equation Au = f is satisfied almost
everywhere in Q, and all boundary conditions are satisfied in the sense of traces:
we have Bgu = Bgug = gj, on 0Q, s=1,2,....0, Gu=gj, t =1,2,....k— L on
0Q, where the operators C; are the operators obtained by formal interpretation in
1.2.6.

We have the converse: let u € WE2(Q) be an arbitrary function such that
Bau=gj,s=12,....0, Gu=gi, t =12,....k—t on dQ,Au= f in Q. Then
u is the unique solution of the corresponding problem. Altogether, the operator
(A,By,Bs,...,By,

C1,Ca,...,Cr_y) is an isomorphism of WHL2(Q)) onto

WIk2(Q) x WEH=-122(9 Q) x ... x Wi =1/22(9 )

Wi1+1/2+17k’2(a.(2) N Wik—lv‘+17k+1/272(a_Q)_

Proof. Using integration by parts, which is perfectly justified here, we have by
Green’s formula:

Kell i
vev, ((vu)) = /Qvﬂdx—i—/(m 12? %md& (4.57a)
On the other hand,
_ k—p Jlty
veV,  ((hu) = /Qvfder/aQ ; S gnds. (4.57b)

If we use ¢ € Cj'(£2), we obtain:

/ (Au—f)@dx =0, hence Au= f almost everywhere.
Q

If v e V, we have

k—p airv -
/8!2 Z{ P (Cu—g;)dS =0.
Now let @;, € Wk—i=1/22(9Q), v € W*2(Q) such that 9 v/dn" = ¢@;, on dQ, 1t =
1,2,...k—u, and B;v =0 on dQ, s = 1,2,...u. This is always possible: indeed
we must have d/sv/dn’s — Fyy = Bgv = 0; if we know dv/dn't we also know Fyv,
and we have Fyy € WK—7is=1/22(9Q). According to Theorem 2.5.8, there exists v €
Wk2(Q) such that 9 v/dn' = @;,, /v /dn's = Fyv. It follows that C;u = g;, on dQ.
Using again Lemma 2.3, the proof is complete. ([
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Remark 2.2. Tt is possible to give a precise interpretation of nonstable boundary
conditions also for kK <[ < 2k. In some sense we have

Cu — gi in Wl—k+i,+1/2,2(aQ)’

cf. J.L. Lions, E. Magenes [5].

The solution u € W?52(Q) of a boundary value problem for an operator of order
2k is called a strong solution.
We have the following lemmas:

Lemma 2.13. Let V C Q C L*(Q), V a closed subspace of W*?(Q), Q a reflexive
Banach space. Then the functionals of type < v, f >, f € L*(Q) are dense in Q'

Proof. If we assume that the conclusion is not true, there should exist v € Q, v # 0,
such that

FeX(Q) — / vfdr =0,
Jo
which is impossible. U

We prove analogously the following:

Lemma 2.14. Let s be an integer, 0 < s < k— 1, Q € N>, Then the functionals of
nype (n.8) 90, § € WSH122(9Q) are dense in Wit1/2752(9 Q).

From Theorem 2.3.1 we deduce that if Q € M°, W?52(Q) is dense in W*?(Q);
consequently we have:

Theorem 2.4. Suppose we are given a 2k-regularizable problem, Q a normal
Banach space as in Lemma 2.13, G the Green operator from 3.3.1. Then G is the
continuous extension of (A,By,...By,Cy,...Cr_y )~ introduced in Theorem 2.3.

Remark2.3. 1f | > N/2 + k, the solution of an (/ + k)-regularizable problem is
in C%*(Q); this is a consequence of Theorem 2.3.8. The solution is the classical

solution. If I = oo, u € C*(Q2).

Remark 2.4. Condition (4.20d) can be replaced by the V-ellipticity of ((v,u)) +
A(v,u), A sufficiently large. If Q C L*(Q) algebraically and topologically, the
conclusion of Theorem 2.2 follows with

k—p
|u\Wk+l.2(Q) <c(flg +IfI+ |u0|wk+l.2<9) + Z |gitlwi,+]/2+l—k,2(ag) + |M|Lz(g)).

=1
(4.58)
Exercise 2.2. Prove (4.58).
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4.2.9 Local Regularity in a Neighborhood of the Boundary

We prove a theorem concerning the local regularity in a neighborhood of the
boundary.

A boundary value problem is (I + k)-times regularizable in a neighborhood
of a point 'y € dQ, 1 > 1, if there exists a neighborhood of G-type, cf. 1.2.4,
containing y and such that 9 N G can be described by a function from C***%1(A),
the coefficients satisfying the conditions of (I + k)-regularity in Q NG, on dQ NG
respectively, with f € Q', and for [ < k and v € V such that suppv C GNQ,

sup S =[f] <o

Myk—12(9nG) S

forl >k,
QCLZ(-Q)a | flwi-r2 (QNG) =|[f] <eo.

Concerning ug, we assume uy € Wt12(Q N G), and
gi € Wit+1/2+lfk,2(aQ N G)

We have

Theorem 2.5. Let u € W52(Q) be a solution of a problem (I + k)-regularizable in
a neighborhood of y € dQ. Then for every compact subset K C GN Q, we have:

k—p
|M|W’<+"2(K) < c(K)(|flg +If1+ |”0|wk+/2 onc) t 2 |ie 17241~ ~k2(9QNG)*

=1

The proof is the same as in Lemma 2.8 proving that the functions w, = wy,
belong to WK:2(Q).

4.2.10 Dependence of the Solution on the Coefficients

In relation with theorems proved in Sect. 4.2, there are many open problems; in
some sense the situation is the same as in Chap. 3, Sect. 3.4.

We shall prove a theorem concerning the dependence of the solution on the
coefficients a;j, bjq, hso and on f, g, gi,-

Theorem 2.6. Suppose we are given a sequence of (I + k)-regularizable problems,
1 > k. We assume:

B a]s Z h
sV — - soc a
onk A
glol

D% =

do ... doy" ' dog’
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where oy is one of the indices i; (the indices js, iy don’t depend on v), v =

1,2,... We assume that lim\Hmagjv> =ajj in C%(Q), oy = max (0, |i| +1—k—1),

hmV—ma,(»(‘;;i(h) = a0 in WEH12(Q), Timy e bg) = big in CIUH1=K1(9 Q) for
la| >k and in C'=11(9Q) for |a] < ki limy_whl¥) = hyg in C<=11(Q).
Finally we assume that lim, ... f) = f in W"52(Q), limvﬁwgﬁ.:) =gj, in
Wi=is=1/2(9Q), and limy_w g") = g, in Wi+1/24-k2(9 ).

it
Then if u") ,u are the solutions of the corresponding problems, limy . u'¥) = u
weakly in W2(Q), and limy e uY) = u strongly in W'12(Q).

Proof. Ifv>vy,veV,,wehave |((v,v))v] >ci |V|%Vk‘2(_o)’ where ¢ does not depend
onv.IfveV, [((vv)) > cz|v|€vk>2(g). In Wk2(Q) x Wk2(Q) we have uniformly:
Tim ((v0))y = ((10)

henceif v > vy, veV,
2
|((Va v))"’ > 5|V|‘2/Vk,2(g)~ (459)

Suppose now v € Vy,. There exists w € V such that
|V — W|Wk.2(g) S dV|V|Wk~2(Q)7 ‘}gl;lcdv =0. (459b15)
To prove this, it is sufficient to verify:
|(Bs - st)V|Wk7js—1/2.2(aQ) < 8V‘V|Wk.2(g>7 ‘l/ii%gv =0;

thus let @ € W**(€) be a function such that 9" @/dn" =0 on 9Q, 1 =1,2,...,
k—u, 5 @/dn’s = (Bg — Byy)v. Using Theorem 2.5.8 we can construct a function
such that

I
|@lya(g) < 3 X |(Bs = Bov)Vlypi-is—1122(50)-

s=1

We obtain (4.59 bis) from (4.58), (4.59), withw=v—w, Vv > v > vy, v € V,:

(6} 2
(] = Z e
According to Theorem 2.2 for v > v, we have:

luvlwiri2q) = callfvlwir2q)
u k—u (460)
+ z ‘gjs|Wk+l—j5—l/2.2<aQ> + Z Ig,; ‘Wi[+l/2+l—k.2(ag))«

s=1 s=1
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We have limy .. uy = u weakly in W¥-2(Q). If not, there would exist a subse-
quence uy, such that lim, .. iy, = u* weakly, u* # u. Due to the compactness of the
imbedding of W*+12(Q) in W =12(Q), lim, . uy, = u* strongly in WX =1.2(Q).
Clearly, we have Bu™ = g ;.. Let v € V be L; as above we can find vy € V), such that
limy .. vy = v strongly in W*2(Q). We have:

((vysuv))y = (vo, fu) + 8y

we deduce, _
(™)) = (v.f) +3v,
thus, by uniqueness of the solution, u = u* and this is a contradiction to u* # u. O

Theorem 2.3 gives us the existence of a classical solution of the boundary value
problem satisfying all the given conditions. We can formulate the following:

Problem 2.1. Find all the boundary value problems such that there exists
a sequence of 2k-regularizable problems whose solutions converge, in some sense,
to the solution of the initial problem.

We have seen in Chap. 3, Sect. 3.6, the possibility to construct such a sequence
regularizing the domain, coefficients, and data. This is for example the case of the
Dirichlet and Neumann problem.

Example 2.1. Let N =2, Q atriangle, A= A%+ 1.Letusput f =0,V = W??(Q),
gv=v(xo), where x is a vertex of the triangle Q. Let u € W22(Q) be such that for
allv e W22(Q):

/ 2% d%u 2%y ou n 0%v 9%u i) de (x0)
B e T A Y 7 =v(xp).
Q 8)@ 8x% 0x10x3 dx19x 8x§ 8x% Y 0

There exists a unique solution to this problem; due to Theorem 3.2.1, and according
to Theorem 2.5, we have using the same notation as in Chap. 1, Example 1.2.15 on
the sides of the triangle, except the vertices, Mu = 0, Tu = 0. We have also Au =0
in Q. It is easy to see that a weak solution u is not determined by the values of non-
stable boundary conditions on smooth parts of the boundary d€2, u being smooth
almost everywhere.

4.3 Boundary Value Problems for Properly Elliptic Operators

4.3.1 The Operator A Properly Elliptic, B; Cover A

The boundary value problems defined in 3.2.3 represent a large class of problems
related to phenomenas in physics.

We can formulate and solve boundary value problems in the framework and with
the hypotheses given in Sect. 3.3, Chap. 3. We shall prove particular results found
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in M. Schechter [2, 4]; we don’t try to give a complete overview. For completeness
we add some results and also some algebraic lemmas, cf. M. Schechter [2, 4], N.
Aronszajn, A. Milgram [1], G. Geymonat, P. Grisvard [1]. For d£2 in any dimension
we refer to cf. B. Ju. Sternin [1]. For simplicity here we assume that €2 and the
coefficients are infinitely differentiable.

Example 3.1. Let Q be a domain in M, N =2, f € LZ(Q) and let us find u €
W#2(Q) such that A%u = f almost everywhere in Q, u = du/dn* = 0 on 9Q.
This problem cannot be solved by the variational method and a decomposition in
two auxiliary problems Au = v, Av = f does not work. On the other hand A? is
properly and uniformly elliptic; indeed, for two linearly independent vectors &, 1,
we have:

)28 +mm)* (& + )+ (S + )t = (G +Tm)*+ (& +1m)?),
this algebraic expression has two roots, each with multiplicity 2,

= Sim+&m+i(Gm —51772)7 - _Sim A &m —i(Gm —&ima).

ni+n; ni+n;

The operators B; = 1, By = d3/dn? form a covering of A%: we can change
coordinates, the Laplace operator is invariant, and we can take & = 1, 1; = 0,
& =0, n, = 1. By trivial computation the result follows.

It is natural to formulate the problem in following terms: Let 2 € 91, A =
2‘[‘§2kaiDi a uniformly elliptic operator in €, with coefficients in C*(Q). We
assume A properly elliptic in Q. Suppose we are given operators of order m, <
2k—1,5=1,2,...,k By = 3| q|<m, bsa D* with coefficients in C*(d€2) covering A.
Moreover assume f € L?(Q), g, € W*=~1/22(9Q). We are looking for u €
W?2k2(Q) such that almost everywhere in

Au=f, (4.61a)
and on 02 in the sense of traces
Bsu = gs. (4.61b)

Before finding sufficient conditions for the existence of a solution, let us observe:

Proposition 3.1. Consider a 2k-regularizable problem in the sense of the definition
in 4.2.2, N > 3. Denote by By,Bs,...B;,C1,C,...,Cyy a system of boundary
operators. Then the operator A considered is properly elliptic in Q and the
boundary system covers A.
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Proof. By Theorem 2.2 we have the following inequality:

U k—p
|“|W2k-2(.Q) < C(|f|L2(.Q) + Z |gjx‘W2k—.i:—1/2-,2(ag) + Z |gif|W2k—ir—1/2-2(ag))7

s=1 t=1
(4.61bis)
thus the result follows from Theorem 3.4.5 and Remark 3.5.2.! O

In some sense we can see that the new definition of boundary value problems is
a generalization of the definition from 3.2.2.

4.3.2 An Existence Theorem

A system of boundary operators By, s = 1,2,...,k, of orders my; < 2k — 1, By =
Y| <m, sa D is called normal if for s # r one has mg # m, and if ¥ ¢, bsan® #0
forx € Q.

A normal system is called canonical if there exist indices 0 < j; < jo < -+ <
Jx <2k — 1 such that in the local coordinates from 1.2.4,

s = - Z bY(XDav
ath ‘algms
where
" pld .
D oo o g TSRk
Let By, B, s = 1,2,...,k, be two systems and of boundary operators; we say

that these two systems equivalent if for u € W*2(Q), Bju =0 <= Biu =0, s =
1,2,... k.

Lemma 3.1. Ler By, s = 1,2,...,k be a normal system. Then there exists another

canonical normal system B}, s = 1,2,...,k, equivalentto By, s = 1,2,... k.

Proof. Without loss of generality we can assume mj < mp < --- < my; By is
not characteristic with respect to the boundary, since it contains the coefficient
ad™ /dn™ , a#0on dQ. We set Bf = (1/a)B). Let us assume that we have already
constructed B, B3, ..., B}; the operator B, is not characteristic, hence we can write
in local coordinates:

(1/ ) am,—H Z N a|a\
a)Biy1 = 5,—— I+1,0 = )
at . [ot|<my 861061 ,,,.aoﬁzllﬁtow
a#0ondQ.

'As in Theorem 3.5.4 we prove that (4.61 bis) implies A properly elliptic for N > 2. Thus
Proposition 3.1 holds for N > 2.
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Using Bj,...,B; we compute d* /dt*®N for oy equal to one of my,m,...,m; and
we obtain B .

It is easy to see that all hypotheses of Lemma 3.1 are satisfied for B7,...,Bj
obtained in this manner. O

Now, let B, s=1,2,...,k be a normal canonica_l system, Q € N”, u,v €
WH*2(Q),Bjy=00n9Q,s=1,2,...k,A= Yjij<2k @iD' properly elliptic, with coef-
ficients in C*(£2). By Green’s formula, we obtain with A* = Z‘i‘gk(—l)“'Di(ai):

— L A — —
VvA*Audx = ——BlAu | dS+ / AvAudx, 4.62
/Q 20 (,221 onke ! ) Jo (4.62)

where the numbers (I, are complement to the set of numbers my,mo,...,m; with
respect to the set 0,1,2,...,2k— 1.

At the same time let us define the “adjoint” problem: find v € W?*2(Q) such
that we have almost everywhere in €2,

Av=g inQ, gcl?*Q), (4.63a)

Bv=0 ondQ, =12k (4.63b)

Let us set
N={ucW*?(Q), Bu=00n0Q, s=1,2,....k, Au=0in Q},
N*={veW?2(Q)Bv=00ndQ, 1 =1,2,....k, A"v=0in Q}.

Theorem 3.1. Let us assume N* = {0}, this corresponds to the uniqueness of the
solution of Problem (4.63). Hence (4.61) has a solution for each f € L*(Q), gs = 0.
The space N is finite dimensional and the solution u of (4.61) is defined modulo
a linear combination of functions from N. If we choose u such that

(vu)=0, VEN, (4.64)
then u is unique and we have:

|”|W2k-2(.(2) < C|f|L2(Q). (4.65)

Proof. 1f the system By, s = 1,2,...,k is not canonical, we can construct an equiv-
alent canonical system, thus we assume B canonical. Due to Theorem 3.5.3, if
A is big enough, the sesquilinear form [, AvAudx+ A [, virdx is V-elliptic with
V={vewk2(Q),By=0,s=1,2,....k}. Let f € C3(Q); we want to find
u € W*2(Q), u € V such that for v € V, [, AvAuidx = (v,A* f); this means that
A*Au = A*f in Q, Bau =0 on dQ, s = 1,2,...,k and formally B/Au = 0 on
dQ,t=1,2,... k. This problem is selfadjoint, and by Theorem 3.3.1 or Theorem
1.6.1, the solution exists if and only if (v,A*f) = 0 for all v such that Av = 0.
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But if v is such a function, by Theorem 2.2 v € W*2(Q) and by Theorem 2.3
the conditions BjAv = 0 are satisfied in the sense of traces. Let us set Av = h,
so h € N*, i.e. h=0. We have v € N, and (v,A*f) = (Av, f) = 0. Moreover we
have Au — f € N*, hence Au = f. Now we choose u such that (4.64) is satisfied.
We can say that for f € C5(£2) (4.65) is true: Assuming the converse, there exists
a sequence u, € W*?2(Q), lnlyara gy = 1, such that Au, = fy € G5 (€2), Byt = 0
on d€2,1 > n|fu|;2(o)- Now by Theorem 3.5.3, we have:

ltnlwar2 (@) < 1| ful (@) + [unl2(q))- (4.66)

By Theorem 3.6.1 we can extract from the sequence u, a subsequence converging
to u in L2(Q). As a consequence of (4.66) lim, .1, = u weakly in W?52(Q);
moreover we have Au = 0 in Q and Bsu = 0 on dQ2, hence u € N and u = 0 by
(4.64) which is a contradiction.

Let now f € L?(22); as Cy(R2) = L*(Q) the result follows by continuous
extension. t

Corollary 3.1. Let the hypotheses of the previous theorem be satisfied and suppose
also g € WH=ms=122(9Q), f € L>(Q). Then there exists a solution u of (4.61);
Au = f in Q, Bsu = g; on dQ, which is unique modulo a linear combination of
functions from N. If u satisfies (4.64), u is uniquely determined and we have:

k
|M|W2kr2(Q) é C(|f|L2(Q) + 2 |g5‘W2k*ms*1/2.2(aQ))~ (467)
s=1
Proof. From Theorem 2.5.8 it follows that we can construct uy € W*2(Q) such that
Bgup = g5 on 9 if we set 0"sug/dn™ = gson dQ,s=1,2,...,k, d*uy/dn* =0
on dQ, t =1,2,...,k, cf. (4.62). The problem can be solved as a homogeneous
problem with right hand side f — Aug. (]

Remark 3.1. In the paper of S. Agmon, A. Douglis, L. Nirenberg [1], it is proved
that problem (4.61) in the Dirichlet case has a unique solution if N = {0}. The
converse is also true: if the Dirichlet problem has a solution for every f € L*(£),
then N = {0}, cf. M. Schechter [2, 4]; this question is connected with the notion of
index, cf. below.

Remark 3.2. M. Schechter in [4] has proved the existence of a system equivalent to
B, which is normal and covers A*. It follows by our previous results that dimN* < oo
and the Problem (4.61) has a solution with gy = 0 if and only if (v, f) = 0 for v € N*
and the Problem (4.63) has a solution if and only if (u,g) = 0 for u € N. Then it is
possible to consider the problem A*Au = f in 2, Bsu =0, B;Au =0ondQ. Letus
set Wg = {u € Wk2(Q),Bsu = 0}; Wy = {v € Wk2(Q),Blv = 0}; we obtain that
AWy is a closed subspace in L2 (Q2), dim(L?(Q) — AWp) = codim AWp = dim N*, for
the same reason A*Wp is closed in L?(€2), dim(L*(Q) — A*Wp/) = codim A*Wp =
dimN. We define the index of A as ind A = dimN — codim AWpg; if ind A = 0 we
say that A with By is of Fredholm type. For all these questions cf. M.S. Agranovich,
L.R. Volevich, A.S Dynin [1, 2], L. Hormander [1], A.I. Volpert [1].
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4.3.3 Dependence with Respect to a Parameter

To find the solution of Problem (4.61) a “homotopical” approach of J. Schauder is
useful, cf. C. Miranda [1], A.J. Koshelev [1], etc.:

Theorem 3.2. Let Q € N, A, By, 0 < A < 1 afamily of operators. We assume
that all coefficients are continuous with respect to A in the norms CH* with U
arbitrary (or U sufficiently large) and that independently of A the following a priori
estimates for u € W*2(Q) hold:

k
|M|W2k’2(Q) S C(|AAM|L2(Q) + 2 |B)Lxu‘WZk—ms—l/Z,Z(aQ))- (468)
s=1
Moreover, we assume that the operator (Ag,Bo1,Boy, - .. ,Bok) is an isomorphism of

W2kK(Q) onto the product L*(Q2) x WH=™M=1/22(9 Q) x - - x W2k=m—1/22(9 Q).
Then the isomorphism holds for 0 < A < 1.

Proof. Let k be the upper bound of A € [0, 1] such that (A, ,Bj,B32,-..,Bx) is an
isomorphism of W2*k(Q) onto

M =L*(Q) x WHhm=122(0Q) x .. x WHm122(9Q).

Using the perturbation method, we can see that 0 < x < 1. Indeed if we assume
K < 1 then (Ax,By1,Bx2,...,Bxk) is such an isomorphism; by (4.68) the image of
W22 (Q) by this transformation is closed in M.

The coefficients are continuous with respect to A with the corresponding norms,
the image of W?52(Q) is dense in M. Now, by perturbation we have a contradiction.
Therefore ¥ = 1 and the last properties hold for k = 1. g

Remark 3.3. Theorem 3.1 is based on the estimates obtained in Sect. 3.3, Chap. 3.
If the domains, the coefficients are sufficiently smooth we obtain, without difficulty,
using the method of Sect. 1.3, Chap. 1, the following estimates:

k
lul w2y < c(|Aulyirzq) + > |Bsu‘Wk+lfms—l/2.2(39) +ul2q)), 1=k
s=1
(4.69)
Using the theory of multipliers, cf. for instance S.G. Mikhlin [1], B. Malgrange [2],
PI. Lizorkin [2], we obtain estimates of the following type:

k
|M|Wk+/,p(g) < C(|Au|wl—k-p(g) + 2 ‘Bs“|wk+1—ms—l/p.p(ag) + |u|L!’(Q)>7 (4.70)

s=1

p>1,0>k



4.4 Very Weak Solutions of Boundary Value Problems 231

cf. S. Agmon, A. Douglis, L. Nirenberg [1], F. Browder [3-5],.... By interpolation
we can consider the case [ > k,l any real number, and by transposition we can
modify (4.70) for the case [ < —k and using again the interpolation consider the
case —k <[ < k. There are exceptional values of /, the values for whichk+7—1/p
is an integer, p # 2. Cf. works by J.L. Lions, E. Magenes [1,2,...,8], and also
M. Schechter [10].

Remark 3.4. In Sects. 4.2 and 4.3, we have proved results on the regularity of the
solution in a neighborhood of a smooth boundary. It is of interest to know something
about regularity of solutions for non-smooth boundaries. We will prove such results
in Chaps. 5, 6 and 7, using a method introduced by the author and based on Rellich’s
equalities and using weights, and by methods analogous to the methods of E. De
Giorgi [1], G. Stampacchia [2], G. Fichera [5].

Finally we mention that in the particular case k = 1, [ = 1, 2 bounded and in
some sense convex, the estimate (4.69) for the homogeneous Dirichlet problem was
obtained by J. Kadlec [1].

4.4 Very Weak Solutions of Boundary Value Problems

4.4.1 Very Weak Solutions, the Homogeneous Case

For an elliptic operator of order 2k we have defined in 3.2.3 the weak solution
for a boundary value problem. We use this notion hereafter. If the solution is in
WZkVZ(Q), we called this solution in 2.8 a strong solution. In the present section,
we introduce the notion of a very weak solution for a boundary value problem: it is
a distribution from W‘lvz(Q), [ > —k+ 1,1 an integer.

In this section we use a well known approach based on “duality” or “trans-
position”, as the methods used by M.I. Vishik, S.L. Sobolev [1], E. Magenes,
G. Stampacchia [1], J.L. Lions [4], G. Fichera [3-5], etc.

Let us consider a boundary value problem as defined in 3.2.3 and let us assume
the sesquilinear form ((v,u)) is V-elliptic. Let v be the solution of the adjoint
problem, cf. 3.2.4, with homogeneous boundary conditions, and with the right hand
side F e W' ’Q(Q). Let u be the solution corresponding to f € Q’, with homogeneous
boundary conditions. By definition we have ((v,u)) = (v, f) = ((u,v))* = (F,u),
hence

(F,u) = (v,f). (4.71)

Now we denote by G* the Green operator from [L?(Q) — W*?2(Q)], associated
with the adjoint problem. Then we have:

()= (G°F.J). (4.72)
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We assume the hypotheses of Theorem 1.2, ie. ajj € C%(Q) with o; =
max(0,]i| +m—1). Let Q' C Q' C Q be a subdomain of € and let us consider
the space P = W2k+m2(Q") N Q, with the topology defined by the norm

(U Bsioma gy + 1115

We assume:
P=w*"m2(Q'YnQ isanormal space, (4.73)

Q' is dense in P'. (4.74)
Consider a boundary value problem satisfying the hypotheses mentioned, and let be

f € P'. A functional u € W™2(Q) is called a very weak solution of the problem

Au = f in © with homogeneous boundary conditions if for every F € W' ’2(9) we
have (4.72).
The following is a consequence of Theorem 1.2:

Theorem 4.1. There exists a unique very weak solution of the problem mentioned
and the Green operator G € [Q' — W*2(Q)] can be extended by continuity to a
mapping from [P' — W~"2(Q)].

4.4.2 Regularity of the Solution

We now describe some properties of very weak solutions:

Theorem 4.2. Let K be an open set, K C Q, KN Q' = 0. We keep the hypotheses
of the previous theorem, and moreover let us assume a;;j € Ch=1+4ml (). Then u €
Wk2(K) and lulwea gy < clflpr-

Proof. Let f, € Q' be such that lim, e f, = fin P. Let Q C Q" c Q' c Q" C
Q" c Q. The very weak solution of the problem corresponding to f, is a weak

solution; then by Theorem 1.3 there exists a constant such that
|u”|Wk‘2(Q///7§”) < Cl('f”'w—kl(g,ﬁ’) + |u”|W*m‘2(Q)>; (475)
starting from this inequality and using Proposition 2.2.4 we get:
|u‘wk,2(Q/// *”) < Cl(‘f‘w k2(Q— _Q "+ ‘M|W m2 Q)) (476)

obviously |f|W,k‘2(_Qi§/) < c|flp-

If K C Q, the theorem is proved. Let us consider the case dK N2 # 0. Let y,
be a function such that y;, € Cg’(R"), supp YnQ' =0, y(x) = 1 in a neighborhood
of dQ. Let us consider u, . We have u, y € V, and

(W, 1)) = ((a| W12, 1)) + (1) = (a2, 1)) (4.77)
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It follows from (4.75) that
| (W 109) = (10l W1 100))| < 3]l |0 Wliyro - (4.78)

Moreover we have: ((u,|y|?,un)) = (unWW, fu) = (uay, fuy); obviously | £y <
ca|fn|pr, hence it follows from (4.77) and (4.78) due to the V-ellipticity of ((v,u)):

|MHW“2)[//€-2(Q) <¢s |MHW|W1<‘2(Q) | fulpr-

Now the results follows if n — oo. O
Moreover we have

Theorem 4.3. Let | > 1 be an integer. We keep the hypotheses of the previous
theorem and assume a;; € CP~'(Q) with B; = max(0,|i| +1 —k —1). Let K be an
open subset of VK C Q, KNQ' =0, and assume D*f € WkL2(K) for |oo| < 1—1.
Then if K' C K C K we obtain:

|’4|Wl+’<-2(1<’) <c(|f]p + Z |Daf|wfk+1-2(1<))-

lorf<i—1

Proof. As a consequence of the previous theorem, u € W52 (K). Let ¢ € C5(K); we
have:

| ¥ apepiar= (o).

lil,] | <k

and the result follows from Theorem 1.2. O

4.4.3 Very Weak Solutions (Continuation)

Now we shall define the very weak solution of a boundary value problem with
homogeneous boundary conditions for the case P = QNW*2(Q'), k < s < 2k. We
assume (4.73), (4.74), a;j € C%1(Q) with o = max(0, |i| +s— 2k — 1); on P we put
the topology associated with the norm (\f@, + |f|€vs,z(9/>) 1/2

Let us consider the boundary value problem 3.2.3 with ((v,u)) V-elliptic. Let
f € P'. A function u € L*(Q) is called a very weak solution of the problem Au = f
in ©, with homogeneous boundary conditions, if for every F € L?(£) (4.72) holds.

Theorem 4.4. There exists a unique very weak solution of the given problem and
the Green operator G € [Q' — Wk2(Q)] can be extended by continuity to a mapping
Ge [P — [*(Q)), and, ifa;j € CH1(Q), 10 G € [P' — WH52(Q)].

Proof. First of all, by Theorem 1.2, v being the solution of the problem with
homogeneous boundary conditions, we have: A*v =F, F € Lz(.Q), vy e WS*Z(.Q'),
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[Vlws2(qry < €1|F|p2(q)- This implies the existence and uniqueness of a solution
in L? (92 Now we apply Theorem 1.3 with k¥ = k — 1, and we obtain for every
Q*CcQ CQ,

|M|W2k—s,2(g*) < C2(|f|pl + |u|L2(Q))' (479)

Then we obtain, as in Theorem 4.2, for every Q' C Qcoca’'ca
‘u|wk,2(g_§//> S C3‘f‘P/' (480)

Now the result follows from (4.79) and (4.80). [
By the same argument as in Theorem 4.3, we prove:

Theorem 4.5. With the same hypotheses as in Theorem 4.4, let be | > 1, a;; €
CP1(Q), Bi=max(0,|i|+1—k—1). Let K be an open set in Q, K C Q, KnQ' =0,
and for || <1—1, D%f € W 12(K). Then for K’ c K CK,

|”|W’+k<2(1(’) <c(|flpr+ z ‘Daf|wlfk-2(1())~
o<1

Exercise 4.1. Using the hypotheses given in Theorem 4.1, except the V-ellipticity
of ((v,u)) replaced by the V-ellipticity of ((v,u))+ A(v,u), A sufficiently large, and
assuming that O is not an eigenvalue, prove Theorem 4.1.

Hint: Begin with the problem (A + A)u = f and then solve the problem Au =
—Au.
Example 4.1. We assumek=1,N>3,1/q=1/2—1/N and set Q= L9(Q), which
is possible according to Proposition 3.2.5. Let us set P = LI(Q) NW*2(Q'), k+1 <
s. Let us assume Q' € M°. Then P is normal: if f € P, let f{ = f in Q -, f1=0
otherwise, f» = f in Q', f, = 0 otherwise. Now we can find f]' € C5 () with
support in 2 — Q' such that lim, . f{' = fi in L7(L2), hence lim, .. f' = f in P.
Using the same method as in the proof of Theorem 2.3.1 we can find for every € > 0,
fEe Q) NW2(Q"), Q c Q" c Q" C Q such that

15 = Polu@nows2 @y <& f3la@r—ay <&

We set f5 = 0 outside of Q”; using a regularising process we construct f3, € C5’(£2)
such that for A sufficiently small:

|2 = Bhlraryows2@ny <& | fonlar—an <é,

and the result follows. P as a closed subset of a reflexive space is also reflexive,
hence Q' is dense in P'.
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4.4.4 The Green Kernel

Let 8, be the Dirac functional on C%(Q), y € Q, defined by &,v = v(y), and for
fixed y, let G(x,y) be the solution of the problem AG = §, in £ with homogeneous
boundary conditions; G(x,y) is called Green’s kernel.

Existence and fundamental properties of the kernel G(x,y) are consequences of
the results from 4.1-4.3. If we take into account the partial result given in Theorem
2.3.8 and if we assume s > 2N, Q' € M%!, then algebraically and topologically
Ws2(Q') C CO*(Q), 0 < u < 1. Thus we get:

Corollary 4.1. Let us consider a boundary value problem with ((v,u)) V-elliptic
and let s = [N/2]+ 1. We have the following assumptions: for s <k, a;j € L”(Q);
fors >k, ajj € C%(Q), oy =max (0, ]i| +s—2k—1). Lety € Q, and Q' C Qca
a subdomain of Q such thaty € Q' and Q' € N, Set P = L*(Q)NW*2(Q"). Then
3, € P’ and the Green kernel exists and is unique. We have G(x,y) in W*~$2(Q) if
s> k (if s < 2k, we assume a;j € C5'(Q)) and in W*2(Q) if s < k. Let z € Q'. Then
we get:

|G(x,y) —G(X,Z)\Wzkﬂ.z(g) <cly—z*, (4.81)

where UL is the Holder exponent introduced by Theorem 2.3.8 for p =2, k = s.

Proof. Indeed it is sufficient to prove (4.81); we have:

1G(x,y) — Glx. 2o w2y < ()8, — &ilp < 1(Q)  sup |8y — 8]

‘V‘WS,Z(QI)SI

<o) sup [Sy—ov[ <) sup () —v(2)] < 2 Q)ly — 2"
Vlcow @) <! Meou @)=t
O
We have the regularity result:

Corollary 4.2. Let K be a subdomain of Q such that K N {y} = 0. Under the
hypotheses of Theorem 4.1 or Theorem 4.4 if s > k, we have G(x,y) € Wk?(K)
andforallz€ Q', 7 ¢ K,

1G(x,y) = G(x,2) [y () < cly — 2| (4.82)

holds, where the exponent [ is the same as in Corollary 4.1.

Corollary 4.3. Let ! > 1. Under the hypotheses of Theorem 4.3 (s > 2k) or Theorem
4.6 (s < 2k), and for K a subdomain of Q such that K C Q, KNQ' =0, we have
that G(x,y) € W*k2(K) and for 7 € Q':

1G(%,9) — Glx, ) yrseage) < cly— 2, (4.83)

where [l is the same as in Corollary 4.1.
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Remark 4.1. 1t follows from Corollaries 4.2, 4.3 that the Green kernel is a continu-
ous function on £ x , x # y, if the coefficients a;; of the operator are sufficiently
smooth. In this case, we can compute D¥G(x,y) and we obtain the same result.

But we can prove the existence of 135 G(x,y) and also of D;"Df G(x,y) for x #y,
x,y € Q, if a;; are sufficiently smooth; this derivative is a continuous function on
Q x Q, x #y. In particular if a;; € C* (L), G(x,y) is infinitely differentiable in
Q x Q, x #y. We consider only the case (d/dy;)G(x,y): the general case is left to
the reader, cf. L. Schwartz [3].

Lemma 4.1. Let © be a domain such that y € £, and denote y, =y+H, H =
(h,0,...,0). Then in (C'(Q))' there exists lim_,o(1/h)(8y, — 8,)(v) for v € C}(Q)
denoted 90,/ dy. We have (98,/dy1)(v) = (dv)/dx1)(y). If 0 < u < 1, we have:

26,
i 18, —8) = 5

h—0 h

in the norm of (C'*(Q))".
Proof. Letv € C"H(Q) we have

Lo o v —vy)  av
Jim (8, — &)y = fim =2 = S ()
Finally,
1 d
sup (W) = V() — o () < elyn —yI*. (4.84)
C < h a)’1
‘V‘Clrﬂ(ﬂ)—

O

Corollary 4.4. Let us consider a boundary value problem with ((v,u))
V-elliptic, and assume that a;; € C*(), y, y, as in Lemma 4.1. Then
limy,_,0(1/h)(G(x,y) — G(x,y)) exists in WH*=52(Q), where s = [N /2] + 2 if s > k,
and in W*(Q), if s < k. Let us denote this limit by dG/dy(x,y), which is a
solution of the problem Au= dd,/dy in Q with homogeneous boundary conditions.
9G/dyi(x,y) € Wr2(Q — Q'), where Q' ¢ Q' C Q,y € Q. D*(0G/dy1)(x,y) is
a continuous function in Q x Q, x #y, with || > 0. If s > k, we again have:

1 oG ,
7(Gx,yn) = G(x,y)) — 5—(x,y) < C(Q)nl¥, (4.85)
h (9)71 WZk*S‘Z(Q/)

and the inequalities corresponding to (4.82), (4.83) with W as in Theorem 2.3.8 for
p=2k=s—1.
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Proof: We set P = L?(Q) NW*?(Q’). By Lemma 4.1, we have in P":

i £(3,,~8) = 5

h—0 h

hence (4.84) implies (4.85); the other properties follow from the previous theorems.
O

Exercise 4.2. Consider Dg G(x,y) and prove the same result as in Corollary 4.4 for
s=[N/2]+1+|B]|.

4.4.5 The Green Operator and the Green Kernel

Now, we consider the relation between the Green operator and the Green kernel.

Theorem 4.6. Under the same hypotheses as in Corollary 4.4, let Q = L*(Q) and
G € [L*(Q) — W*2(Q)] be the Green operator. Let ¢ € Cy (Q2) and let us define

1 1
AG@w¢@;r}g;ﬁ§ (%, yi) @ (i), (4.86)

inW*=52(Q), if s > k, and in W*?(Q), if s <k, with s = [N /2] + 1. (The right hand
side of (4.86) is a Riemann sum, the lattice is given by cubes of side h,y; is a point
in the corresponding cube). Then

Lcmwwww

/G ) 0(y)dy = Go. (4.87)

Proof. First of all let us consider the case s > 2k, and let y € Ci(€2). It is sufficient
to prove:

exists, and

1
lim sup N -

h=0 \W\W.sfzk,z
0

(G(x,y)o(i),w) — (Go,y)| | =0. (4.88)

M-

<1
()~
From (4.72), it follows:

1
N

™M~

1
(Goo0)¥) = 1y S OONGTI). (489
i=1 i=1
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Indeed: Theorem 1.2 implies that for Q' € Q' € Q,

G Ylys2i0ry < e1(Q)[Wly22q),
and applying Theorem 2.3.8, we obtain:

|G*W‘Co.u @) &) (Q/)|W|W-Y*2k>2(.(2)'

We have (Go, y) = (¢,G*Yy) and (4.89) follows.
Now let us consider the case s < 2k. We must prove:

1Y .
/lllg(l) h—Ng‘iG(x,yi)(p(yi)—G(p =0 ifs>k,
= W2k—.v.2(Q)
and
1
lim h—N;G(x,ymP(yi)*G(P =0 ifs<k.
= wk2(Q)
We know that

1
hLN 2 Gxy)e(vi)
i=1

is the very weak solution of the problem with homogeneous boundary conditions
and with the right hand side

in Q'

hence (4.88) follows for s < 2k. O

From our definition we have G(x,y) € W~"2(Q) with m > —k for y fixed; then
G(x,y) € 2'(Q). If we fix x € Q, we can extend G(x,y) in Z'(£2) using Theorem
4.6 and if we define, by (4.86):

| 6x)e)dy = (9.G(x..).

Starting from this we have

Theorem 4.7. For a boundary value problem 3.2.1 with ((v,u)) V-elliptic and a;; €
C=(R2), denote G*(x,y) the Green kernel for the adjoint problem. Then, fory fixed

in Q,G*(x,y) = G(y,x) in 2'(Q). If ((v,u)) is a hermitian form, we have in this
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case: G(x,y) = G(y,x); G*(x,y), G(x,y) are continuous in Q x Q, x # y (in fact
infinitely continuously differentiable with respect to x and y) and G*(x,y) = G(y,x).

Proof. For ¢ € C§(£2), y fixed in Q:

(0,G(yx)) = (Go)(y) = 6,(Go) = (G, 8)) = (¢,G*(x,y))- (4.90)

O

We can ask: If a;; € C(Q), y fixed, does the Green kernel have a singularity for
x =y of the same type as the elementary solution? It is true, but we consider only
the following example:

Example 4.2. Let us assume N = 3, Q € %!, Let us set for x,y € Q, x # v,
E(x,y) = —(1/4m)|x —y|~'. It is easy to see, that in the sense of distributions
AE(x,y) = 8. Let y be fixed, let F(x,y) be the function in W!-?(£2), which solves
the Dirichlet problem AF =0 in Q, F = E on dQ in the sense of traces. Clearly
G(x,y) = E(x,y) — F(x,y); but F € C*(£), thus the singularity of E coincides with
the singularity of G. From Corollary 4.4, we have for y fixed, G(x,y) € L>(Q). But
F(x,y) € W'2(Q) and E(x,y) € W'P(Q), p < 3/2, hence G(x,y) € W''P(Q), and
by Theorem 2.3.4, G(x,y) € L1(Q),q < 3, etc.

4.5 Very Weak Solutions (Continuation)

In this section we shall use the results obtained in Sect. 4.2; of course we shall
assume d{2 sufficiently smooth.

4.5.1 Very Weak Solutions, the Nonhomogeneous Case

We consider the boundary value problem 3.2.1 and assume the sesquilinear form
((vu)) V-elliptic. Let F € W' 2(Q), m a nonnegative integer, and v the solution
of the adjoint problem A*v = F in £ with homogeneous boundary conditions. We
assume for this problem (I + k)-regularity with [ = k+m, m > 0. Now let u be the
weak solution of the problem: Au = fin Q, f € Q', Bsu = Bsup = 8j» Gu=g;, on
dQ. By definition, we have:

((v,u)) = (v, f) +gv. (4.91)

On the other hand, by integration by parts, here completely justified, using Theorem
2.2, we obtain:

((u,v))*:/ uFdx+/ 2 - JURds. (4.91bis)
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On 9 we have for s = 1,2,...,1: Bu = d’su/dn’s — Fu = g, thus it follows
from (4.91 bis):

— H . k—p Qi
u,v))* = uFdx+/ ‘SN-A_vdS—i—/ ——M;,vdS.
() = [ [ 21 o 2 5

As in Theorem 2.3 we get that M;,v =0 on dQ forr = 1,2,...,k — u, hence we
obtain

— _ “ —
(Fou)=(v,f)+38v— /ag S;ijvgjx ds. (4.92)

We define a very weak solution with nonhomogeneous boundary conditions as
follows: Consider €2, ((v,u)) V-elliptic, the problem satisfying the (k + m)-regular-
ity. Let Q be a normal space, V C Q algebraically and topologically, and P another
normal space such that V N W2k+2(Q) c P C Q algebraically and topologically.
We assume Q' dense in P'. (It holds for P reflexive.) Let us consider f € P/, g;; €
Ws=12-m2(9Q), s = 1,2,..., 1, g, € Witl/2=2k=m2(90) = 1,2,... . k— L.
A functional u € W—"2(Q) is a very weak solution of the boundary value problem
Au= fin Q, Bu = g, Cu = g;, on 9, if for every solution v of the adjoint
problem A*v =F in Q, F W(;"’Z(Q), Bv=0,Cv=0o0ndQ, we have:

_ | k—p 't
F) =0 F)— S Nivg o0+ Y, <—,.V,§l~,> L 49
s=1 t=1 on' 0Q

Theorem 5.1. There exists a unique very weak solution of the problem and the
Green operator:

GelQ xWI=122(9Q) x ... x Win=1/22(9 Q)
xWITI2TR2(9 Q) x . x WikuTV2R2(90) — wh2(Q)),
can be extended to an operator from
[P x W= =122 Q) x ... x W= 1/22(9 Q)

> Wi1+1/272k7m,2(89) N Wik_p+1/272k7m,2(ag) N me,Z(Q)}.

Proof. The result is a direct consequence of (4.93) and Theorem 2.3 and of the
property of density of

Q' x WEITI22(90) x . x WEIT122(9 )
XWil+1/27k’2(aQ) N Wik’“+l/27k’2(ag)
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in
P x W h=122(0Q) x .. x W e=122(9 Q)

XWi]Jrl/Zkafm,Z(aQ) %% Wik—u+1/2*2k*m72(ag).
O

Moreover, using Theorem 1.3, if f is locally regular, we obtain theorems about
the regularity in Q.

Exercise 5.1. LetQ' cQ c Q" c Q" c Q, feWs(Q"),s >0 aninteger. Let us
assume a;; € C(L2). Then the very weak solution u of problem mentioned belongs
to W2+52(Q"), and we have the estimate:

|M‘W2k+s,2(g/) S C(‘f‘WS.Z(Q//) + |M|W—m2(g))

Remark 5.1. Moreover one can prove, cf. E. Magenes [3], a “trace theorem”: let
D(P') be the subspace of L?(£) of functions u such that Au € P’ equipped with
the graph norm (‘”62(9) + |Au[3)'/? (m = 0, dQ, a;; sufficiently smooth). Let us

assume C~(€2) dense in P'. The mapping [C*(Q) — [C*(9Q)]¥] defined by
[B1,Bs,...By,C1,Ca,...Cry],
can be extended by continuity onto the mapping:

[D(P') = W =122(9Q) x ... x W =1/22(9Q)
x W22 Q) s x Whent127262(9 ).

Cf. also L. Hérmander [6]. Taking this point of view we can say as in Theorem 2.3,
that the operator (A, B, By, ...By,Ci,Cs,...Cy_y ) is an isomorphism of D(P') onto
W11=1/22(9Q) x ...; the same result holds for m > 0.

Example 5.1. Letusassume k=1, N >3.Letustake Q=L19(Q),1/¢g=1/2—1/N,
let us consider m > N/2 —2, P = L11(Q2) with arbitrary ¢g; < eo. This works for
instance in the case of the Neumann problem. In the case of the Dirichlet problem
we must have W2+2(Q)N WOI’Z(Q) C P.If m> N/2—1, we have for every g > 2:
W2Hm2(Q) © W'4(€2) and due to Theorem 2.4.10 W'4(Q) NW, () = W, ().
We can take P = WOI’q(Q).

Example 5.2. We are looking for the solution of the problem Au=0in Q,u=g
on 00, with g € L*(9Q). We have g € W~ 1/22(9Q), we take m = 0 and obtain
aunique solution in L?(£2). We get again a result given in G. Cimmino [1]. It follows
from Theorem 2.5.5 for N > 3 for instance that L”(9Q) ¢ W~'/22(0Q), p=2—
2/N. Hence we can take g € LP(dQ), etc.
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Remark 5.2. Every distribution on 9Q (Q € M~) is in W*+1/22(9Q) with A
sufficiently large. Theorem 5.1 guaranties the existence of the solution for the
boundary value problem with any given distributions on dQ2 : g;,,g;,. In this case,
by Theorem 1.3, we have u € C*(Q) if f € C*(Q) (a;j € C*(Q)).

In a series of papers by J.L. Lions, E. Magenes [1-8], more precise results
have been obtained: the solution is found in W57 (), p > 1, k any real number.
They use the estimates (4.70), the dual process and interpolation methods (the
details can be found in papers by E. Magenes [3] or [4] and references in these
papers). We obtain Theorem 5.1 for any real m and p > 1 (i.e. we work in spaces
wm=h=1/rP(9Q)...). For p # 2, there are some exceptions; we must eliminate
the cases where m — 1/p is an integer; in these cases the results are weaker.

4.5.2 Very Weak Solutions, the Nonhomogeneous Case
(Continuation)

Let us consider a boundary value problem as in 4.5.1 and let us assume that the
conditions of 2k-regularity are satisfied, cf. 4.2.1. Let k < n < 2k, Q, P two normal
spaces such that V N W"2(Q) C P C Q algebraically and topologically. Let us
assume that Q' is dense in P’ (for reflexive P it holds). Let

fEP, g eWHTITI22(90) s=1.2,... 1,

g, eWIHHIZm2(9Q)  1=1,2,... k—pu.

A function u € L*(Q) is a very weak solution of the boundary value problem Au = f
in Q,Bu=gj,s=12,....u, Gu=g;,,t =1,2,...,k—u, on 9, if for each
solution v of the adjoint problem A*v = F'in Q, B,y =0,s=1,2,...,u, C;v =0,
t=1,2,....,k—u,ondQ, with F € L>(Q), we have (4.93).

For this given problem we intend to find the solution u € W2¥~"2(Q); existence
and uniqueness were proved in Theorem 5.1. To prove that the solution is in
W2=2(Q) we shall assume:

By, C/ are a canonical normal system. (4.94)
Theorem 5.2. Let us assume (for simplicity) 082, a;j, bsa, hyo infinitely continu-
ously differentiable and (4.94). Then the Green operator, corresponding to the given

problem as:

Ge [Ql « Wk—jl—l/Z,Z(aQ) NI, Wk—jﬁ—l/LZ(ag)

XWil_k+1/2’2(a.Q) NI Wik,u+1/2—k,2(&g) N Wk,Z(Q)]
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can be extended by continuity to

Ge [P x WH 1229 Q) s x WHIn=1/2712(9 Q) x
> Wi1+1/27n,2(ag) N, Wik_,‘+1/27n,2(ag) _ WZk*"’z(.Q)],

when k <n<?2k.

Proof. The solution of this problem is very weak belonging to L*(). Let
o € Wk2(Q) be a function such that Bw = 0, s = 1,2,...,u;, Clo = 0,
t=0,1,2,.....0k— u, on Q. It results from (4.93) that for u we have:

Ji w H
(A% 0) = wf+2<ab&> S NiGg)ea  (495)
n aQ

s=1

Letw e WZ"VZ(Q) be the solution of the problem A*w =u in Q, Bow =0, C;w =0
on d€. This solution exists and is unique by Theorem 2.2. Using (4.95) it follows
that

l{ w ,Ll
M%A*)<wf>+z< w&> Y <Ni@.g) a0 (4.96)
0Q

s=1

The differential operators N;, are of orders not bigger than 2k — 1 — j;. We can
find u indices, say i y41,ik—pu12,---ik, such that with complementary indices
JisJ2s--sjusjusts---» Jjr to the set {0,1,2,...,2k — 1}, the conditions Byw = 0,
C/® = 0 can be written in local coordinates as

afrw _ S o @
0. daN grow

la <

(4.97)

with ooy = i; for ¢ well chosen, t = 1,2,... k. Using (4.96) in N, to compute
d’s@/dn’s (n = —t) and after an integration by parts over 92, we get:

k[ i
>= e ),
t:21< onit t>

k u
Z |et|W—n+i[+I/2,2(a_Q) S (& Z ‘gjs‘WZk—_is—1/2—n,2(a_Q)- (498)
=1 s=1

u
D <Njo.g;
s=1

where ¢, € W +it1/22(9 Q) and

If we denote W = {v € W?52(Q), By = 0, C/'v = 0 on 9}, the sesquilinear
form (A*w,A*w), 0,w € W, is W-elliptic, according to Theorem 2.2. We can use
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Theorem 2.2 to solve the problem AA*w = f in Q, w € W, with non stable, non
homogeneous boundary conditions, given in (4.96). All conditions of (4k — n)-
regularity are satisfied and by (4.97), we have:

k—p

u
‘W‘W4k—n,2(g) < Cz(|f|P/ + 2 |gjx|W2k7j,c71/2fn12(ag) + ‘gi,|Wi,fn+1/212<aQ))-
s=1 1

s= 1=

O

Example 5.3. Let Q be a domain in R?> with dQ sufficiently smooth, f €
Wi2(9Q), g € L*(dQ2) and let us find the very weak solution of the problem
ANu=0,inQ;u=f, % =gondQ. Wehave f € W'/22(0Q), g e W~1/22(9Q),
hence a unique solution u exists and belongs to W'2(€). It follows from results of
J.L. Lions, E. Magenes [2], that u € W3/272(Q).

Example 5.4. Let

N9 0
Ai?ﬁ(“i%)“

with the followings hypotheses: £ € M™, g;; real functions, a;; € C~ (Q),

N N )
2 a;;j&i&; > 0255 .
ij=1 i=1

For g € W~'/22(9Q) there exists a unique solution of the problem Au = 0 in £,

N du
Z a,-jxni =gondQ.
ij=1 J

Due to Theorems 2.2,5.1,5.2,if g € W= 1/2+2(9Q), n an integer (n < 0 is possible)
then a unique solution exists in W!*2(Q).

Example 5.5. Let us consider

N9 d
A== 2,55 (35)

ij=1

with the same hypotheses as in the previous example. Let us assume g €
W’l/2+”’2(8£2), n>—1, (1,8)90 = 0. Let u; be the solution of the problem
from Example 5.4, n > —1. We have (1,u;) = 0; indeed, by (4.93) for F = 1, we
have v =1, (1,u;) = (1,g)90 = 0. Then, using 3.2.1 we find uy € W'?(Q) such
that Aup = u; in Q,

N

Z aij%ni =0ondQ.

ij=1 Xj
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We have u; € W!"2(Q), which implies u, € W3"2(Q) and u = uj + u, solves
the problem Au =0 in €2,

u

N Ju
5 = Za,,a ni=gondQ.

i,j=1

Exercise 5.2. Keep the hypotheses of Example 5.5 except for n > —1; take an
integer n < — 1. Prove the existence of a very weak solution. To prove it, we consider
the adjoint problem A*v = F in Q,F € Wof"*l’z(Q)7 (1,F)=0,and

2 a], n,—Oon 0Q.
i,j=1

8v*

Let M ={veW," '2(Q), (1,v) = 0}. Prove the isomorphism of M’ and the
quotient space W!+2(Q) /const.

4.5.3 The Green and Poisson Kernels

We can refine the theorems concerning the Green kernel when we replace Theorem
1.2 by Theorem 2.2.

Corollary 5.1. Let us consider s = [N/2] + 1, Q € N, ajj, bio, hsa infinitely
continuously differentiable, ((v,u)) V-elliptic. Let us fix y € Q. Then G(x,y) €
W2k=52(Q) is a continuous function on Q x Q, x # y (indeed infinitely continuously
differentiable) and if y,z € Q, we have:

1G(x,y) = G(x,2)lyar-s2(0) < cly— 2"

(cf. Corollary 4.1).

Let us keep the hypotheses given in Corollary 5.1, and let u € C*(Q) be the
solution of the problem: Au=0in Q, Bu=g;,,Gu=g;, on 9L, g;., gi, € C*(9Q2),
and @, such that lim, .. @, = §,, y € £, the convergence taking place in (C Q)Y
and v, the solutions of A*v, = @, in Q, Byv, = 0,C'v, = 0 on dQ2. By (4.93) we

have:
k—p dity,
(u,(Pn) - 2 < al’llf glt>
2Q

Let K C Q be a domain such that dist(K,y) > 0. According to Theorem 1.3,

M':

<stvn,gk> (4.99)
1

©
I

lim v, = G*(x,y)

n—yoeo
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in W12(K), with [ any real number, thus G*(x,y) € W*+1:2(K), and by (4.99) it
follows (y fixed):

s=1

Y rles b
< on' ’gil> ~ 2 (NG 8o
20

(4.100)
i G*(x,y) G*xy) K _
i dS, — / N G*(x,y)g; dS,.
/BQ Onit x 3:241 o (x,y)g, dSx

We obtain the so called Poisson kernels: 9" G*(x,y)/dn", N;, G*(x,y).

If we use the results obtained in Theorems 5.1, 5.2 and construct the Green kernel
setting P =V NW*2(Q) with s = [N/2] + 1, f = §,, we obtain regularity results for
G(x,y) and then for the Poisson kernels in Q. If we consider a particular Poisson
kernel, for its existence, it is sufficient that the condition of max(s, k)-regularity of
the problem holds for k =i, + 1 or js+ 1.

Remark 5.3. We define the Dirac functional 8¢ , on C°(9Q) by 830 v =v(y). It

is easy to see (proved in Exercise 5.3) that 9 G*(x,y)/dn" and N;, G*(x,y) are, for
fixed x, the solutions of the problem A*u = 0 in Q,C,*l u= 599’)(, Bu=0,Ciu=0,
t # 11, and respectively By, u = 8 ., C;u =0, Bu =0, s # s1.

Example 5.6. Let Q = K(1) be the unit disc and let us try to find the Poisson kernel
P(y,x) for the Laplacian A with the Dirichlet condition. For this we must take / = 3.
For a fixed x, we have P(y,x) € W~12(Q),P(y,x) € C*(Q),

P(y,x) = (1/2m) (1 = [y[*)[1+ [y[* = 2(r,0)] "

Indeed: let ¢ € C3 (), —Av= ¢ in Q,v=0o0n dQ2; we have:

LI U St ) N ~ im L N Sl
27 Sk T+ =200 2 T T 0 2w Sk TH DI =200

1 1— |y dv
= — lim — P 2 (y)ds,
pblzn/aK TEPP—20) an 4

T T (1-p*)p dv
~—tmo | T 1pP—2pcos(@—B) op M

(we use polar coordinates). It is easy to see that on dK (1) :

1 (1-p%)p _
31311 21 1+ |p|?—2p2cos(ot— ) =%



Chapter 5
Applications of Rellich’s Equalities and Their
Generalizations to Boundary Value Problems

The results obtained in Chap. 4 dealing with the existence of very weak solutions
of non-homogeneous boundary value problems are based on regularity theorems,
which are true only if dQ2, the boundary of the domain £, is smooth enough; if
this is not the case, then the corresponding estimates do not hold. To eliminate this
hypothesis, it turns out that the Rellich equality is very useful; F. Rellich proved this
type of equality for the Laplace operator in [1], and a generalization of this equality
for second-order operators was given by Hormander [5]. A technique is extended
to the second order systems, which can be found in L.E. Payne, H.F. Weinberger
[2]. All results are of the type of a priori estimates which must be proved for real
solutions. Using these results and proving a new Rellich equality for operators of
fourth order, the author has obtained various regularity theorems and, by the dual
method, also existence theorems; cf. J. Necas [1-4, 6, 8, 13]. A generalization of
theses results for the second order Dirichlet problem was obtained by J. Kadlec [1].

For connected questions cf. also G. Adler [1-3], P. Doktor [1], [2], G. Fichera [5,
8, 9], E. Magenes [5], L.G. Magnaradze [1], C. Miranda [2], J. Necas [10], B. Pini
[1-5], C. Pucci [1, 3], G. Cimmino [1, 2].

5.1 The Rellich Equality for a Second Order Equation

5.1.1 The Rellich Equality

Let us consider 2 € 91, A a second order operator,

N9 d N9
A=— 2 -— (a,'j—) +2bi——|—d.
ij=1 ax,- 8xj i=1 8xi
J. Necas et al., Direct Methods in the Theory of Elliptic Equations, 247

Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8_5,
© Springer-Verlag Berlin Heidelberg 2012
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Let the coefficients a;;,b;,d be real functions satisfying a;;,b; € c 1( ), d €
L=(R). Let v € W?2(Q) be a real function and ; € C*(Q), i = 1,2,...,N, N real
functions.

In this chapter we shall use the usual convention: We omit the symbol X; every
summation is taken over indices which appear twice.

Let us denote A" = —d/dx;(a;jd/dx;). We have almost everywhere in € the
following identity:

d dv dv dv dv av
8_xk[hka” - h,akj - h"aikb_xi ox bl] 9% 8 +2h; aXiA v, (51)
where
- (9/’1]( ah,’ ah 8al, 8a,k aak,
b’/75_xka”78_xkakfia_xk ]’lk& /’l/ 8xk hja_xk

Applying Green’s formula we get the Rellich equality

v ov av dv 1
/(m(hkaij — hit; = hjaw) 5 - dx; Ox; o, w45 = / Pii 5, ox; Ox; dx+2/ i 3_sz v
(5.2)

5.1.2 Lemmas, Regularity of the Dirichlet Problem

Hereafter we shall work with domains of the type 9%, cf. 2.1.1.

We shall say that Q € Mt if Q € N! and there exists a sequence of subdomains
Q; C Q, Q; € N such that lim_,., Q; = Q in N!, cf. 2.4.2. The author proved in
[4] that 01 = 0,

We have the following lemma:

Lemma 1.1. Let Q € M, g € WH2(9Q). Then there exists a linear operator
extending g to 2, g € Wl’z(Q) such that

|g|W1x2(Q) < C|g|wl‘2(ag), (5.3)

|g|W1‘2(aQ$) < C|g‘W1,2(aQ). (54)

Indeed: using a partition of unity as in 1.2.4 and setting in V.

&r(Xsxnw) = g (x5 ar (%)) @r(x),
then obviously

=i&m (5.5)

is the desired extension with properties (5.3, 5.4). (|
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Clearly we have
Lemma 1.2. Let Q € N, g € W'2(9Q). Then C*(9Q) is dense in W'?(9Q).
We formulate a fundamental lemma:

Lemma 1.3. Let Q € N>, A* be the adjoint operator of A, f € L*(Q), g €
W12(90Q). We assume that A = 0 is not an eigenvalue for the operator A* with
Dirichlet conditions. Let G* be the Green operator corresponding to the Dirichlet
problem A*u= fin Q, u=gondQ, G* € [L*(Q) xW'?(9Q) - W'?(Q)]. Ifg €
C>(9Q), then we have G*(f,g) =v € W>2(Q), dv/dx; € L*(9Q), i=1,2,...,N.
and the following inequality holds:

2

The operator T defined by

i 2
8x,-

12
) SCl(|f|i2(g)+|g“2)vl,2<ag>)1/2. (56)
12(0Q)

d v o0
T(.8) = gyr =aigon;.f € (Q).g € C(0Q),

has an extension to [L*(Q) x W'2(9Q) — L*(9Q)), and

T(£,8)l20) < 21 FBa ) + 8Bz (5.7)

If dQ is described in the system of charts (x,,x,y), r = 1,2,...,m, by x,y = a,(x})
onA, = x| <o, i=1,2,... . N—1, then c| depends only on

laijlcor@)s 1bilcori@)s dli=(@)s |G |2 @)xwi2(00) 1200 larlco1(,)-

Proof. By Theorems 3.2.1, 3.3.1, 3.4.1, the Green operator G* exists. Using
Theorem 4.2.2 we prove (f,g) € L*(Q) x C*(9Q) = v € W>?(Q). Now we
construct a vector & = (hy,hy,...hy) putting A") = (0,...,0,—@,) in the chart
(x.,x,x) and h = 3", h"). We have

179 2\ —1/2
ay
(n h( ( Z (8)6 ) > > 20y,

where ¢, > 0 depends only on |“V|CO=1(Z,)' Then we get (n,h) > ¢z > 0. Now
according to (5.2), we obtain:

dv dv
/(;Q(hkaij 7]’1,‘(1](]' h,a,k)a a I’lde

L v 0 d 0 5-8)
v dv Vi 9
_ / oy 02 / s <A 5o (o) dv> dr.
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Moreover we have

dv dv
/89 (hka,-j—hiakj—hja,-k)a a I’lde

P (5.9)
- _/(m [(hiaji — haji) + (hjag — heaji) + hiaji) — 2 9% i —nidS.

For j (resp. i) fixed, the vector (hjajx — hiaij)ni (vesp. (hjay — heaji)ng) is
orthogonal to the normal vector n. Then (hajx — hia;j)ng(dv/dx;) and (hjay —
hiaji)ni(dv/dx;) are the derivatives of v in the tangent plane. As nihy > ¢ > 0 it
follows from (5.8), (5.9) and Theorem 3.4.5 (this theorem guarantees the existence
of c3 > O such that £ € RN = aijﬁiéj >c3)é |2)2

8 2 1/2

v 2 2

- + +

axi L%QQ)) |f|L2(.Q) |g|wl‘2(39)

(5.10)
Now using the inequality 2ab < £2a®+ (1/€?)b?,a >0, b > 0, € > 0 we obtain

i 2
8x,~

N
<cs|lglwizo0) (Z

i=1

i=1 L2(9Q)

N

ﬂ 2
axi

7C5(|f|]2‘2(_Q)+|g|%vl,2(ag))- (5.11)

= 12(9Q)

O

Now, let us consider €2 € 971, and let £ be the corresponding sequence such that
limg_;. 2y = Q. By Lemma 3.1.2 we have for €, € independently of s and for
he L*(0Q;) orh € L*(9Q):

12
C1|h|L2 9Qy) ( / |71( xr,ars |2dx/> < C2|h|L2(BQ;)' (5.12)

This last inequality allows us to identify L?(9€2;) and L?(9€) with a closed
subspace of []"™,L%*(A,). Hereafter in this chapter we shall always use this
identification. We have

Lemma 1.4. Ler Q € M, A = —(9/9x;)(a;ijd/dx;) + bid/dx; +d be an elliptic
operator with a;;,b; € COY(Q), d € L*(Q). We assume that u € W'(Q), the
uniquely determined solution of the Dirichlet problem Au=0in Q withu=0on dQ
satisfies u = 0. Let us suppose that f, g are such that f € L>(Q), g € W'?(Q). We
extend g into 2 as in Lemma 1.1 and let £ be a sequence such that lim;_,.. Q; = Q
(cf- the definition of ). Then for s > so, there exists a unique solution vy of the
problem A*vy = f in Qy, vy = g on dQs and a unique solution v of the problem
A*v=finQ,v=gondQ such that
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‘VS|W1‘2(QS) S Cl(|f|i2(gx) + |g|%yl,2(ags))l/2, (513)
|V|W1=2(Q) << (|f|i2(g) + |g|5vl,2(ag))1/2' (5'14)
Let dvs/dV* = a;j(dvs/dxi)nj on dQ as in Lemma 1.3. Then

s
av*

SCZ(‘f‘IZAZ(QS)‘F‘g|€vl,2(ags))l/27 (515)
L2(9Q;)

where ¢y does not depend on s, and limy_,e. dvs/IV* = w weakly in [T/, L2(A)).

Proof. According to Theorems 3.2.1, 3.3.1, 3.4.1, the Green operator
G* e [L(Q)x W' (0Q) - Wwh(Q)]

exists. It is also the case for s > so; if not, then there would exist a sequence, vs, €
Wol'z(Qs,), t — oo, such that

dvy, vy,
i——=——dx=1
/Qx, i &xi 8x,~

and A*v;, = 0 in €;,. From the sequence v;, we could extract a subsequence called
for simplicity vy, again, such that lim; .. v, = v weakly in WO1 ’2(.(2). By Theorem
2.6.1, vy, converges strongly to v in L?(€). Then we have:

1 = lim NN dx:/ 2 a?) ax,
= Qs’; axi ! Q &xl'

v is obviously a weak solution of the problem A*v = 0 in £ with v =0 on d€2, and

dv dv

Then v is an eigenfunction, which is impossible. In the same way we can conclude
that limsup,_,,, |Gi| < . Then (5.13) follows.

Now let us construct % as in the proof of Lemma 1.3. If s is big enough, we have
on d€y, hin; > c3, ¢z independent of s, hence (5.15) follows from Lemma 1.3. Now

from Lemma 1.1 we have:

dvg
ov*

§C4(|f|i2(g)+‘g|%vl,2(ag))]/27 (5.16)
12(30)

where ¢4 does not depend on s. Let y € C5(A,), w € Ci(U,), cf. 1.2.4, such that
v (X )w(xl, ars(x).)) = w(x)), for s big enough.
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We denote yw = h. By Theorem 3.6.7 v, can be extended to g, and converges
to v € W2(Q). Indeed, by Theorem 2.6.1, we easily get limy_,.. vy = v in L?(Q);
if we consider the sesquilinear form ((v,u)) + A (v,u), A big enough, we are in the
setting of the hypotheses of Theorem 3.6.7. Then we have:

dh v oh
/QS (aﬁa—xi&—ijrbla—xivﬂthvx) dx

1/2 X
_/ aﬂ nl <1+ 2 ((%lrs) ) dxi—f—‘/ahg binihvsd5+/!2 hfdx

(5.17)

Now using Theorem 2.4.5, we get the existence of the limit

3 N 1/2
<1+2 (a)) ™

i v,
m aii
o a, Yo,

and also the existence of the limit

1/2
. vy N-1 7 da, 2 ,
slg?o ArajiaTjnill/ (1 + Z; (&xﬂ) dx,.

But the set of functions

is dense in Lz(Ar), and the conclusion of the lemma follows from (5.16) O

We denote by w, the corresponding weak limit in L2(A,) and define:

8v* 2 0wy (5.18)

r=1

We have the following regularity theorem for the Dirichlet problem in domains
of the type I:

Theorem 1.1. Let Q € 9N, A be the operator given in Lemma 1.4, f € L*(Q),
g €W'2(9Q), v the solution of the problem A*v = f in Q,v=gon dQ. Let T be the
mapping of L*() x W'2(9Q) into L*(0Q) defined by (5.18): T(f,g) = dv/dv*.
Then T is a linear and bounded mapping, and we have for u € W'2(Q):

dv du dv du
/Hqufdxff/ (8 *+bnv> dSJr/ < 118 P +b8 lv+duv>

(5.19)
The mapping T for which (5.19) holds is unique.
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Proof. Letu € W'2(Q) and set u, = u¢,. With the same notations as in the previous
lemma, with s big enough, we have

/ (a..%%+ biﬂvs+durvs> dy
Q

I Ox; Jx; o0x;
5 (5.20)
= uri dS+/ u,b,-n,-vst—F/ uf dx;
00, dVv* 29, Q

but we can write:

1/2
[owas— [ S (145 (3)) ot
Q ri

and according to Lemma 1.4:

1/2
. dayg /
}Lngo 90, 8\/* urds = / WrttQr (1 + z (8)Cri) ) &

Using again Theorem 3.5.7, letting s — o in (5.20) and taking the summation of
(5.10) forr=1,2,...,m, we get (5.19). The uniqueness of T'is a direct consequence
of Theorem 2.4.9. O

Remark 1.1. We can prove Theorem 1.1, cf. Necas [8], under the condition f €
2N/ (Q). Also we can show that

|V|Wl.2N/(N+1)(Q> < C(|f|L2N/(N+1>(Q) +18lwi220))-

We can give an example proving that dv/dv* ¢ L(dQ), p > 2. We can also
introduce on 92 logarithmic weights denoted by &, and show that (cf. O. Hord¢ek

[1D):
v

av*

2(9Q), L[1(0Q) {f/ fPPods < o},

5.1.3 Very Weak Solutions

Let u € W'2(Q) be a weak solution of the equation Au = 0 in €. It follows from
Theorem 1.1 that for v defined by A*v = f with g = 0, we have:

dv
/-Qufdxf f/a-Qu <W er,'n,-v) ds. (5.21)
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Formally, this is the formula (4.5.2) for the Dirichlet problem with k = 1. According
to Theorem 1.1, we get the inequality:

lul2 ) < clulzgq)- (5.22)

Taking into account Theorems 2.4.9,2.5.7, and (5.22) we get

Theorem 1.2. Let Q2 € N, A be the operator defined in Lemma 1.4. Then the Green
operator G : W'/22(9Q) — W'2(Q) which determines the solution of the problem

Au=0in Q, u= g on dQ, can be extended by continuity as a mapping from
[L2(0Q) — L*(Q)].

This gives a very weak solution of the second order Dirichlet problem with
a boundary condition in L?(9Q).

Remark 1.2. Tt possible to construct a counterexample showing that for Q € N%!
we cannot replace L? (9 Q) by L?(9Q), p < 2, in the Dirichlet boundary conditions.

Exercise 1.1. Construct the example just mentioned in the case Q C R?, Q =
{x,0<r<1,|o|<m—e,e>0} using a conformal mapping.

It follows from Theorem 4.1.2 that for ' C Q' C Q the solution u obtained in
Theorem 1.2 belongs to W22(Q'); if a;; € C*(Q2), then u € C=(LQ).

Results concerning the role of boundary data on d€2 are proved in a paper of the
author [3], cf. also Chap. 6.

We say that u is a classical solution of the Dirichlet problem if u € C?(Q) and
Au =01in Q. Prove:

Exercise 1.2. Let 2 € 91, A as in Lemma 1.4, u the classical solution of the
Dirichlet problem. Then u = Gu, G as in Theorem 1.2. Hint: Apply Lemma 1.4.

Remark 1.3. TnJ. Necas [8] itis proved that for g€L?(9Q2), u=Gg e L*N/N-1)(Q),
etc.

Exercise 1.3. Let Q € 9, A the operator from Lemma 1.4, u € W2/ (N+1)(Q)
a weak solution of the equation Au = 0 in €. Let limy—, |u[;2(5,) = 0. Then u = 0.
Hint: Use Lemma 1.4.

Example 1.1. Let Q be as in Exercise 1.1, p < 4/3. Let € > 0 be such that o =
w/2(r—¢e) < (2/p)—1.Setuy=r"*cos @ in polar coordinates. We have Aug =0
in Q. Letu € W!2(Q) be a weak solution of Au= 0 in Q such that u = ug on 9Q:
such a solution is uniquely determined. uy ¢ W'?(€), hence u — uy # 0. We have

u—u()EWOl’p(Q).

Corollary 1.1. The hypotheses of Theorem 1.2 being satisfied, let W be the closed
subspace of W'"2(Q) of weak solutions of the equation Au =0 in Q. Let u,, n =
1,2,..., be a basis of W. Let us denote by u, the trace of u, on dQ. Let w, be
the sequence obtained by the orthonormalization procedure with the scalar product
[5qvudS. Let g € L*(092),
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g = Z g"wI’H

n=1

its Fourier series. Then in £2

Gg=u="y guln.

n=1

Remark 1.4. Let 2 € 91 and consider the Dirichlet problem Au =01in £2, u = g on
00, g € W2(9Q). We can justify the approach used by M. Picone and compute
du/dv € [*(9€). Then we obtain u using a fundamental solution. Cf. P. Doktor
[1].

Theorem 1.3. Let Q € M, A be as in Lemma 1.4. Let us consider the operator
T(0,g), g € W'2(9Q), corresponding to the Dirichlet problem Au=0in Q, u=g
on 92, and the conormal derivative du/dv = a;j(du/dx;)n; as in Theorem 1.1.
Then T can be extended continuously to a mapping from [L*(dQ) — W~12(9Q)].

Proof. The space W!2(9Q) is dense in L?(9Q). Let g € W'2(9Q), u given by the
theorem, and 1 € W'2(9Q),v the solution of the problem A*v =0 in Q, v =& on
dQ. According to Theorem 1.1, we have by (5.19)

av du
/ng(av* “rbin,‘V) dS_/BQ xhds,

hence |8u/8v\wfl,2<3g) <ci |g|L2(¢9_Q)- -

Problem 1.1. This doesn’t make sense that for € 9t (in fact Q € MO, G as
in Theorem 1.2 maps L?(9Q) in W'/22(9Q); moreover if we denote M = {u €
W1/22(Q), Au=0in Q}, is it possible to define traces on 9 of functions from
M? Ts G an isomorphism of L?(9€2) onto M?

In the paper of the author [3], there is given another point of view concerning the
regularity of a very weak solution. In the case of convex domains, the solution of
the problem Au = 0 in Q, u = g on JQ with g € L?(9Q) is such that

L[S () ]oue

where p is the distance p (x) = dist(x,dQ). If

M={ucI?(Q), /Q li<g—;)2]pdx<w, Au=0in Q},

i=1

then u € M has a trace on Q2 in L?(9Q). Cf. also Chap. 6.
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5.2 The Neumann and Newton Problems

5.2.1 Lemmas, Regularity of the Solution

Lemma 2.1. Let Q € M, g € L*(0Q). Suppose the sequence g € L*(9) is
constructed by the following procedure:

hy (), ar(x,)) = hys (), ars (3)) = 860 ar (0) @ (¥, a7 (x))), 85 = D s
r=1

Then lim,_.. gs = g in [I™_| L*(A,).

Proof. Let us consider h,, and let us prove that limy e /1,s = A, in [T, L2(A)).
In L%(A,) we obviously have h,; = h,. Let i # r. According to (5.12) and by
Lemma 3.1.1 applied to the domain €2, we get

|hrS|L2(Ai) S Cl‘hrS|L2(A,)' (523)
If g is continuous on d€2, the conclusion is clear. Then approximating g by
a continuous function, (5.23) gives the result. O

If Q € N™, C(dQ) is obviously dense in L?(9 ).
We can prove the following lemma which is analogous to Lemma 1.3:

Lemma 2.2. Let Q € N%, A be the differential operator A= —(d /dx;)(a;;0/dx;)+
bid/dx;+d, aij,b; € cOl(Q), d e L7(Q), aij, bi, d real functions, ajj = aji, A
elliptic: a;;&&; > c|€)?, &€ € RN, Let 6 € C¥1(9Q) (6 can be = 0) be a real
function. The sesquilinear form A(v,u) + A (v,u) + [,o ovudS is W'2(Q)-elliptic
for A big enough, and it is assumed that A = 0 is not an eigenvalue for A with
the boundary condition % +ou=00ndR." Let v be the solution of the problem
AV = fin Q, Iv/dV+bmny+ov=gondQ, fcl*(Q), gcC(IQ). Then
vEW2(Q), dv/dx; € L*(9Q), and

>

more precisely v € W1’2(8Q), and by continuous extension, we find the solution v
of A*v=finQ, dv/Iv+ov+bny=gondQ, f€L*(Q), g€ L*(dQ), and we
have the following estimate:

v |?

1/2
—_— 2 2 1/2.
ax,- (8[2)) S C1(|f|L2(Q)+|g‘L2(aQ)) 5 (524)

12

|V|W1°2(¢9.Q) < C(|f|i2(g) + ‘g|i2(ag))l/2- (525)

The dependence of c> on the coefficients is the same as in Lemma 1.3.

"This is true if b;i =0,d > 0, 6 > 0 except the case where we should have at the same time d = 0,
0 =0. The case b; =0, d =0, 0 = 0 will be considered later.
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Proof. By Theorems 3.2.1, 3.3.1, 3.4.1 the problem has a uniquely determined
solution in W!2(Q). Tt follows from Theorem 4.2.2 that for f € L*(2), g € C*(9Q)
we have v € W>2(Q). Let h be as in the proof of Lemma 1.3. We have (5.8), and

v . an_
v Yox
hence
b dv dv b dv dv b dv dv dv dv
g 2 . 2 g 1y = e —
CRoxiox; * T Maxiov’ M oxiax; ¥V ox dv
and from (5.8) we get the inequality (5.24) as in Lemma 1.3. (]

We now have

Lemma 2.3. Let Q € 9, A be the operator from Lemma 2.2, & € C%'(Q). Let us
assume that A =0 is not an eigenvalue of A with boundary condition du/dv + cu=0
on Q2. We consider the following class of regularity for the data: f € L? (Q), g€
L*(0Q). We define gs on 9 as in Lemma 2.1. Let v be the solution of the problem
A*v=fin Q, dv/dv+Dbnyv+ ov=gondQ, and vs the solution of the problem
A*vg = fin Q, dvs/dV +binjvs+ ovs = 0 on d€. The existence and uniqueness
are clear if s is big enough. Then vy € W'2(9Qy), and we have

)1/2

|VS|W1»2(¢9.QS) < C(|f|1%2(gs) + |g5|]2‘2(395) ) (5.26)

where ¢ does not depend on s; vy converges weakly to v in [TiL, W12(A)).

Proof. There exist extension operators Py from W!2(Q;) onto W!2(Q), with || <
¢, and which satisfy (3.6.38). It is sufficient to apply Theorem 2.3.9. Let G* be
the Green operator G* : L*(Q) x L*(9Q) — W!2(Q) associated with the problem
A*v=fin Q, dv/dVv +binjv+ ov = g on Q. Such an operator exists for s > s
with |G| < c3. If not there will exist a sequence vy, € W12(€;,) satisfying A*v;, =0
in Qy,, dvy, /IV + binjvs, + ovs, = 0 on d€y,, and such that

dvg, dvg ’
ji—t —Ldx “dx=1.
~/th aijj ox; 8xj +/QS, Vi

If we set vy, = Py, v, outside of €2y, in €2, we have:

dvg, dvg
1< G 2T / 2 dx < cy.
7/95‘11 ox; (9Xj + QvSt <c4

We can extract from vy, a subsequence converging weakly in W'2(Q); we denote
this subsequence again v;,. Let lim;_,. vg, = v. We have
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v avst v
dx dx = / dx — bi—vg dx
/QA, (a,j dx; dx;j +WS’> o, Q, 0% ox

t
—/ dvvsldx—/ ovv,, dS.
Q, 09,

On the other hand we have lim;_;..v5, = v in L?(€) due to Theorem 2.6.1 and it
follows by Theorems 2.4.5 and 2.6.2, that lim, .. vs, = v in L?(9€). Thus

lf/vdx /bavvdx /dvdx/cvdS / a0V L2 g,
dx; Ox;

But v is clearly an eigenfunction of the operator A* with the boundary condition
dv/dv +biniv+ ov =0 on €2, which is impossible. With the same proof we can
also show that |G¥| < c4. Now we use the function 4 introduced in Lemma 1.3 and
we get the inequality (5.26) according to the previous lemma. The sequence Pyvs
converges weakly to v in W!2(Q). (Theorem 3.6.8 implies that limy .. Pyvs = v
strongly in W!2(Q).)

We get limg_,e vy = vin [T, L2(4;). O

We also have the following consequence:

Theorem 2.1. Let Q € O, A be the operator from Lemma 2.2, ¢ € C*'(9Q). We
consider for A the same hypotheses as in Lemma 2.3. Let f € L*(Q), g € L*(9Q),
v the solution of the problem A*v = f in Q, with dv/dv +bmnjv+ ov =g on dQ.
Thenv € W'2(9Q), and the following inequality holds:

|V|W1 2(0Q) (|f|L2 + |g|i2(ag))l/2' (527)

Remark 2.1. Under the hypotheses of Theorem 2.1, cf. J. Necas [8], we can prove
the inequalities

VI, 2( a.Q) (|f|L2N/ N+1)(Q) + ‘g|i2(3g))l/2

)

and
2 2
|V|W1~2N/(N+l)(§2) < C(|f|L2N/(N+1)(Q> + |8‘Lz(ag)|/z~

It follows from Theorem 2.1 that the solution of the Neumann-Newton problem

with g € L*(9Q) is a solution of the Dirichlet problem with the boundary value in
wi2(0Q).
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5.2.2 Lemmas, Regularity of the Solution (Continuation)

Now we can consider the case of the operator

0 0
A=—— iN_ | 2
8x,~ (a] ij> (5 8)
with o
aj=aj, a;€C™(Q), EeRY = a;&E; > clE (5.29)
We have

Theorem 2.2. Let 2 € M, A be the operator defined by (5.28), (5.29) and let
Fel}Q), gel’(9Q), / fdx+/ 2dS—0.
Q 9Q

Then there exists a unique solution of the problem A*v = f in Q, dv/dv = g on dQ
such that [ovdx =0 and

vwizg) < 11 72a) +187200) " (5.30)

Indeed: According to Theorem 1.6.1, the solution v is defined and is unique and
we have

Vi) < e2(lf 1) + 1817200) > (5.31)
We have A*v+v = f+v; f+v satisfies the hypotheses of Theorem 2.1, hence (5.31)
implies (5.30). O

We can also consider Lemma 2.3 for the operator (5.28), (5.29), cf. Necas [8].

Exercise 2.1. Prove the following proposition: Let Q2 € 9, A from (5.28), (5.29).
Let f € L*(Q), g € L*(9Q), [, fdx+ [55 gdS = 0. There exists a unique solution
of the problem Av = f in Q, dv/dv =g on dQ, [,vdx = 0. Let us define the
sequence f; = f + ¢y such that [ fydx+ [50 g:dS =0, gs as in Lemma 2.1. Then
there exists a unique solution vs of the problem Avy = f; in Qy, dvs/dVv = g on
08, va vsdx = 0. Moreover if we extend vy by Psvs on , we have limg_,eovs = v

in W12(Q), vy € W12(9€;), and lim;_,evs = v in [T, W12(A)).
Problem 2.1. Let ©2 € 91, v given by Theorems 2.1 or 2.2. Does v belong to

W3/22(Q), satisfying the estimate Wlwsnag) < C(|f|1242(_o) + ‘8&2(99))1/2?

5.2.3 Very Weak Solutions

Now we consider the operator

A—i< J )+bii+d, (5.32)

aii—
8)61‘ Y 8XJ‘ 3)6,’
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with the following assumptions:
aij,bi € C™N(Q), deL”(Q), aj=a;, &cRY = aq;&E >c|E[*. (5.33)
If, moreover, v satisfies
av

veW2(Q), Av=0inQ, =—+ov=00ndQwith ocecC®(9Q),

av
(5.34)
then v=0.
Using duality, we can prove

Theorem 2.3. Let 2 € M, A be the operator defined by (5.32)—(5.34), u the
solution of the problem Au =0 in Q, du/dv + ou = h on dQ with h € [*(9Q).
Then

|M|L2(Q) SC|h|W—l,2(89). (535)

Moreover, the Green operator G : L*(9Q) — W'2(Q) can be extended by continuity
t0Ge W 12(0Q) - L2(Q)].

Proof. Let f € L>(Q),v be the solution of the problem A*v = f in Q, g—‘V/ +binjv+
ov=0on JQ. We have:

/ufdx:/ hvds, (5.36)
Q oQ

hence, according to Theorem 2.1, we obtain (5.35). The space L2(8Q) is dense in
w=12(0Q). O

The more general class of functions g such that the solution of the considered
problem is given by Theorem 3.2.1 reads: W~1/22(9Q), Q@ € M*!. We have
obtained a very weak solution of the Neumann-Newton problem given on dQ with
g € W 12(9Q), cf. Remark 4.5.3.

Example 2.1. Let N =2,A=—-A+1,g= 96,70, withy = (1,1), Q is the square
|x;| < 1. Theorem 2.3 gives a solution of the problem —Au+u=0in Q, du/dn =

0,00 on 0Q.

In a paper by the author [8], it was also proved

|M|L2N/(N—I)<Q) < C‘h|W—112(a.Q).

5.2.4 Uniqueness Theorems

Without difficulty we obtain

Corollary 2.1. Let N : L*(9Q) — L*(dQ) be the mapping defined by Nh = u with
the notations as in Theorem 2.3. Then we have
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lul1290) < clhlw-12(20) (5.37)

and this mapping can be extended by continuity to N € [W~12(9Q) — L*(9Q)).

Let v be the solution of the problem A*v =0 in Q, dv/dv +biniv+ov=g
on dQ, g € Lz(aﬂ), and let u be the solution of the problem Au = 0 in €,
v/dV—+bmv+ov=hondQ,heL*(dQ). We have [,,ugdS = [,,hvdS, hence
according to inequality (5.27) this implies (5.37). ]

A very weak solution of the Neumann-Newton problem is also a weak solution
of the Dirichlet problem; it concerns the solution of the problem Au = 0 in 2. We
have also the converse as a consequence of Theorem 1.3. As in Sect. 1, it is possible
to prove uniqueness theorems:

Exercise 2.2. Let us consider A = —d/dx;(a;jd/dx;) + 1 satisfying (5.29), u €
W22(Q') for every Q' € Q' C Q, Au=0in Q, lim_.. |0u/oVvly-129q,) = 0.
Then u = 0. Hint: use Lemma 2.3.

Problem 2.2. LetQ c M, f € L>(Q), g€ L*(dR), v be the solution of the problem
Av = fin Q, Jdv/dv +binyv+ ov = g, on dQ, with A satisfying (5.32)—(5.34).
By Theorem 4.2.2, we have v € Wi’f(!)), thus dv/dv € L*(9€). s it true that
limg_ye dvy /v = g in [T, L*(A;)?

Problem 2.3. In Theorem 2.3, is it possible to remove the hypothesis a;; = a;?

5.2.5 Very Weak Solutions (Continuation)

We will apply the duality method for the operator given by (5.28), (5.29). Without
difficulty we prove that L>-(9Q), the space of functions on €2 orthogonal to 1,
is dense in W21 (9Q), the space of distributions which vanish at 1. Applying
Theorem 2.2 to g = 0 we obtain immediately

Theorem 2.4. Let Q € 9N, A be the operator as in (5.28), (5.29), u the solution of
the problem Au= 0 in Q, du/dv =hon dQ, h € [**(9Q), such that [udx = 0.
Then

lul2(0) < clhly-12090). (5.38)
Moreover, the Green operator G : L**(9Q) — W'2(Q)NL**(Q) can be contin-
uously extended to G € [W~121(9Q) — L*+(Q)).
Example2.2. Let N =2, A= A, Q ={|x[ <1,i= 12}, g= 081190 —

O(—1,—1),00- Then there exists a unique function u € L*(Q), [oudx =0, such that
Au=0in Q, 8u/8v = 5(171)739 — 3(_17_1)739 on 0Q.

2We proceed as usual, using the reflexivity of W!2(9Q).
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Finally, let us remark that according to Theorem 4.1.3 a very weak solution from
Theorems 2.3, 2.4 belongs to w? 2(Q); if a;j, bi d € C*(Q), then u € C*(Q).

loc

Problem 2.4. For a second order operator let us consider a mixed problem: for
0Q =T UIy, dist(I7,I3) = 0, suppose that u = g; on I, du/dv = g on I3,
Au= fin Q, f € L*(Q). In some sense which should be precised, is it true that

du

> +lulwiz0) < clgilwizm) +18202m) + 1flrz@)?

12(00)

5.3 Second Order Strongly Elliptic Systems

5.3.1 Definitions

The generalized Rellich equalities can be used also for second order systems. We
shall restrict ourselves to the Dirichlet problem and consider the system:

0 d ..
ArS:—a_xi< llax )+brs 13]21727"'71\]7 r,s:1,2,...,M, (539)

af €N (Q), Vel Q) aj=d}, di=al.}  (540)

Let us observe once more that in this chapter, we consider only real functions. The
system (5.39) is assumed to be strongly elliptic, cf. (3.181a):

N
EeRY, neRM:afjéiimrmze(g an (5.41)

r=1

For simplicity we assume:

neR” — b™n,n, >0, (5.42)

rs&(P" a(PS rs &
o, 05 € Cj (L2 2/ ( aij ox; 0x; +b (PF(PS> drx > ¢ 2 |(Pr‘%vl~2(£2)7 (5.43)
r=1

then we have {WOI ’2(!2)] -ellipticity.

Let us observe that if the coefficients are constant, then (5.43) follows from
Theorem 3.7.3 and from (5.41), (5.42), and that Theorem 3.7.4 together with (5.41)
imply the inequality:

3This condition is very restrictive. Nevertheless, it is valid also in the more general case of non
homogeneous, anisotropic media, for the system of elasticity.
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M
A@.0)+2(9,9) = c1 X 10rl3120)s (5.44)

r=I1

with A big enough. The reader can investigate as an exercise, for the case when
A(v, u) is a hermitian form, the Fredholm theory for the Dirichlet problem and
adapt the hypothesis that A = 0 is not an eigenvalue.

5.3.2 Regularity of the Solution, (2 Smooth

Let us consider Q € NO! g ¢ [L2(<9Q)]M, fe [LZ(Q)]M. According to Theo-
rems 3.7.2, 2.4.10, there exists a unique solution u € [Wl*z(Q)]M of the problem
Apus = f,inQ,r=1,2,...,M,u=gon dQ in the trace sense.
To complete the study of systems (5.39)—(5.43), we must consider the depen-
dence on the domain and prove a regularity theorem as in Theorem 4.2.2.*
According to the proof of Theorem 3.6.7 we obtain

Lemma 3.1. Let Q be a bounded domain and €2, be a sequence of domains €2, C
Q, lim,, e £2,, = Q, such that for every compact K C £, there exists ng such thatn >

no =K C Q, Lettc [W12(@)]" ug e W)Y, and u, € [W'2(Q,)]"

the solution of the Dirichlet problem A, gitys = f in £y, Uy = g on 0Q,, where A

are the operators defined by (5.39)—(5.43).* We extend vy, outside of 2, by uy. Then

lim,,_yeoly = U in [WI’Z(Q)] M, where u is the solution of the problem in £2.
Changing slightly the proofs of Theorems 4.1.1, 4.2.1 we obtain, cf. J. Necas

[13]:

Lemma 3.2. Let Q € N, A, be the system (5.39)~(5.43)* g € [W*/22(92)]"

fe [LZ(Q)]M, u the solution of the problem Aysus = f, in Q, r=1,2,... M,u=g
on 0Q. Then

1/2
2
|u|[W2,2(Q)}M <c (IfI[L2 ot IgI[W;/22 oa)” ) . (5.45)

Proof. Let us consider a partition of unity and the transformation in charts (y',yy).
Then we prove as in the theorems mentioned above

‘ 0%u;

1/2 .
2 L yLy e
8y,yj _C(|f|[L2( ]M+|g|[W3/22 99)] > ’ = 1,2,...,M,

L2 (K+)

“4Here the condition a,j aﬂ a” = a,j is not necessary.
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except in the case i = j = N. It follows from (5.39)—(5.43) written in charts (y',yy),
that the condition (5.41) is the same after this transformation:

. 8214; 5 ]/2
a[\fN a 2 :hr, /’lr el (Q)v |h |L2 < C <|f|[ }M"’_ ‘g|[Wg/22 39)] > )

then by (5.41) we have det(ajsy) # 0 in Q. O

5.3.3 The Rellich Equality

Let Q €M™, ve [Wzvz(Q)]M, A,s be the system of operators given by (5.39)-
(5.43).Let h=(hy,hy,...,hy) be a vector with components in C*(€2). Let us denote
Al = —0d/dxi(aj;d /dx;). Almost everywhere in £ we have the identity:

0 v, dvg v, 8\}5 v,

8_xk (hkafj—h,-ag. hja ’k)(?x, o, =b;; % o Y + 2h; o ——AL vy, (5.46)
where Sart
dhy ar oh;
brS rs h 2_ rs
A A T

The Green formula gives

v, dvyg
/a iy~ hjai) 5 5y s

v, dvg avr
/ ('fax,axj 2h8 o, >dx

We can prove for systems a result analogous to that of Lemma 1.3:

(5.47)

Lemma 3.3. Let Q € N, A, be the system (5.39)—(5.43), f € [LZ(Q)]M,
g € [C=(dQ)™, v the solution of the problem A.yvs = fr in Q, r=1,2,....M,
v =g on dQ. Then we have v € [WQ*Q(Q)]M, v, /dx; € L*(0Q), i=1,2,...,N.
r=1,2,...,M, and the following inequality:

v , 1/2
< f 5.48
ov [2o0)" “ (l |[L2( ]Mﬂg'[W”aﬁ)] ) ’ (548)
where
I (e dw N (V) (o
ov ”8 i ”8 v i ox; o av), \aov/)y)’
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Let us define T by T(f, g) = dv/dv, f € [LZ(Q)]M, g € [C™(0Q)M; we can
extend T continuously to T : [[LZ(Q)]M X [WIQ(&Q)]M — [LZ(Q)}M]. In (5.48)
c1 depends only on dQ as in Lemma 1.3.

Proof. Theorem 3.7.2 gives the existence and uniqueness of the solution. By

Lemma 3.2, v € [Wz 2(9)]M; let us take a function /4 as in the proof of Lemma
3.1. The vector hknka —h; nka % with r, s, j fixed is orthogonal to the normal vector;
as in the proof of Lemma 3.1, we obtain the inequality:

s OV AV
~/99 lj ax a 5—ds < €1 ('ﬂsz( ]M + |g‘[W12 ag)} ) (549)

where ¢ depends on the data as in Lemma 3.1.
Let us consider the inverse matrix to the matrix of coefficients ai’;-n,'nj; let d™ be
the coefficients of this inverse. Then inequality (5.41) implies

CzZn >d" Mg > c3 an,

r=1 r=1

the constants ¢;,c3 depend only on €2 and c¢;. We have

s <8v> <6v) OV Vs e vy 4 Ovr S dvy dvy

— — =d"a ma’t —n
v ov ” Bx, dx; xj K9, dx; ™M ox, m g ox, axl
v, v
— drsartnkas‘r no — gty L2t
( kl mn'tm nl)axn 9x1

For ¢, 7,1 fixed the vector (d"a}jnxayy,n, — a.}) is orthogonal to the normal vector;
using (5.49), we obtain the following inequality:

/mﬁ[(é’—i),]zdx

(5.50)

v,
ax,-

r=1i=1 L2<ag)> .

For r,s, j fixed the vector (a}? T —maggn g n;) is orthogonal to the normal vector; we get:

vy

8v aV

rs rs s rs
a;;ni—nga; nin;)=—— =\ =— —a;mn;)——
( A K j)8xl~ 8v r ( kj J) 8n’

2 -, (8v)
>~ (5
12(00) v

thus
v,
on

)

r=I1

+1g .
L2 09) | |[W12 39)] )
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Let us now consider the piece of d€2 described by the function a(x'), cf. the
definition of M™!, and let us set w,(x') = v,(x, a(x')). For i < N — 1, we have
ow,/0dx; = dv,/dx; + (dv,/dxn)(da/dx;); on the other hand using the coordinates
(x',xn), we have

M (v da v, 1+Zl 2a\?\ "
on  \dx; dx; dxy dx; ’

thus
M N av
— + : 5.51
Z?Zf oxi|290) (2 (3V>r 12(00) Blpy12(00)" ) 331
It follows from (5.50), (5.51) that
M N avr
5. f + g 1/2’
;Z; axi LZ(BQ) (| ‘[ }M ‘ |[W12¢9_Q)] )
thus in particular (5.48) holds. O

5.3.4 Regularity of the Solution, {2 Non-smooth

We can prove a lemma analogous to Lemma 1.4:

Lemma3.4. Let Q € M, A, be the system (5.39)—(5.43), f € [LZ(Q)]M

gc [Wl’z(aﬂ)]M, Vv the unique solution of the problem A,svs = fr in Q, r =
1,2,...,M, v=gon dQ. We extend g to 2 using Lemma 1.1. Let £, be a sequence
of subdomains, lim,,_,. 2, = Q as in the definition of 9. Let v, be the solution of
the problem A,vg, = f, in ,, v, = g on d8,. Let (8Vn/8v), =aj (avm/c?x,)n,
on d€2y,. Then dv,/dV converges weakly in [T/, [ (A,-)} . Denoting by w; this
limit in [L? (A,-)]M, and setting

v &
FIvhe l; Piwi. (5.52)

we get
v

1/2
3y c-(f|fL2( ]M+|g|[W12m)]) . (5.53)

Proof. According to (5.43) we have the existence and uniqueness of the solution.
Let us construct 4 as in Lemma 1.3, and by Lemma 1.1 and the previous lemma, we

[2(02)"



5.3 Second Order Strongly Elliptic Systems 267

get:

vy, 5 2 1/2

—-— < f + , 5.54

‘ ov 12(99) =l (| ‘[LZ(Q)]M |g|[W1'2(aQ)]M ( )
where ¢ does not depend on s. Using Lemma 3.1 we obtain the result using the
same approach as in the proof of Lemma 1.3. (]

We also have

Theorem 3.1. Let Q € M, A,s be the system (5.39)—(5.43), f € [LZ(Q)]M,

gc [lez(ag)]’”, v the solution of the problem Apsvs = f, in Q, r=1,2,... .M,
v=gondQ. Let us define T : [LQ(Q)}M X [Wl’z(aQ)]M — [L2(8Q)]M by (5.52).
Then T € [[L2(Q)M x W12 (9Q)|M — [L*(9Q)|M] and foru € [WI’Z(Q)}M:

o o 3v
./Qurfrdx:—/(mu, (E>rdS+A(V,u). (5.55)

The mapping T satisfying (5.55) is uniquely determined.

The proof is a straightforward modification of the proof given in Theorem 1.1.

5.3.5 Very Weak Solutions

Using the duality method we obtain the very weak solutions for the Dirichlet
problem.

Letue [W'2(Q)] M pe a weak solution of the equations A su; = 0in Q,u=gon
0Q,g¢ [W'/Z’Z(QQ)} M It follows from Theorems 2.4.10, 3.7.2, that there exists
a unique solution of this problem. We can prove easily
Theorem 3.2. Let Q2 € M, A,s be the operators (5.39)—(5.43). Then the Green
operator G : [WI/Z'Z(BQ)]M — [lezﬂ)}M giving the solution of the problem
Ansits =0 in Q, u =g on dQ can be extended continuously to G € [L*(dQ)M —
[L2(2)[M).

Proof. Let u be from the theorem and v be the solution of the problem A,svs = f; in
Q,v=00n9Q, withf € [L*(2)]". By (5.55) we get

/Q W fodx = — /m (v IV), dS,

then according to Theorem 3.1, \u|[L2(Q>}M < cl|g|[L2(aQ)]M. Using Theorem 2.4.9

the result follows. O



268 5 Applications of Rellich’s Equalities

Exercise 3.1. Let Q2 € 91, A, be the operators (5.39)—(5.43).
Let u € [WH2V/ (N1 (Q)M be a very weak solution of the equations Aus = 0 in
Q. Let limy_,.. [u 2oe)" = 0. Then u = 0. Hint: Use Lemma 3.4.

Example 3.1. Let Q = (—1,1) x (—1,1) x (—h,h),
Apstts = = Auy — (A +p)(9/dx,) divu,

M=3,u>0,4>0,cf. (3.201). We prescribe u, = g, on dQ,g, = 0 for x3 =
+h; We assume, for instance, g, smooth enough on the faces without conditions of
compatibility on the different faces. In general, we do not have g, € W'/22(9Q),
the method from Chap. 3 cannot be used. Nevertheless a very weak solution exists
according to Theorem 3.2.

It follows by results of A. Douglis, L. Nirenberg [1] that this solution is in
[C=(Q)P.

Problem 3.1. Keep the hypotheses of Theorem 3.2, and let g € [CO(0Q)M. Tsue
[C=(@Q))M?

Asin Sect. 5.1, we obtain the following result: for a very weak solution from The-
orem 3.3, we can define du/dv € [W~12(9Q)]™ such that [u/dV|y-1250)m <
clufy2(9qym: we proceed as in the proof of Theorem 1.3.

Problem 3.2. In Theorem 3.1, is the condition a;; = a;; necessary?

5.4 A Fourth Order Equation, the Dirichlet Problem

5.4.1 Definition

Now we consider a fourth order operator which is written in the following form,
different from that used in Chap. 3:

— 82 .. 32 _i b: 82 + 82 -+
 dxidx; dijkl 0x;0x; ox; ikl dx,0x; Ck 0x,0x;

9? 0 0 0 92 )
" o (aijk&_x) " om (e"-" 8_xj> +f’ T i &)~ o () T
:A/+A//
(5.56)
where

92 9?
! — ..
A= 8x,-c9xj (aukl 8xk8x,> '
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Concerning the coefficients we assume:

aiji €CM(Q), by €CON(Q), cyeL7(Q),
dig €CVN(Q),  e; €CON(Q), fie L7(Q), (5.57)
g €CV(Q),  mec(Q), qeL”(Q).

Let us consider a symmetric real matrix with coefficients &;;. We assume

N
aiju&iia > ¢ Y, & Qi = aji = aiju. (5.58)
i,j=1

Now let v € W32(£). We have almost everywhere the following identity:

P) v %
— | (hiay; hitijm — hmaijun) 5 —=—5=—
X (hi@imjit + hicaijmi ma”kl)9xi9xj Ix0x;
2 pee 93y %y
L i 5.59
i€lmjlk 0x;0x; 0x;0x;0xy, it 0%i0%;0%m 03,91 ’ o

2%y 9%

d
+ 3 (itimta & it = i) 35— ==
! J

X

Using condition (5.58), we have due to Theorem 3.4.2 for A big enough and for
22700,
ve W, (Q):
A(V7V)+)‘(V7V) Z c|v|a/22(g)- (560)

Moreover we assume:

veEW,? (), Av=0weaklyin Q = v=0. (5.61)

5.4.2 The Second Order Rellich Inequality

We shall prove the Rellich equality and the associated inequality. We call this
inequality second order Rellich inequality.

Lemma 4.1. Ler Q € O, A be the operator defined in (5.56)—(5.58), (5.61). Let
G* be the Green operator associated with the adjoint A* and the Dirichlet problem
Av=FfinQ v=09v/dn=00ndQ, G € [W12(Q) = W?2(Q)]; fe W 12(Q).
Then v € W32(Q), where 9%v/dx;0x; € L*(9Q), and we have the inequality:

No| o
3)6,‘&)6]'

<cilflw-12(0), (5.62)

ij=1 12(0Q)

where ¢ depends only on the data as in Lemma 1.1.
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Proof. The existence of the Green operator is a consequence of Theorems 3.2.1,
3.3.1; let f € L?(Q); then Theorem 4.2.2 implies v € W*2(Q).

Using the function £ as in the proof of Lemma 1.3, due to (5.59) we get, together
with the fact that dv/dx; = 0 on 92,

v 9%
hiay,; hi@iim — hmai i) =——=—=——=—n, dS
/39( Amjki + NiQijmi azﬂd) 8x,~8xj X, 0% n

_/ o 9%y 23y e 3y %y d
o i€hmjlk 0xi0x; Ox,Ix;9xp, Wi 9xi0x 0 Xy X 0x

0%y 2%
hmaijkl)anan axk(}xl

(5.63)
d
+ /Q aT(hiamjlk + Pkt jmi —

= —2/ h; —A’de—l—B(v V),

where X
B(v,v):/ S begD*vDPvdx,
2ol |pl<2

with ¢,  multi-indices, bap € L~(Q), and

N

bapli=(a) < ci( Z |aijtlcr @)+ 1)( 1+2|h\cn ))- (5.64)
i,j,k, =1 i=1

The operator A” from (5.56) is of third order, hence it follows from (5.63),

%y 9%
/a o (hi@mjrs + hiaijmi — hmaiji) I L ds
OO (5.65)

av .
:_2/_(2}“(9_)6,-14 vdx+ B'(v,v),

with bixﬁ € L*(L). The vector (hiayjir — hmaiji )nm for j,k, 1 fixed is orthogonal to
the normal vector as well as the vector (/id;jm — hmaijki)nm for i, j,1 fixed. We have
(h;a,,,jkl - hmaijk,)nm82v/8xi8xj = 0, (hka,-jml - hma,-jkl)nm82v/8xk8xl =0on BQ,
then using (5.65), (5.58) and the existence of the Green operator, we deduce (5.62)
for f € L*(Q). But L?(Q) is dense in W~12(Q); on the other hand, by Theorem
422, feW12(Q) = veW3?(Q). O

Problem 4.1. We keep the hypotheses of Lemma 4.1, but we consider the non-
homogeneous Dirichlet problem: A*v = f, f € W 12(Q), v = go, dv/dn = g1 on
0£2. We assume that there exists vy € W2=2(Q) such that in the trace sense v = vy,
dv/dn = dvy/dn on dQ; using the data gg,g; we can formally compute dv/dx;
on d€Q,i=1.2,....,N. We assume [dv/dxi|y12(50) < . Determine whether the
following inequality holds:
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N N 2

S C(‘fﬁ/—l,Z(Q) + 2
[2(0Q) i=1

9%
axi8xj

A

il 1/2
8x,» '

—f—|VO|2 12 )
W12(9Q) whAQ)

i,j=1

5.4.3 The Third Order Rellich Inequality

Let us assume that the operator A* can be decomposed in the following form

A*_i A'-i C _82 _|_i B: _82
n 8x,- Y (9)Cj K 8xk8xl 8x,- ikl 8xk8xl

(5.66)
+D. 9_2 +E,i _|_F
Y 8x,-8xj ’8x,< ’
with
Aij,Cy €CHN(Q), By €C¥N(Q), Dij,Ei F €L™(Q), (5.67)
EeRN = 488 > clEl, Cubi& > clE). (5.68)

Let us observe that in the decomposition (5.66) of A* the first operator is
a product of two second order elliptic operators; if N = 2 this is always the case
except perhaps the regularity condition (5.67). Sufficient conditions for (5.66) are
given in the paper of the author [2]; for instance, (5.66) holds if g, j; are constant. If
N > 3, (5.66) is not satisfied in general.

We prove the third order Rellich inequality.

Lemma 4.2. Let Q € M™,A be the operator satisfying (5.56)—(5.58), (5.61),
(5.66)—(5.68). Let G* be the Green operator corresponding to the problem A*v = f
in Q, fel*Q), v=20v/dn=0 on IR, G* € [L>(Q) — W?*(Q)]. Then v €
W4(Q), where 9%v/dx;0x;0x; € L*(9R), and we have the inequality

d d%v
Aij8_xj <Ckl Bxka)q) &

where ¢ depends only on the data as in Lemma 1.1.

Proof. Let h be the solution of the Dirichlet problem —d/dx;(A;jdh/dx;) =0
in Q, h € C*(dQ). We have h € W*?(Q) by Theorem 4.2.2 and it follows that
v € W*2(Q). We can use the Green formula and obtain

<clflr20) (5.69)
W-12(00)
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d 2% %
hfdx = hAjj— | Cy=—=— | m;dS hBjj =——=—n;dS
/Q f 00 Y (9)6}‘ < M 8xk8x, ) i + /ag ikl (9xk<9x1 i

) o (5.70)
h
/ A5 9, < "’axkax,) dx+Clh,v),

where
Clh,v) = / S CopDhDPvdx,
2oj<1,|B|<2

N N N
ICapl <c1( Y, 1Buili=2)+ Y, Dijli=@) + X |Eili=(0) + [Fli=(a))-
Pel=1 =1 pay

‘We have also

oh 0 9% dh %
/QAU&_xi 5_161 <Ckl 8xk8xl) dr= /5'!2 AU8_XI'CH &xkaxl & ds
d oh 9% oh 9%
- /g Fre (A"f 8_x,-> Cu 5 eam &= / A e O e, 9
thus by (5.70) according to (5.68), (5.6), it follows:

d 0%y
/aghAija_xj Cklm n;ds §C2|f|L2(Q)|h‘W'=2(QQ)’

and using the density C*(0Q) = W'2(9Q) the result follows. O

Let us remark that we can obtain a stronger result: for instance if N > 3, then we
have L1(Q) c W~'2(Q), 1/g=1/2+1/N, and thus

’/Q hfdx‘ < clhlwizq)lflLa @)

since |h|Lq’(_Q) <cilhlyi2(g), 1/4' =1-1/q.In (5.69) we can replace | f|;2(q) by
)

Problem 4.2. Is it possible to have an inequality of type (5.69) without assumption
(5.66)?

5.4.4 Dependence on the Domain

We want to investigate the dependence of the solution of the problem A*v = f in
Q,v=9v/dn =0 on dQ, with respect to 2. These considerations are strongly
connected to questions in Sect. 3.6, Chap. 3.
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Lemma 4.3. Let Q € 9, A be an operator satisfying (5.56)—(5.58), (5.61). Let
f € L*(Q), Q; be the sequence from the definition of 9. Then there exists for s > s
a unique solution vg of the problem A*vy = f in Q5 vy = dvg/dn =0 on dQ;,
G! € [I*(Q) — W?2(Qy)), |G| < c. If we extend vy by zero outside of Q5 we have
limy e vy = v in W>2(Q).

Proof. Let us assume that lim,_,.. G; does not exist; then we can find a subsequence
of weak solutions of A*vy, =0, v, € Woz"z(.QS) C WOZ’Z(Q) such that

d%vs,  9%v
a; ! Ldx=1.
/ M Oxidx; 9x;0x;j dx;.dx;

We can extract a subsequence denoted again v, such that limg, .. vs, = v weakly in
WO2'2(Q). We have:

/ Py vy / Y D%, DPv,, dx
Aijkl 53 B(vs,,vs,) by pL Vs D" Vs, AX,
Q 3x,8x, 8xkc9x, Q la|<2,|B|<2
o +[B|<4

bop € L™(L2). By Theorem 2.6.1, limy, ;.. D%vs, = D%v strongly in LX(Q)if |a| <1,
then:
/ ﬁDO‘vDﬁvdx =1
Q |a|<2,B|<2

lodl+|Bl<4

on the other hand, we also have for ¢ € WOZ’2 (Q):
8 (0] (92 / o B
ikl == ﬁD (pD vdx,
/ i dx;idx; (?xkaxl Q||<aT8|1<2
lal+|Bl<4

hence v is an eigenfunction satisfying A"y =01in Q, v € WO2 ’2(!2), such that

*v %
i =——m—=———dx =1
/.Q Aijkl (9)61'8)6}' 8)6149)6[ ’

which is not possible. Now let us assume that for a choice of indices s,, r — oo,

lim|G; | = eo. This implies that there exist f;, € L*(€,), 1My | £5, |12(q, ) = 0
such that the corresponding solutions vy, satisfy

/ 4 vy, 9%,
ik ————
Q0 Y (9x,'8xj 8xk<9x1

SWe can actually take a more general condition.
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Using the same approach as above, we have:

/ . v, d%vy,
gl
Q, 7 0xidxj dx;dx

r

dx= / Vs, fs, x4+ B(vs,, vs,),
Qs

and we get (after extraction of a subsequence denoted again vy,) lim, e vs, =V
weakly in WO2 ’Z(Q); from this we deduce as above that v is an eigenfunction, which
is impossible. Finally, let f € L?(Q), and v, obtained in this lemma; we have
Vslw22(a) < c1lfli2(q)- Then lim vy = v weakly in WOZ’Z(Q). If not, it will be
possible to find two subsequences vy, , vy, such that lim, e vy, = v1, lim; e vy, = V2,
v1 # va, v, v solutions of our problem which is impossible. Now we have according
to Theorem 2.6.1:

/ 2(v—vs) d*(v—vy)

PRCL dxidxj  dxdx dx:/QvfderB(v,v)+/stfdx+B(vs,vs)

Q ikt 9xi0x;j dxxdx; Q ikt 9xidx;j dx;dx;
2/ vfdx—i—ZB(vm)—Z/ vfdx—2B(v,v)=0.
Q Q

Using also (5.58) the conclusion of the lemma follows. [l
Let us observe that Lemma 4.3 is true under weaker hypotheses.

Exercise 4.1. Prove Lemma 4.3 supposing that € is a bounded domain and that
limy .. fy = f in W=22(Q). The other hypotheses remain, there exists a sequence
€y, limg_,.. 2, = Q in the usual sense: for every compact K C €2, there exists sg
such that s > s) =— Q; D K.

5.4.5 A Density Lemma

We shall prove the following important density lemma:

Lemma4.4. Let Q € 9. Let us consider the subset, denoted by M, M C
W2(9Q) x L*(9Q), of elements (u,du/dn), u € W>*(Q). Then M is dense
inW12(0Q) x L*(0Q).

Proof. Let (go,g1) € W'?(9Q) x L*(9Q), ¢, be the function from the partition
of unity in 1.2.4, and let us set go, = goQr, &1 = 19 + g0(d @,/ dn). Clearly we
have (go,,g1,) € W'?(9Q) x L*(9€2). Now we use the local charts and we consider
(g0r,&17) as an element of W12(A,) x L*(A,). Let € > 0; we can find go,e € C5(A,)
such that [gore — gorlw12(4,) < €/2 and g1,e € C5 (Ay) such that [g1re —g1r|w12(a,) <
€/2.In U, let us set ups (X, Xrn) = 8ore (X)) — hrse (*')) (xrn — ars(x])), denote
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1/2 o 1/2
da, N/ ays
<1+Z(ax”> ) ) prs<1+12’_1<3xri> > )

ZN*I agOrs aarx

and set:

8lre i=1 (9)(,,' aX”'
hrss = - B
Prs Prs
(Cf. the definition of 901.) We have u,; € C*(U,). Let o = uys, §1 = duys/n on
02 NU,. We have:
- agOrs aar
(lrs)v 81 8lre = Prpm |: Prs Z ax” ax”

80— 8ore = &1re (X)) (ar

8a, 8ars N 88;*08 aars
1 8xri a-xri

N
—[1+

1=1 8xri 8xri

N1 9a, da
+ DPrs z L= glrs_Prpgsglr .
axrz Xri

Now we use the definition of 90t: lim; e a,s = a, in WH2(A,) |ars|co 14 < const.

If s is big enough, we obtain
|g()_gOrglwl2 <8/2 ‘gl_g]rg|wl,2(Ar) <eg/2. (5.71)

We do not give all details,but only the general idea in the case of L?(A,)

980 dis _ (5.7

Indeed: if we put

then (5.72) is equivalent to

lim

§—roo

Butfori=1,2,....N

Sli_{g(l’%saar/axri

da, 8am> N

prprs < z 8xri Oy 1 OXri OXyi

N da, days\
<1 * Z axri axri) - AS’

2 agOrE da, _ agrOg &ars> -0
" dxyi 0%y ’ 9%y OXyi -

Asdatys |xyi) =

— 1, dgore /9xri € C5 (Ar), we must prove that



276 5 Applications of Rellich’s Equalities

in L?(A,). We have limy e, As(day/dx,;i — da,/dx,;) = 0 in L*(4,), thus it is
sufficient to prove that limy_...(p% — As) = 0in L2(A,), i.e.

. N 7 9an 2 A=l da, days
Sh_>n°l° (Z (axri> - l:zl Oxyi 8xri) =0

i=1

which is also equivalent to

lim

§—roo axri

9xyi OXyi

a“”(‘%’” 8ar>:01nL2(A,), i=1,2,...,N—1.

The last limit is zero, thus we obtain (5.72).
Let now y € C;(U,) be such that y = 1 in a neighborhood of the supports of

gor» &1, 0N dL2; let us take vys = u, . There is v,y € C(R2),

aVrs
|vrs7g0r|W1-2(Ar) <Eg, ) —&1r <§g,
" 12(4)
then for some ¢
Vrs
\Vrs—gOr\WL,z(Q) <c1g, P —8ir < ClE.
n 12(9Q)
Finally if we set
m
Y= ZVrS €C7(Q),
r=1
we can construct the element (v,dv/dn), and we get
dv
[v—golw12(90) < cime, 5, 8 < cime.
n 12(99)

5.4.6 Regularity of the Solution

Now we prove:

Theorem 4.1. Let Q € IM,° A be an operator satisfying (5.56)—(5.58), (5.61),
(5.66)~(5.68). Let f € L*(Q),v be the unique solution of A*v = f in Q, with

6We can take a more general condition.
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v=0v/dn =0 on dQ. Then there exists a unique linear, bounded mapping
T :1*(Q) — [*(9RQ), and another mapping S : L*(Q) — W~12(3Q) such that
forall u € W*2(Q) we have:

du 0 Jdu 2%y
/Qufdx= (u,8f) o0 — <Aija_xi”j7Tf>aQ +/Q E (Aija—xj) “3a

du d*v d%v adv "
_LBikITMde+/g2uDijmdx+/QuEia_xidx+/QF(qux).
5.73

Proof. Let vs be the solution of the problem A*vs = f in Q, vy = dvs/dn =0 on
9Q. According to Theorem 4.2.2, v, € W*2(Q), and

9%, J?
/A rfdx / uA l’&x] ( kl&xk(?x;)n’ds+/ u-B lkla a n;ds

8ur 0%, d u, 0%,
— A;ji—C, ds — | A;ji—Cyy=—— | n;dx
/ag T ox M xeon kax,”f " o, ax-< fax,- "’axkax,)”

du, 93vy
- B; ——dx D dx / dx / Fu,vsdx,
/ K oxi ox; 8xk8x1 +/ ! JaxlaxJ + ), wE + UrVs
(5.74)
where u, = u@,. Using Lemmas 4.1, 4.2, and also Lemma 1.4, the following

functionals:
0 82\/ 82
Aii— | C n;dS +B; n;dS

can be considered as a sequence of functionals S,; on W!?(A,), evaluated at
up(x),ar(x))). But limg_eo e, (x), ars(x))) = uy(x),a,(x))) in W()I’Z(Ar); using Lem-
mas 4.1, 4.2, we have [Sys|y-12(4,) < c1]f];2(q)- We can extract a subsequence Sy,
which is weakly convergent, hmHoo Srs = Sr, in the same way we consider the
sequence Ty of functionals in L%(A,), computed in u,(x., a,s(x,)):

u, 9%,
T,s = A;i—C, ds.
’ /a:zS T ox M onax

As above we can extract a subsequence T,y which is weakly convergent,
lim;_e Ty, = T,. Lemma 4.3 gives (5.73) for u,,S,, T;. Let us set

m m
S=Y ¢S, T=Y ¢S
r=1 r=1

after some computations we get:



278 5 Applications of Rellich’s Equalities

then finally (5.73) follows for u by summation of (5.73) calculated for u,, ¢,,T,.
Lemma 4.4 gives the existence and uniqueness of Sf, T f for f fixed. [

Remark 4.1. From Theorem 4.1 we can see that limg ... S;s = S,, limg_ oo T, = T,
weakly. Indeed for the first limit, if the result did not hold, there would exist
ue WOI ’Z(Ar) and two subsequences Srsl.,Smj such that lim; e Sys;4 7 lim;j e Smju.
Without lass of generality we can take ¢ € C;(A,) close to u such that
lim; e Sy, @ # 1imj o0 S,5,¢0. Now by Lemma 4.4 there exist h, € W>?(9Q),
lim ey = @ in W'2(9Q), limy . dh; /dn = 0 in L?(9L). (We define ¢ on 9Q
by @(x,) = @(x},a,(x})).) Let y € C5'(U,), y = 1 in a neighborhood of supp ¢ on
0. We get lim, . iy = @ in W2(9Q), lim; . I,y /dn = 0 in L?(9Q). If in
(5.74) we replace u, by h;y we obtain lim;_,e. Sy, ¥ # lim;j_., Sro;he y, which is
a contradiction.

Exercise 4.2. Let u € W22/t (Q) be a very weak solution of Au = 0 in Q
where A is the operator from Theorem 4.1. Let us assume:

u

on =0

lim|M|W1,2 PYe) :07 lim
§—roo (04) 12(09,)

s—3o0

Then u = 0. Hint: Use Remark 4.1.

5.4.7 Very Weak Solutions

Theorem 4.1 shows that we can use duality to find a very weak solution of the
Dirichlet problem. First by Theorem 2.4.11, the Dirichlet problem for A can be
formulated in the following form: let (g¢,g1) € W!?(9Q) x L?(9Q) be generated
by ug € W>2(Q): up = go on L, dug/dn = g, on dQ. We are looking for u €
W22(Q) such that Au = 0 in Q weakly, u = go, % = g1 in the sense of traces.
Theorems 3.2.1, 3.3.1 and also Theorem 2.4.12 guarantee the existence of a unique
solution. Recall the set M defined in Lemma 4.4; we have

Theorem 4.2. Let 2 € M, A be an operator satisfying (5.56)—(5.58), (5.61),
(5.66)—(5.68). Then the Green operator G : M — W2’2(Q) associated to the problem

Au=0in Q, u=go, du/dn =g on dQ can be extended to a mapping G €

W12(0Q) x L2(9Q) — L*(Q)].

Proof. We use the local charts (x’,,er) with the same notation as before: p, =
N /2

(1 +3V, (gxﬂ) ) as in the proof of Lemma 4.4. Let be given u; € W2?(Q)

generating (1o, dug/dn) from M. Let us set f(x..) = up(x},a(x,)), then:
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dug 1 (Nl duy da, 8u0>
a”l pr i=1 axri axri aMVN ’ (575)
daf, dug Jduy da,

Oxyi B Oxri  OXpy axri.

The determinant of the system (5.75) equals — p, # 0, and we can compute du;/Jx;,
on 9 using (5.75). This procedure can be applied for r = 1,2,...,, and we obtain
finally a linear bounded mapping H € [M — L*(9€)] such that

814() N 8u0
H(up,— ) = Y Ajj=—n.
(LtO» 8n> ijzz,l ij axj n;

Let us consider u = G(ug,dug/dn), where u is the solution obtained in Theorem
4.1. From (5.73) and from the existence of mappings S, T given in Theorem 4.1 the

inequality
(5.76)
12 (99))

follows and we conclude with Lemma 4.4. O

Clearly, if u € C%(9Q) on dQ, du/dx; € C°(Q), then Theorem 4.2 gives the
existence of the solution. A natural question is

dug
lul20) <c <|Mo|w1‘2(ag) o,

Problem 4.3. Does the above solution belong to C' (Q)?

In the paper of the author [10] for domains with lipschitzian boundary, the space
of boundary conditions W!?(9€) x L?(9€2) cannot be extended to the Dirichlet
problem. An inequality analogous to (5.76) was proved for A? and the spaces
C'(Q),Q smooth, N =2, cf. G. Adler [3]:

o . (5.77)

lulcr @) < 1(0Q)ulecr 90y + 2
(0Q)

It is interesting to observe that the constant ¢, is an absolute constant independent
of Q.

It follows from Theorem 4.1.3 that the very weak solution found in Theorem 4.2
belongs to W*2(Q') for every Q' C Q' C Q if the coefficients of the operator A are
smooth enough; if the coefficients are in C*(€2), then u is in C™(£2) too. Concerning
the boundary conditions, we can formulate the problem:

Problem 4.4. Let Q2 € 91, u be the solution found in Theorem 4.2. Let us denote g,
dus/dn, u, du/dn, the values of the solutions and their normal derivative on d€2;,
0Q respectively. Then is it possible to have, in the sense of (5.66): lim;_ e u; = u in
W12(0Q), limy e dus/dn = du/dn in L2(dQ2)?






Chapter 6
Boundary Value Problems in Weighted
Sobolev Spaces

There exist plenty of references on weighted Sobolev spaces. In this chapter we
shall consider only results related to boundary value problems for operators with
nondegenerate and nonsingular coefficients. Many examples of weighted Sobolev
spaces can be found in the papers of L.D. Kudriavcev [2], J.L. Lions [7, 8],
S.V. Uspenskii [1-3], V.P. Illin [2], P.I. Lizorkin [1], J. Necas [7], E.T. Poulsen [1],
A. Kufner [2]; their applications are focused on elliptic equations with degenerate
and singular coefficients, cf. for instance L.D. Kudriavcev [2], V.A. Sakharov [1],
M.I. Vishik [5], etc. Concerning the boundary value problems studied in Chaps. 1,3,
the use of weighted spaces can be found in the papers of M.I. Vishik [4], J. NeCas
[31, [7], H. Morel [1], [2], A. Kufner [3], H.O. Cordes [1, 2].

For other questions related with these spaces cf. G. Cimmino [1], I.A. Kiprijanov
[1], V.A. Kondratiev [1, 2], N.G. Meyers [1], M.I. Vishik [4].

6.1 A Second Order Equation, Regularity of Solution

6.1.1 The Case of dQ2 Regular

Here we shall combine the results obtained in the previous chapters in the setting of
weighted spaces.
Let us consider a sufficiently smooth domain €2, and a second order operator:

N9 0 N9
A== 3 5 (g )+ 2o v o0

assume that o -
aij=aj, aj,bicC ' (Q), dec™(Q)

J. Necas et al., Direct Methods in the Theory of Elliptic Equations, 281
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8_6,
© Springer-Verlag Berlin Heidelberg 2012
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are real functions; moreover we assume:

N
EeRY = Y a;;&&; > clE].
ij=1

Let a real function ® € C%!'(9dQ) be given. In this section we assume that all
functions are real.

Theorem 1.1. Let Q € %!, A be the operator (6.1), h € W'?(9Q); let u be the
weak solution of the Dirichlet problem Au=0in Q, u=h on dQ. Then

/ > |Duf pax < c(julZyg + 1Bz oa) (6.1 bis)

li|<2

holds with p(x) = dist(x,d).

Proof. We apply charts (0,¢) in a neighborhood of G, to define €2 and a partition
of unity associated with these charts; without difficulty we obtain ¢ € DN"! such
that ;o < p < ¢20. Let h, € C*1(9Q), lim, e by, = h in W2(9Q), and let u,
be the solutions of the corresponding Dirichlet problems. We have the imbeddings
C*1(0Q) c W3/22(9Q) algebraically and topologically, hence by Theorem 4.2.2
u, € W32(Q). Let 7 be an integer, 1 < 7 < N, and let us put v = (9u,/dx%)o; we
have (92u,/9%x;)o € W, *(€2), and then

2%u, duy, 82u,, 314,,
/”21 ngl(axz ) dx+/2 dx+/dc i dx
%u, J%u, 2%u, Ju, 0o
-/, ”21 Y 9xi0 T dxyoxe 0 a |, ”21“’7 Sxids ax; s
0%u, du, 0o daij *u, Juy
+/ 21 Y ox2 8_xlxdx / zl 0x; dxi0x; 8x, 0 et
i,j iJ
N 32
/ a au"dx—i— A do .
(6.2)
Regarding the second integral on the right hand side in (6.2), we have
0%u, Ju, 96 B duy, du, 00
2, 2 ' gvare oy ave > a2, f%@a?”fds
(6.3)

_/ 8a,j8un8un 86 / 2 H%%&G
dxr dx; Jx; 8x1 4ij dxg 0xj Jx2

i,j=1 i,j=1
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for the third integral on the right hand side in (6.2) we get

%u, du, 0o
A Y a G2 o o

1/1

N du, du, do N 961,] uy, 8un Jo
= /aQ 2 “———”Tds / ~ dx; Oxt dx; Ox; P (6.4)

N du, du, d*c du, J*u, 0o ]
Rt et A Z“Ua—h—axraxja—@dx’

l]l

the last integral in (6.4) can be transformed into
2
- / o (3_) 99 4
2 Ja; = Bx] oxr ) dx;
du, \* oo ou,\> 9 do
ds / — ) — (a;j=— | dx.

/ag,j ! <8x1> dx; oxi +2 = 1<8x7> ox; al}&xi

For the other terms in (6.2) we have
Bzun 8un
/ 2 8x2 big

u aun 82un N 8un 8un
__/Q ; dxg ax,»axr o dx / < Jx; 0x; 0%z 5 —(bio)dx (6.6)

Ay aun du, 0
2/ <8x7> xi o)dx— / & dx; dx; 8xr(b o) dx.

Finally the last term in (6.2) gives:

2%u, Ju, 0
/Q do G udr=— [ S (udo) dx 6.7)

Now using the estimate (5.1.15) and (6.2)—(6.7), we have

1/2

N o/ 9%u, 2%u, 2
/QZI (8x,~8x7) odese (/ IZ{ (8x,8x7> dx) X
12
N aun 2 N aun 2 2
X </Q,§{ (3%‘) dx) +/!21=21 (8)6,-) dx+ |hn|wl.2(afz)]
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But if A is sufficiently large, then by Theorem 3.4.1 the sesquilinear form
N ov du X du
m— = biyv=—+d dx /1/ dx
/-Q<,Z a,jaxiaijr; ’vﬁxiJr vu + Qvu

J=1

is WO1 2(Q)-elliptic, hence

2
/i %) de < e (funlag g + inlraingy)
0= axi > 2\|Un 12(Q) nlw12(9Q)/

From this estimate and from (6.8), we get (6.1 bis) for u,; now letting n — oo we
have the result for u. O

According to Lemma 5.2.2, Theorem 4.2.2, and the previous theorem, we have:

Theorem 1.2. Let Q € MY, A be the operator (6.1), y € C'1(dQ), and let u €
W12(Q) be the solution of the problem Au =0 in Q, du/dv +yu = h on 0L,
h € L*(0Q). Then

i? 2 2
/le 1D pdx < elulZagg + 112 500

i<1

We prove theorems analogous to Theorems 1.1, 1.2 for operators of order 2k and
for various problems; it is necessary to have inequalities of type (5.2.2). For that, it
is possible to use the results of J.L. Lions, E. Magenes [1].

Remark 1.1. 'We can prove more than what is proved in Theorem 1.1; if the solution
is unique for each 1 € W'2(9Q), let us set:

1/2
M= {uecwh(Q), (/ Z\Diuyzpdx> <o, Au=0in Q}
Q

li<1

with the natural topology. In this case the mapping # — u is an isomorphism 7
of W!2(9Q) onto M; in Theorem 1.2: if there exists a unique solution for each
h € L*(dQ) then h — u is an isomorphism T of L?(9€) onto M. Cf. later in this
chapter.

6.1.2 The Very Weak Solution

Here we consider the case Q € M>!.

Theorem 1.3. Let us consider Q € N>, and let A be the operator (6.1), not
necessarily symmetric, satisfying the hypotheses of Lemma 5.1.4, h € L*(9Q). Let u
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be the very weak solution of the Dirichlet problem Au = 0 in Q,u = h on d<2 in the

sense of Chap. 5. Then
N 314 2 2
L3 (G et o

Proof. There exists a sequence h, € C*!1(9Q), lim,_eh, = h in L?(9Q), and
denote by u, the associated solutions. Due to Theorem 4.2.1, we have u,, € W?(Q),
and according to Theorem 5.1.1:

up|>dx < ¢ hy|?dsS. 6.9bis
0
Q Q

Let us set v, = u,0,06 € N, c,0 < p < c36. We have v, € Wol’z(Q), and

N 8v au N

duy, ‘9un du, 00
,/ 2 g 9O +/ Z i e (6.10)

i,j=1 i,j=1
+ T au"odx+/ 246 dx
iUp —=—— u .

o5 " oxi o’

The second integral on the right hand side in (6.10) can be written as

N du, 86
/Q ]Zauuna 8x, 2/8!2 Z 113 un) n;ds

i,j=1

3y 2

i,j=1

(6.11)
"8xj ij 8xl)dx7

then due to (6.9 bis), (6.10) we get (6.9) for u,, and letting n tend to infinity the result
follows. O

Let us denote
M={ucl*(Q / (—> pdx<e, Au=0inQ}
ox;

and define on M the natural norm

|u|M:</ 2dx+/2<ax1> )1/2.
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The previous theorem proves that the mapping 7' : L?(9€Q) — M, T (h) = u is linear
and continuous. Then we have

Theorem 1.4. Let us consider Q € M, and let A be as in the previous theorem.
Then W'2(Q) N M is dense in M and the mapping S : W'2(Q) M — L*(9Q),
S(u) = h can be extended by continuity to S € [M — L*(dQ)].

Proof. Let u € M. Using local charts (0,7) as in 1.2.4, we define Q; C Q, where
the boundary d €2 is the set of the points x defined by

x=y—n/s,y€dQ, (6.12)

with n the exterior normal at the point y € d€2; without restriction of generality we
can assume that d€; is defined for s = 1,2, ..... There is a one-to-one correspon-
dence between d€2; and €. Moreover, in local charts we have

Al x,

dol' ... o] =
| ---90N_

where ¢| does not depend on s. There exists a function & € C1'! (Q) equivalent to
p such that for x € Q and in a neighborhood of dQ2, o(x) = (in local charts, ¢
is the distance between x and d€2 along the normal #n). If s is sufficiently large,
let us set o5(x) = o(x) — 1/s, x € Q. Now we use (6.11) for u and vy = uoy in
€. According to the ellipticity of the sesquilinear form 22’ jzla,'jé,'é i, we obtain
immediately on 0.Qy:

Y. do
0<c3<— Y a,-,g—snjgm, (6.13)
=1 oN

where c¢3,c4 do not depend on s. From (6.10), (6.11), (6.13), it follows
/ u*ds < cslul3;, (6.14)
feIon

where ¢s is independent of s. Let us denote by u; the restriction of u to 9€2;.
Using the mapping (6.12) we compute (6.14) on d€2; now we can extract from
the sequence u; a subsequence which is weakly convergent in L?(9£2). Let & be the
weak limit of this subsequence. Let f € L?(Q),v the weak solution of A*v = f in
Q,v=00ndQ. We havev € W2=2(.Q) according to Theorem 4.2.2, and it follows

that
/ufdx:/ h( i a2V ) as,
0 00 ) 8x,~

ij

whereupon theorem 5.1.2 implies that u is a very weak solution of the Dirichlet
problem with the boundary condition u = / on 9€2. We can find h, € W'/22(9Q),
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such that lim,,_,e. 1, = h in L*>(9Q); if u,, solves the problem Au,, = 0 in Q, u, = h,,
on 9, then u, € W'2(Q), and by Theorem 1.3 lim, ;e 1, = u in M; moreover
(6.14) implies:

|”"|1%2(99) < cs|unl3,. (6.15)

O

Exercise 1.1. The hypotheses are the same as in the previous theorem. For u € M,
let u, € L2(8.QS) denote the restriction of u to dQy. Using (6.12) prove that u; — u
in L2(9Q), where u is the trace of u on dQ; cf. J. Neas [3].

6.1.3 The Case 02 Non-smooth

Letus consider Q1,£2,,...Q, € nzl Q= O,P:19i- Let us denote by A; the set Q2N
d€;, and let A; be open in dQ2, A;NA; =0 for i # j and meas (dQ — UipzlA,-) =
0. If Q €9, cf. Chap. 5, we shall say that Q € R. The domains from R have
a “piecewise smooth boundary”.

We have

Lemma 1.1. Let us consider Q € R, h € L*>(9Q), h # 0 on A,. Then there exists
a sequence of functions h, € W'/>2(9Q), supp h, C A;, lim,_ye h, = h in L*(98).

Proof. We approximate & by g € L>(9Q), supp g C A;; we cover supp g with

domains Gy, G, ..., Gy of the type G from 1.2.4 and let ¥; € C;’(G ;) be such that
K _ o . J

X € suppg = Zj:‘Pj(x) = 1. Let us set g; = g'¥j, and approximate g; by g; in

W12(9Q), supp g; C AiNGj, and extend g; to £ as in the proof of Lemma 5.1.1.

Then supp ¥¥_, 8 C A, & € W'(9Q) and T, §; approximates i in L*(02).

' O

For each (2; defined previously, we can construct a function o; € C L1 (5,-), i=
1,2,...,p, equivalent to dist (x,0d€;). Hereafter we shall use these notations.

Theorem 1.5. Let us consider Q € R, h € L*(0Q), supp h C Aq. Let u be a very
weak solution of the Dirichlet problem Au= 0 in Q, u = h on d£2, where A is the
operator as in Theorem 5.1.2. Then

/i CLAY / K ds (6.16)
QiZI 3x1 o S C 20 . .

Proof. Let h, be as in Lemma 1.1, u,, the corresponding solution, u,, € W"Z(Q).
According to Theorem 5.1.2 we have:

/uﬁdxgcl/ h2ds. (6.17)
Q 2Q
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Setting v, = u,Gq, we have v, € Wy*(); it follows from (6.10), (6.11) that
inequality (6.16) holds for u,. When we pass to the limit lim,_,.. 4, = u we get
(6.16) for u. [l

Theorem 1.6. Let us consider Q € R, h € L*>(9Q), u a very weak solution of the
Dirichlet problem Au=0in Q, u=h on dQ, where A is the operator as in Theorem

5.1.2. Then
’)(I)("' u (]X <( 2 . 618

Proof. Indeed, we observe that h can be approximated in L*(9€2) by 3! _ hg
supp ho C Ag, and (6.16) implies:

/;;(aua) Pd"<cl/2(au“) Gadxgc;/;ghads.

Let us remark that it is possible to obtain Theorem 1.4 and the convergence
as in Exercise 1.1 in the case €2 € R with other interesting properties (found in
applications); cf. the paper of the author [3].

Problem 1.1. Prove Theorem 1.5 if Q € MO:L.

O

Remark 1.2. In Neumann, Newton problems, i.e Au = 0 in Q, du/dn+ yu=h on
0Q,yc % (9Q), he W=12(dQ), cf. Chap. 5, Sect. 5.2, according to Corollary
5.2.1 and (6.18) we have:

/i ou 2pdx<c|h|2,12 . (6.19)
fo ¥ dx; = w=12(0Q)

6.2 The Dirichlet Problem and Spaces W:”

6.2.1 Density Theorem

In the previous section we have considered the space of u € L?>(€2) such that

/;(a)ﬁ) pdx < eo.

In a more general case, let 2 be a bounded domain (the case of an unbounded
domain also is possible), and ¢ a function from C(), ¢ > 0 in Q. Let us define
for p > 1, k an integer:

WEP(Q) = {u, Z/ |Dl”‘p0d"_|u‘p"” =
i<k
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If v,u € We*(Q), we put

(V,M)Wk,z(g) = Z /QDivDiﬁO'dx.
° !

i<k
If 6 € C¥(Q), let us denote:
k,2 ; 2
Hs ™ (Q) ={u, 2<'k/9 |Dl(uc)| o ldx= |u\?_1é‘2(9) < oo},
i<
k2
and for v,u € Hy"(Q)
_ i i 1
() gt = /Q |i|Z<kD (vo)D! (o)o " dx.

Now let us consider a weight ¢ € C(£2), o > 0in £ and let us assume that Q € N
and that in the local charts (x),x.n), r=1,2,....m:

c10(x) < xpy — ar(x)) + 15:(x)) < cp0 (%), (6.20)

where ¢y, ¢, are constants, and 0 < k;,(x).) < c3, where cj is another constant; &, (x].)
is a function defined in A,.
‘We have:

Theorem 2.1. Let us consider Q € N°,6 a weight satisfying (6.20). Let o > 0.
Then C*(Q) is dense in Wé;f(Q).

Proof. Letu e WZ;Z.{’(.Q) and u, = ue,; for ¢, U, V,, etc. cf. 1.2.4. We have u, €
WZ;%.{’(.Q). Let 1 < r < m, and let us suppose in the charts (x., x.y):
A>0, wuy(X,xn)=u(xxn+A), x&Ve=>u,(x)=0.
We have in WS7 (Q):
lim u,; = u,. (6.21)
A—0

To prove this, let us consider D'u,;, |i| < k, and denote D'u, = g. We have:

1/p
(] lethrm) — e+ )P0 ) 0r)

1/p
<c ( / |g<x;,xm>o”/ﬂ<x:,xw>g(x;,xm+A>oa/l’<xa,xm+x>|ﬂdx)
Vr

1/p
e (/ |8 xey + A)[P[0P () + 4) — Ga/p(x/r,xw)]pdx>
A

(6.22)
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Let € > 0. According to (6.20), there exists 0 < 6 < f3/4, such that for A < 8,
Vis = {x €RN, x = (X, xon), x| < @, i=1,2,....N— 1, a,(x}) < x,n < ar(xL) +
0}, we have:

1/p
‘t (/ 190+ )P[0/ (X + 2) o“/%x;,xwﬂ”dx) <e/3.
Vr5

However,

lim <I—GO-LXW))> =0

A—0 (xl,xn+ A

uniformly for
xeA, a(x)+8/2<xn<a(x)+B/2,0<A<B/2

and we can find A9 > 0, such that A < 1) =

1/p
‘I (/ Ig(x',,xﬂv+A>|f’[o°‘/f’<x;,xw+a>—o“/%x’,,xﬂv)]”dX) <e/3.
Vi=V,s

Now using Theorem 2.1.1, we find A; such that A < 1} =

1/p
o < |o“/P(x;,er+A)g<x;,er+x>—oa/P(x;,xrmg(x;er)wdx) <¢/3,
v,

and then (6.22) and the previous computations imply (6.21). We have u,) €
WkP(Q,) for A > 0 where Q C Q;, and using the regularization operator with /
sufficiently small, by Theorem 2.3.1 on £2, we can construct a sequence of functions
Uppn € C*(Q), such that lim, e u,, = u,y in W5P(Q) and a fortiori in W(];;xp(Q).
We have u,,,1 € WEP(Q), supp u,, 1 C Q and hence also limy_,ou, 1 1 = i1
in WkP(Q), and then in W:f(Q). O

Remark 2.1. Without difficulty we prove that for Q € NM*!, p(x) = dist (x, 0Q)
satisfies (6.20) with x, = 0. If y € 9Q, Q € N, 6 = |x—y| and if there exists
a cone with vertex y in the complement of €2, with axis parallel to the axis x,v,r
well chosen, y € U,, then o satisfies the condition (6.20) with Kk(x}.) = |y — x°|,
x* = (x5, ar(x}))-

6.2.2 The Trace Problem

We define traces as in Chap. 2, Sect. 4.2, using the mapping T : C*(Q) — L (9Q):

foru € C*(Q), Tu = u on d2; here we shall prove only:
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Theorem 2.2. Let Q € %!, o satisfying (6 20),0 < o < p— 1. Then the mapping
T can be extended by continuityto T € [W P(Q) — LP(0Q)].

Proof. According to (6.20) and Remark 2.1, we have W' (Q) C Wpl,;p (Q) alge-
braically and topologically, where p (x) = dist(x,d€2). It is enough to consider the
last spaces.

In local charts (x,x,y), we have for u € C*(Q):

M (0 £V, () <1 <ald)+p,

u(xl,a,(x))) = u(x.,m) — /77

ar(x.) XN
thus

ar(x;)+B

A
u(x ! uix
o) < 27" [| i+ ([

r

p—1
(é—ar(X’r))_““’_l)di) ] x

ar()+B | Ju , P I :|
X X —ar(x,))"dg| .
[ | ewa)] @t
(6.23)
Integrating (6.23) with respect to 1 € [a,(x].) + B/2,a,(x) + B], we get:
, , ar(x,)+B ,
gl <er| [ e 8)1rag
arlx)+B/2 (624
o o e
5 X —dar(X
ar(x].) ox,N
and by integration with respect to x/. on A, we get the result. (]

Example 2.1. If oo = p — 1, then Theorem 2.2 does not hold in general. Let Q =
{x,0 < x; < 1/2}, and let us put
//2 tlogt'

1/2 dt
7/0 tlogr .

Exercise 2.1. Modify Lemma 2.5.2 (it is possible to modify Theorem 2.5.3 and
the converse theorems; we can use the methods from Chap. 2, Sect. 5.2; cf. also
PI. Lizorkin [1], J.L. Lions [7]) in the following direction: let

we have u € W ppl,but

Cf. also E.T. Poulsen [1].
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du
p -
/A <|M| * ’8)61

Then we get

Uu(t,t) —u(t, 7)” du
< P
// |t7ﬂp O 4rar c/A <|u| +’3x1

Hint: Use the Hardy inequalities given in 2.5.2.

p

du |?

— >(x1x2)°‘dx<oo, p>l,—l<a<p-—1.
aX2

ox

P ‘aup

) (1 —x2)% dx.

6.2.3 Some Imbedding Theorems

We prove as in Lemma 2.5.1:

Lemma 2.1. Letp>1, o # p—1, [ |lu(x)|[Px* dx < eo. Then we have for o0 < p—1

f (f menae ) erans (Lfg ) [mera 029

and for o > p — 1

[ ([ wera) o< (2) [hioreas 620

We denote by Wg’ga () (resp. by H(];’czra (£2)) the closure of Cj'(£2) in Wg’,f(.Q)
(resp. in H, kz(.Q)).
Theorem 2.3. Let Q € N, o> p—1, p > 1, and suppose & satisfies (6.20). Then
Wé’ga (Q)cwrr 1 (Q), 1= 1,2,...k algebraically and topologically. Moreover

0,5(=1p)

foru e Wo’ga(Q)
1/p
C]|M|Wkp <Z / |Dl |p0' d.x) §C2‘u|wk,p(g>.
lij=k o

Proof. Letue C5°(Q); it is sufficient to consider the case k = 1. According to (6.25),
we have

ar()+P
Jju@pot“Par<es [ ax / ) (5 £ 506)) "

X)+B p
<es / dx’ / QuCer X))+ (1)
- ar(x aer
< C5/ Ju Ga dx.
r a-er

(6.27)
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Theorem 2.4. Let Q € MY, p > 1, o0 > p — 1, and suppose o satisfies (6.20). Then
W;;f(!)) C Lszp) (Q) algebraically and topologically.
Proof. Using a partition of unity as in 1.2.4, we consider u, = u@,, u € W;;{’ .
Obviously,

|ur|W01.b€(Vr) S C1l |M|W;-olc)(g) (628)
Using (6.26), and computing as in (6.27), it is sufficient to assume u € C*(£2) and
use Theorem 2.1. O

Theorem 2.5. Let Q € N, p> 1, a > p—1 (resp. oo < p — 1), and suppose &

satisfies (6.20). Let oy > . Then the imbedding W,Z (Q) — L’;(al ) (Q) (resp.
1, .

W, L (Q) — L‘Z(alfp) (Q)) is compact.

0,0%

Proof. Let us consider first the case o > p — 1 and the unit ball |u|W17p <1.In
o

Ll’

6(’11 -P

(Q)
>(Q), for each € > 0, there exists an €-net. Indeed, let us denote:

Vi ={x,x=(,xn), X €A, a(xX)<xw<a(x)+A}, A<B.
We can find a sufficiently small A > 0 such that

|u <1=|ul;» (vy) S €/3m. (6.29)
olag—p) VA

1
W ()

Indeed we have, for u € C*(Q), a,(x.) < x;v < ar(X.) + A, a,(x)) +B/2 <y <
ar(x,) + B,

)

Y
i) < el + [
X,

rN
ar(x.)+B
<
ar(x)
(6.30)

Let us integrate with respect to y € (a.(x,.) + /2 <y < a,(x,.) + B). We get

p—1
€ —ald)+ Kr<x;>>°‘/<f">d5) <

a‘%@;,&)\po“d&]

sl <en [T i)ty
ar()+B/2

p

r(0)+B
c*dég,

+ea(xn — ar(x)) + K:(x))) P /a( ety

(x,)

%) |9dxy

and then
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ar(x,)+A ,
[ sl o7 iy
a

r(x)
o —pil o —p+1 ar(x,)+B , o
<alles+ )@= [ et Ty (631)
ar(x.)+B/2
ar(x))+B du p
) (o1 —a) (al )/ / aq
+CS[(C6+ ) 6 ] () aer(xwg) o éa

where 0 < ¢4,0 < cg.
From (6.31) we get the inequality (6.29).
If o < p— 1, we have for ¢ € G5 (Q), a,(x,) < xmn < ar(x].) +A:

XN (,,,1)
i)l < ([ (&=t ) vag)
/”r(anfﬂ Jdu ,
X
ar(x;)

P
o
e8| o,

thus

ar(3) 42
[ ) o) day
a

r(x7)
P

du 0% dE

ar(x))+B
S08((09+1)(a'70‘)—C(galfa))/ -— (%)
( 0xrn

ar(x)

which implies (6.29), where c9 > 0.
Let Q) = Q — i~ Vi. It follows from Theorem 2.6.1 that there exists an € /3-net
for the set of u suchthat|u| Lo )<1 say uy,uy,...,up; itis an e-netin L, _ ()

c*1~P
as well. 0

6.2.4 The Dirichlet Problem, Very Weak Solution

Let 2 be a bounded domain, and A be the operator

A= ¥ (-DVD(a;D7).

lil,| j|<k

with the associated sesquilinear form A(v,u). Let 6 € CA1(Q), o > 0 a weight on
Q satisfying (6.20). We have the fundamental theorem, cf. also M.I. Vishik [4]:
Theorem 2.6. Let us consider Q € N, o € CA1(Q), o > 0, satisfying (6.20). We
assume the sesquilinear form A(v,u) is Wk’z(.Q)-elliptic with coefficients a;; from
C%1(Q), which are real functions for |i| = | j| = k and for real numbers &; satisfy
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> (aijtap)&gi=c Yy, & (6.32)

lil=Ljl=k li|=k

N =

Let us assume f € W’k’Z(Q) and u be the solution of the Dirichlet problem Au = f
inQue W(f’z(!)). Then

|M|W§_-2(Q) < C(a)‘fl(w(if,—a Q)" (633)
where o is an arbitrary number, 0 < o < 1.! The Green operator G : WF?(Q) x

Wk2(Q) — Wk2(Q) corresponding to the problem Au= f in Q, u—ug € Wé"z(Q)
can be extended continuously to a mapping
foasd o 0,0-%

G e WE(Q) x W.E2 (@) » wh2(Q)], W k@) = (vvkv2 (Q))'.

Proof. Let us consider Ay (v,u) = A(v,u) + A(v,u), where A will be fixed later. Let
V=uo;v e Wé"z(Q), and let us write:

A; (ou,u) = Y aijDiuDjﬁde+7L/ lu*c dx+ Z(u),
@il 1=k @

where Z(u) is a sum of integrals of following type:
/ aD'uD’udx, |ij=k—1, |j|=k areal, acC*(Q), (6.34a)
Q

/aD"uD/udx, li|<k—2, |jl=k areal, acL”(Q), (6.34b)
Q

/aDiquﬁdx, lil <k—1, |jl<k—1, areal, a €L™(Q). (6.34c)
Q

Let us consider first (6.34b). We have, according to Theorem 2.3:

1/2
DTy < ' P21
‘/QaD ubD udx’ 761|M‘W(1;,2(Q) (/Q |D'u|"c dx)

(6.35)
_ 12
< alilygeigy [P0 2ax) < callygo g ulyicrsa

'We can use Wgﬁ,l o () instead of Wé’;,a (), where 03 is of logarithmic type. The idea can be

found in M.I. Vishik [4]. Cf. an exercise later on in this chapter.
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Concerning (6.34c), we get:

/QaDiuDjﬂdx’ < C4|M|€Vk,]‘2(g). (6.36)
Let us consider (6.34a); by integration by parts, we obtain:

/ aD'uD’iidx = / aD*uDPuidx+ R(u),

Q Q

where R(u) is a sum of integrals of the type (6.34c); the multi-indices o, 8 are such
that ﬁir — O, = 1,7=1,2,...,hy, Bjr —0Oj, = 0,7=1,2,...,hy, ﬁlr -0 = —1,
i=1,2,....h3. Let y; = min(0y, Bi), Y = (%1, 72, - .-, Yw ). We have

T

o(la=I7)) 9(BI-17)
/ aD*uDPudx = / a D"u D"udx
Q Q 8xll 8xlz e 8xlh3 8xil 8xi2 “e ax,’hl

Let us fix the index i, and let § = (61, 8,...,0n), 0| = |a| — ¥,

5,,,=0f0rm7éll,...,lh3,i2,...,ih1,

0, = 0 or 1 in the opposite case.

Let us denote by M the set of these § and let 8’ € M be the complementary index.
By integration by parts, we get

_ 2181\ o s
aD“uDl’udx—( ) /aD5 D"u) =—D% (D"w)) dx+ S(u),
/| o) 2 a0t @h 0¥ o' e st

where S(u) is a sum of integrals of the type (6.34¢).
We have

Re / aD*uDPudx
Q

()3

SeM

5 (6.37)
/Q a5— [Dﬁ (D"u)D¥ (Dm)} dx + Re S(u).

By integrations by parts, we can write the first integral on the right hand side of
(6.37) as a sum of integrals of the type (6.34c). Concerning the integral (6.34a) we
get

@ (6.38)

Re/aDiuDjﬁdx’ SC5|M|€VI(—I‘2
A :

From (6.32), (6.35), (6.36), (6.38) it follows that
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Re A) (ou,u)
e Y \Diu|26dx+c6/ |u|2c;dx—C7|u|5Vk,u(Q)+(x—c6)/ uPods.
Q1% Q Q
(6.39)
We have
|u|W§,z<Q)<C8(/~;2iz‘:‘k|D’u26dx+/Q|u|26dx). (6.40)
To prove this, we use Theorem 2.7.6, so that Q' C ﬁl C Q implies
WPz < co(@)([ 3 |D"u\2odx+/g|u|2odx). (6.41)

2 ij=k

To estimate [, |D'u|*cdx, |i| = k — 1, we use (6.49). Then we obtain:

/Q ¥ |Dfu|20dxgc10(/g2|Diu|2c;dx+/g|u|zodx). (6.42)

li|=k—1 lil=k

The estimate of integrals [, |Diu|20'dx, li| < k-2, follows from (6.42), and
applying Theorem 2.7.6, we get (6.40).
If0 < e < 1, we have

S C”|u|Wk"2 (643)

luhyz (o) (@)’
on the other hand, from (6.43) and Theorem 2.5, it follows that the imbedding
Wgﬁg([)) C W5 12(Q) is compact. Then we can apply Lemma 2.6.1 and find,

according to (6.39), (6.40), A sufficiently large such that

Re A (ou,u) > cpful? i (6.44)

(@)

Let us fix this A and let ® € W(;C’Z(Q) be the solution of the problem Aw +Aw = f
in Q. Due to (6.44) we have:

clz\wﬁvm(g) <Re (00, f). (6.45)

For w € W§’2(.Q) we have

|00 k2 < ci3|@fia g (6.46)
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Indeed,

|0‘)G“2)Vk,2 S614(Z/Q|Diw\20(2*“)dx+ 2 /Q \Diw|2c7’°‘dx)

G lij=k li|<k—1

§0152/ |Dia)|2odx+cl4 2 /‘Dia)|20'_adx.
lil=k” £ li|<k—17 €

It is sufficient to apply Theorem 2.4 to obtain (6.46). It follows also that wo €
wk?2 (€2), and then (6.46) and (6.45) imply

0,0~ ¢
|(J)|W(/;2(Q) < Clﬁlflwt;él(g)' (6'47)

As a particular case of (6.47), according to |M‘Wk714,2(g) < 619|M|Wk12(9 used

)

previously we have
0|20 < 620|f|W(;§'2(9)' (6.48)

Letwe Wé‘ ’2(!2) be the solution of problem Aw = A in Q. We have

W2y < c21l@|20) < 022|f|W;§2(Q)- (6.49)

But the solution of the problem Au = f in Q,u € Wé“'z(ﬂ), is equal to @ + w, hence

(6.33) follows. According to Theorem 2.1, the space W*?(Q) is dense in Wé;f(Q);
: —k,2 : : —k2

obviously W~%=(Q) is dense in Woa(a): O

Exercise 2.2. Let o be as in the previous theorem. With the hypotheses given in this

theorem prove that Wa™? C L5 (Q), where 61 = 0! llog(c/2M)|™*, 1 >2, 6 <M.
Cf. also ML.I. Vishik [4]. Modify Theorem 2.6 taking into account this result.

Remark 2.2. If Q € R, cf. 6.1.3, with Q = N, Q;, Q; € NETLL there exists 0; €
Ck1(£2;), equivalent to p in £;, where o; satisfies the condition (6.20).

Remark 2.3. 1f Q € M%!, by Theorem 2.3 it follows that the generalized solution
obtained in Theorem 2.6 has traces on €2 for u, du/dn,...d* 'u/dn*~! in the
sense of this theorem, computed from u;.

Problem 2.1. With the hypotheses as in Theorem 2.6, is the following inequality
|M|W(’;>2(Q) < C|f|W(;0]f‘2

true?
If f and the coefficients a;; of the operator are smooth in €2, the solution u from
the previous theorem is also smooth.



6.2 The Dirichlet Problem and Spaces W7 299

Example 2.2. Let £2 be a conical domain, with vertex at the origin and placed in the
half space xy > 0. Then with obvious conditions, 6(x) = xy satisfies the hypotheses
given in the theorem.

Example 2.3. For Q € N°, we assume that there exists a ball of fixed radius such
that for each y in the complement CQ of €, in particular for y € 92, it is possible
to put this ball B in C€2 in such a way that y € dB. Under obvious conditions ¢ (x) =
dist (x, dB) satisfies the hypotheses of the previous theorem.

Remark 2.4. Let Q be a bounded domain such that Q € Q;, 2, e N, o € C(2))
satisfies the condition (6.20) for €2,. Then for Wéi ’ia, Theorems 2.3, 2.4, 2.5 hold.
Moreover Theorem 2.6 is satisfied.

As a consequence of the previous theorem, we obtain a theorem whose signif-
icance will be given in the next chapter: in the case N = 3 and for domains such
that for all y € 0 there exists a ball with fixed radius which does not depend on y,
B C CQ, y € 9B, we shall prove that the Dirichlet problem for an equation of order
2k has a “classical ” solution.

Theorem 2.7. Let Q e N0, ¢ € Ck*'l(ﬁ),2 o > 0 in Q satisfying the condition
(6.20). Let us assume that the sesquilinear form A(v,u) verifies the hypotheses of
Theorem 2.6. Let f € W2(Q), u be the solution of the problem Au= f in Q,u €

W(f’z(.Q). Then
|M|H§’31 < C(|f|W*k-2(.Q) + ‘f|W;i(12(Q)) (650)

Proof. Let u be the solution of the problem mentioned and A as in Theorem 2.6. Let
us put u/o =v. We have Re A, (v,0v) > ¢ |v|3v"’2(52)’ and then

c1|u|i]k,2 >Re Ay (u/o,u). (6.51)
o—1
We have:

s (/o] <[ (/0P +2 [ (/o) ds

(6.52)
< |”|H;ff |f|W;f’12(9) +c2|u|%,1‘2(9) < |u|H;f’f‘f‘W;ff(Q) +c3‘f|€vfk.2(g)~
But
2 5 _
|M‘H;f’12|f|W;f‘12(Q) < (c1/2)|u|H§g] @ (1/2C1)|f|W;ff(Q>’
this last inequality and (6.51), (6.52) imply the result. 0

2Cf. Remark 2.4.
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6.3 Sesquilinear Forms on W_~, (22) x W5~ (£2)

6.3.1 The B, H-ellipticity

We can generalize in a natural way the notion of V-ellipticity, cf. Chap. 3, for a pair
of Hilbert spaces.® Let B(v, u) be a bounded sesquilinear form on H; x Ha, i.e. linear
on H; and antilinear on H,, with complex values and bounded:

1Bv,u)| < c|vlm [ula,- (6.53)

Moreover let B be a Banach space, such that H; C B algebraically and topologically.
We say that B(v,u) is Hp-elliptic if

sup |B(v,u)| = clu|n,, (6.54)
vlm, <1
and B-elliptic if
sup |B(v,u)| > c|v|s. (6.55)
Jue| 7, <1

We denote the scalar product on H; by (@, w)s,. We have:

Theorem 3.1. Let f € H|, and let B(v,u) be a sesquilinear form which is Hp-elliptic
and B-elliptic. Then there exists a unique u € H such that for all v € Hy we have
B(v,u) = fv. Moreover we have

iy < (1)1, (6.56)

where the constant c is the same as in (6.54).

Proof. By the Riesz theorem, for every u € H», there exists a unique element Zu €
H; such that v € H) = B(v,u) = (v, Zu)n,. The mapping Z € [H, — H,] is open:

sup |(v,Zu)m,| = sup |B(v,u)| > cil|u|m,. (6.57)
v, <1 ol <1

The range ZH, is closed in Hy. from (6.57) it follows that Z~!(0) = 0. If ZH, # Hj,
it will be possible to find v € Hy, v # 0, such that (v,Zu)y, = 0 for all u € Hp. Then
(6.55) will imply v = 0, which contradicts to the hypothesis; the inequality (6.56) is
a consequence of (6.57). U

Example 3.1. Let H; be the set of sequences x = (x1,X2,...) such that (x,y)q, =

Yo n~%x,¥s, @ a real number, and H, the set of sequences x’ = (x},x5,...) such

31t is possible to replace Hj, H, by two reflexive Banach spaces.
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that (x',y")m, = X5 n%x,,3,. Denote B(x,x’) = Y, x,X,. The form B is H;-elliptic,
i=1,2; let us prove, e.g., condition (6.54). Let X’ € H,, and x = (x] ,x’zza x53%, ).
Then > aPnm% = 3, |4 >n, hence x € Hy. But B(x,x') = Yoo, [, |*n%; if
x* = (x/|x|n, ), then we get B(x*,x') = |x’|%12.

The investigation of sesquilinear forms of the type ((v,u)) in Chap. 3 is not
sufficiently developed; the hypothesis of the regularity of the boundary d€2 of the
domain considered plays an essential role. In boundary value problems the most
natural pair Hy, Hy* is WEP(Q), Wha(Q), 1 /p+1/g=1, or V,, V,, where V, =V,
V, =V with the set V such that C5’(22) C V C C*(£) and the closures are taken
in WhP(Q), Wha(Q) respectively. Such pairs in the case of smooth boundary 9.0
are investigated in S. Agmon [2], M. Schechter[10], J.L. Lions, E. Magenes [3], L.
Mulkin, K.T. Smith [1]. Another pair is W=9:2(Q), W¥+9:2(Q), cf. Chap. 2. In this
case the results are due to N. Aronszajn [1], J. Necas [9]. The first author assumes
9 smooth, the second one assumes 2 € N%!. In this section we shall consider for
H\,H,,B, various weighted spaces. We use the results in J. Necas [7], A. Kufner [2,
3] and the ideas of M. I. Vishik [4]. In this direction there are many open problems.

. - k2 k2
6.3.2 Ellipticity of Sesquilinear Forms for W Wo oo

0 o Rl

Let o € C-=11(Q) be a weight satisfying (6.20), and such that for |i| <k,
|D'c| < col-1. (6.58)

Remark 3.1. 1f Q € N0, y € 9Q, then o(x) = |x — y| satisfies (6.58). We have

Lemma 3.1. Let Q € MO, Then there exists 6 € C*(Q)NC*» (Q), such that
cip(x) < o(x) < cpp(x), and which satisfies (6.20) and (6.58); here p(x) =
dist (x,0Q).

Proof. Let & < o, o defined as in 1.2.4, & close to ¢ and such the corresponding
sets Uy,r=1,2,...,m verify 9 C U™, U,, supp ¢ C U,. For h < o — & let us set,
with x as in 2.1.3,

ay(xX.,h) = ;/ exp Ma (y.)dy'
e e e

<

i=1,2,...,N—1,0 < h < a— é. By a simple computation using that a, € C[J 1 (A~,),

we obtain

The function a,(x/, &) is infinitely differentiable with respect to (x),h), |x

4Cf. the previous footnote.
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i i
_ dfar i) sy (6.59)
Ix} Ox3 ..., dxiy L Qhiv |~ B
r n ) N—-1
Let us set b,(xl., h) = a,(x,,h) + (c(1) 4+ 1)h; we have:
b,
(e()+1)< 3 <2(c(1)+1); (6.60)

let (ot — @) /2 < ho < (& — &), such that if X, € A,, we have: b,(x,,hy) < a,(x.) + B,
and denote

A,={xeRN, X €A, ax)<xw<b (X, ho)}. (6.61)

The inequalities (6.60) imply that to each point in A, corresponds one and only one
point 4 in the interval (0,4¢) such that x,y = b,(x., h); the function h = h(x,., x.y)
is in C*(G,)NCY!(G,) and h = 0, if x € dQ. Now from (6.61) we deduce:

i ] < 40D _ <)
LU= = 00

I’

Let us define _ _
0,(x) = hy(x) forx € V,, o,(x) =0forx ¢V,

m

o (x) = 3 6:(x)@r(x) + Py (x).

r=1

Using (6.60) we have in V,:

c3p(x) < hyl(x) < cap(x).
Then we get
m+1

mn=§@mmmgﬂimw@m+%um=qdn

r=I1

On the other hand,
() = 3 0 (0)0r(0) + Pt (1) < 6D pD)PHD) + Py (6)) < 6 ().
r=1 r=1

Let us consider the operator

A=Y (-1)Di(a;D)), a;eL>(Q),
li,] 1<k
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and define on Cj' () x G5 (R2)

A(v,u) = Y a;D'vD/udx. (6.62bis)
il | 1<k

We have

Theorem 3.2. Let us consider Q € N, o satisfying (6.20) and (6.58), A(v,u)
defined in (6.62 bis) Wok"z(Q)-elliptic. We choose Hy = W'2_  H, = Wé‘ 2. Then

0.6 e
there exist intervals I; C (—1,1), i = 1,2, containing neighborhoods of the origin,
such that for o € I; the sesquilinear form A(v,u) is H;-elliptic.

Proof. Letu € Cy(L2) and set v =uc”. We have
A(v,u) = A(uc®? uc®?) + B(u);
B(u) is a sum of terms of the type
/Q ap’ uD’ 6ODindx, i +i" =i, || <k-1, (6.63)
and of the type

/QﬁDi,uDi”O'a/szlﬁDj”O'a/zdx7 i/—l-i”:i, j/-‘v-j”:j, |i/|+|j/‘ <2k—1.

(6.64)
Here a € L™(£2) are given functions that do not depend on .. We have:
D" 6% < e(i")]elo 1", (6:65)
D702 < (/)21 |

Using Theorem 2.3, we get for (6.63),

/ an’qu”oanudx‘gc|a|( / D7 o2 ax) 2 / Diuffo®dy) '/
Q Q Q

< cilo|ul? .
> 1| H ‘ngzt(g)

By the same computations, we obtain

| / aD"uD" c**D/ap’" 6*/?) dx| < esatl[uf? n,
Q W6a<9)

and then

[B()] < eslorf[ufleo (6.66)

(@)
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According to the W(f 2 _ellipticity of A(v,u), we have
A(ue®?,uc®?)| > e4|us [ 12 ) = cs\uﬁvgé @)

using Theorem 2.3 it follows that

|u6a‘5ka @) < C6|”|i,k,02((g)o (6.67)
If we set w = (v/[v[ k2 (Q)), then we have
[A(w,u)| = (es _C3|a|)(1/06)‘”|€vké (6.68)

and we have the W(i ’;a -ellipticity for |ot| < ¢5/c3. The W(i ’g,a-ellipticity can be

derived in the same way. (]

Problem 3.1. Determine the precise bounds of the intervals I}, .
Hint: Consider A(v,u) + A (v,u), A big enough.

Remark 3.2. If A(v,u) is a hermitian sesquilinear form, we have I} = —b.

Example 3.2. Let us consider 2 = (0,1) x (0,1) and the form

dv du dv du
A(v’u):,/g((y_xla_xl—’—a_ng_xz) dx.

12
Letus set 0 = xp, and let u € Wo,xg‘ (), v=1x%u. We get

A(v,u) = /Q (

and obtain

2 u

ox

u

ox

2 _
—1 814
)xgd”“/gxéa g

(@-1) du .« / (@=2)) 2
R av=Z01- .
e Oc/gx2 uaxzdx 2( o) 5 |u|” dx

If 1 > o >0, then
2-0) [ PPz o

hence we have the WO1 xza (Q)-ellipticity, if 0 < o0 < 1. If o < 0, then according to
)
(6.25)
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2
o 2) 2l
Bl [ A ppars 2 '/(am >x3‘dx,

and this implies the W, %, (€2)-ellipticity for —1 < o < 0.
X2

2

2
8x2

Example 3.3. Let us consider

N9y 9%
_ N _
2= (07 1) ’ A(V,u) B /;2 i,j2:41 8x,~8xj 8x,~8xj dx’

the sesquilinear form associated to the operator A2. Let us choose & = xy, and || <
1, H = Wéﬁ,a (Q), H, = W(iﬁa (Q). Then A(v,u) is H;-elliptic and Hy-elliptic if
|| < 1. Indeed: Let u € Wozﬁa (). If we set v =uc® then according to Theorem

2.3 we have [v| 22 .If i # N, we have

2, @)

< C|M|W2‘2
(o)

«(L2)

%y o
Re /Qmﬁ =
0%
Q axing

(6.69)

2 ou 2
x& dx + a(lfoc)/ (@-2)

—_— dx.
Q| dx;

On the other hand we have

2 2—
Re [ I2IT g
Q dxy, dxy,
du|® (o) 2 (a—4)
205(1—05)/!2 el dx—(oc/2)(1—a)(2—0¢)(3—0¢)/g\u| 2@ g,
(6.70)
Starting from (6.35) we get
[ . (6.71)
SGoar oo | WV ’ '

hence for 1 > o > 0,

Q%g; (/ 2 ) Z(1-a)(3-a).

We estimate (6.69) as in the previous example; the result follows for0 <o <1.

Using Theorem 2.3, we obtain easily that for |of| < 1, 06,1 (Q) = Wéﬁa ()
algebraically and topologically. Hence for —1 < o < 0 we have '
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> C2|M‘2 22

|[A(uc?®,u)| = |A(v,vo~%)| > ¢; |v|€vz_2 W22(2)

o

> |M|?{2‘2 (6~72)

() « ()

Problem 3.2. Determine whether for o € C¥(Q) satisfying (6.20), the intervals
I1,I, from Theorem 3.2 are equal to (—1,1). We can consider A(v,u) + A (v,u), A
big enough, and a;; sufficiently smooth.

Example 3.4. Let £ be bounded in RN, N >3,

N9y 814
2Q, r=lx—yl, A( /
MAS r=|x—y| (v,u) Z 9%, ax1
If || < N —2, then A(v,u) is H, and H, elliptic if H) = Wolf,a (2),H, = Wol"rza (Q).
Indeed: if —N +2 < o <0, then '

S @ Z@-a-N) / @2 dx,  (6.72bis)
oxi Q

Re A(u /121

and according to (6.25),

(6.73)

o
ur R
jary 2

T ()

<
< C|M|W,l-'2a(9>

(we use polar coordinates); inequality (6.73) holds for —N 42 < . Now let us
consider || < N —2; we have algebraically and topologically

Hy'o(Q) = Wy 2 (Q). (6.74)

Using the same argument as in (6.72), we have the conclusion. If for instance Q €
M1, (6.73), (6.74) are true for all o and our result holds for |or| < N — 2.

Remark 3.3. Let €2 be a bounded or unbounded domain, y € 92 be a fixed point.
Let us assume that there exists a cone with vertex y contained in 0Q. Let ¢ =
|x — y|. Then we have algebraically and topologically for every o and 0 <[ < k:
Wyla(2) C Wy 0P, (2).

co—pl

Example 3.5. Let  be a bounded domain, N =2 and y € dQ fixed. Let us assume
that there exists an infinite cone with vertex y and angle @, 0 < o < 27, contained
in CQ; if @ = 0, the cone degenerates into a half line. We consider

"~ dv du Jdv Ju
Ava) = [ (Gx o F om om,)

Using the Fourier series, we obtain
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[ ) 12 ! , )
[ nto)Pap < = [ (o) (675)

for the function of the angular variable @, h(@), 0 < < 2x, h(¢@) € WOI’Z(O,Z). Let
us choose 6 = |x —y|. We have

U € Wy 7o (Q) = [uc”| 12

<cilul, 1,
O.—a(Q)_ 1| |W;2

«(Q)

for all . [The case @ = 0 is a special case, namely ¢ = 0, but then there is nothing
to prove.] It follows from (6.25) and (6.26) using polar coordinates that

/|u‘2 o— 2

and taking into account (6.75) we get

/ \u|2r<a72) dx
o <

ey 1=2n-o.
From this inequality and from (6.76) it follows

1 2
2(a—2)dx<—/ % 4.
/QM " ~o2/4+m?/1? Ja !

Now (6.72bis) implies that A(v,u) is WO’ 2, -elliptic and WO1 ’éa-elliptic for || <
2m/l.

dul?
Qldr

r® dx (6.76)

du |?
2Ja|de

oul’
8x1

2
8x2

Example 3.6. Under the same hypotheses as in the previous example, we consider

0%v 0%u 0%v  J%u 0%v 9%u
A= [ (a—a— oy anom a_a_> dr, 0>0.

For v = ur®, we obtain

2

u 2 02u d%u 2
L Pu _Pu o u a
Re A ) —/Q< o3| P (anan| "o ) ;
314 2 3” o — 2) 3” a 2)
_oc(OH-l)/Q( 9_)61 axz ) drmelas 2) or r "

_9)2
+ M/ Ju 2@ dx
2 Q
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As in the previous example we obtain

L)

S — u*
S22l Jo \ |92

where for 0 < « the ellipticity holds if

2

2
8x1

Ju
8x2

2
0%u

2
x5

9%u
8x1 8x2

2
) r®dx,

a<2/3 < (1+312/12) 1) ,

and by (6.72) if

o] <2/3 (,/(1 +312/12) — 1) .

Remark 3.4. Let us remark that the coefficients in Theorem 3.2 belong to L= (£2).

Exercise 3.1. Let 2 be as in Example 3.3, decomposed into cubes £2; with faces
parallel to the faces of 2, 2 = 2,’;1 Q;UM, meas M = 0. Let us consider a function
constant in each €, a(x) = a; > 0, x € €;, and set

N 52 82_
A(v,u):/Q Y 4 . dx+ A (v, 7).

a -
ij=1 8x,-<9xj 8x,-<9xj

For A sufficiently large, prove for |ot] < 1 the Wozf,a(ﬂ)—ellipticity and the
AN
W2, (Q)-ellipticity.

0.x%

Exercise 3.2. Cf. A. Kufner [1]; the hypotheses are the same as in Example 3.5,
® > 0. We decompose €2 into two parts €2, €2, by an half-line, with origin at
y € dQ, see Fig. 6.1.

Let a = a; in £;, a; > 0 be constants, i = 1,2, and let us consider the sesquilinear

form 9 97 9 Im
v du v du
Avu) = AT it I
(V,M) /Qa <8x1 8)61 * 3)62 8x2>
Let v be the angle as in Fig. 6.1, and ¥ = max(v,27 — @ — V). Prove the Wol"rz_a (Q)-
ellipticity and the Woll’rza (Q)-ellipticity for || < /K.

Exercise 3.3. Prove Theorem 3.1 for systems.
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Fig. 6.1

6.3.3 The Dirichlet Problem

Consider f € Wc_f’z (Q),up € W(];;XZ(Q), A(v,u) the sesquilinear form (6.63); assume
that o satisfies (6.20) and (6.58). The function u € Wg;f (Q) i_s a weqk solution or
very weak solution of the problem Au = f in Q, d'u/dn' = d'uy/dn',i=1,2,...,
k—1o0n0dQ, ifforallve W (Q)

0,0~ ¢%
A(v,u) = (v, ), (6.77)
u—1o € Wyoa(92). (6.78)

Remark 3.5. Let Q € MM, o = p with p(x) = dist(x,0Q), o > —1,
g€ Li<a+2(k7‘i‘))(9), |i| < k. Then Dig € W;f’z(!)); this is a direct consequence
of Theorem 2.3.

An immediate consequence of Theorems 3.2, 3.1 is

Theorem 3.3. Assume Q € %!, 6 € C*"11(Q), 6 > 0 a weight satisfying (6.20)
and (6.58). Let A(v,u) be the sesquilinear form (6.63), Wo_k’z(Q)-elliptic, and Hy =
wh? (Q), Hy = Wé‘ﬁa (Q). Consider o. € I NI (¢f. Theorem 3.2), f € Wc_f’z(!)),

0,0~ ¢
uy € Wéf (Q). Then there exists a unique solution u of the Dirichlet problem and it
satisfies the estimate

|M|W§‘§(Q) SC(|f|W;§"2(Q)+|u0|W§‘§(Q))‘ (6.79)

Theorem 3.4. Let us consider Q € !, 6 € CK-11(Q), 6 > 0 a weight satisfying
(6.20) and (6.58). Let A(v,u) be the sesquilinear form (6.63), Wé{’z(.Q)-elliptic,



310 6 Boundary Value Problems in Weighted Sobolev Spaces

and H = WX _(Q), H, = Wé’éa (Q). Let us assume W2 _,(Q) C W&’Z(Q) C

0,0~ ¢ 0,6-¢

Wé’éa (Q) algebraically and topologically, which holds for oo > 0. The conclusion
of the previous theorem and (6.79) holds for o € I, f € W;D{(’Z(Q), uy € ngxz(.Q).

In this case it is sufficient to choose B = Wé‘ 2 (Q) to apply Theorem 3.1.

Remark 3.6. Consider Q € M*!, o(x) = dist (x,dQ), || < 1; condition (6.78)
gives a condition for traces u, du/dn, ... ak’lu/ank’l, cf. Theorem 2.3.

If a;j, f are smooth enough, then according to Theorem 4.1.2, the solution of the
Dirichlet problem is also smooth.

Example 3.7. Let Q C R? be a bounded domain, y € dQ. Let us assume that there
exists a cone, contained in [Q with vertex y and angle . Consider r = |x —y|,
A the operator given in (6.63), ug = r"A (@), A(¢) € C¥([0,1]), | = 27 — . We apply
Theorem 3.4 with 0 < e, & € . We obtain ug € W7 if y > k— 0t/2 — 1 in particular
for y =k — 1. We can also consider boundary conditions as in Example 5.4.1.

6.3.4 The Neumann Problem and Other Problems

Consider a boundary value problem as in Chap. 3. Let a V-elliptic sesquilinear form
on Wk2(Q) x Wk2(Q) be given. Hereafter we shall assume that there exists a space
YV, C5(Q) C ¥ CC*(Q), such that ¥ =V in Wk2(Q). Let us assume o € C(R),
o>0in .Q,V;;f(.Q) =7 in Wé;x2 (Q). Let B be a normal Banach space, Vg’,za CB

algebraically and topologically, Q a normal Banach space, Q = C;(£2), such that
WX?2,  Q algebraically and topologically. Let f € 0/, g € (Véfa (Q)), up € W(];’az

o
such that for all ¢ € C5(£2), g = 0. Finally let us assume that the sesquilinear form

((v,u)) is B and Vc];"az elliptic. A function u € Wc];"az is a solution of the problem if
u—ug € V(];;f (6.80a)

vEVE, = ((vu)) = () +3v. (6.80D)

We deduce from Theorem 3.1 the existence of a unique solution and the following
inequality:

|M‘W(I§'2(Q) <c(|flg +lgl+ \”0\W§.2)~ (6.81)

The only problem is to prove the B and Wgaz ellipticity.

We restrict ourselves to considering problems for which V = W*2(Q),
o=|x—y,y€dQ, or 6 =log(2M/|x —y|),M = diam(€). The modifications
for mixed problems and for the case
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! I+1 k—1
du o u_ 0 uzOon&Q}

k2 _
V:{VEW'(Q), W—W S v

and others combinations are clear. For the weight ¢ mentioned and Q € N*!, the
traces on d2 are well defined; we shall use another definition for V;*;za (Q), Véf ()
without the hypothesis of the existence of a 7, i.e. we define Vé;f ={ve Wé;f s
Biszv=00n0dQ,i=1,2,....x,s=1,2,...,1;}; cf. 3.2.3.

6.3.5 An Imbedding Theorem for W';"(Q)

Theorem 3.5. Let Q € N®!, o # p—N, y € 9Q,° 6(x) = |x — y|. Assuming o0 >
p — N, the imbedding W;;{’(Q) c L, , () is algebraic and topological. If o <

ola—p

o) Lp _
p—NucCQ)NW_i (), u(y) =0, then |M|Lf;(a7p) @) < C‘M|W;;§(Q)'

Proof. Without restriction of generality we can assume y = (0,0) in the system
(¥}, x15). We can consider W;;f (V1), cf. 1.2.4, using the partition of unity from
1.2.4; we take functions in Wézf(Vl) with support in Vi U Ay, cf. 1.2.4. Let us apply
the mapping (2.47). Since the mapping x = T (y) and its inverse are both lipschitzian,
we obtain by Lemma 2.3.2: If u € W;;xp(Vl ), v(y) =u(T(y)), then

cililypy < Py < calidyipy FO =l (682)

Let us consider v € erggp (K4 ), with support in K UA.
First, assume o < p — N.
It follows from (6.26) that

P p
/ e PNl grds < — L / | oot g
K e +N—p|P Jk, |Or
, . (6.83)
P VI«
S A
m+N—MPL+arr ’

and with (6.82) we will get our assertion.
If a < p— N and u(y) = 0 we use inequality (6.20) with v and obtain (6.83), and
the result holds in the general case. U

‘We have also

STt is sufficient to assume d €2 is lipschitzian in a neighborhood of y.
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Theorem 3.6. Let us assume the hypotheses as in the previous theorem. Then for
oa#p—N(fora<p—N,u(y)=0)

1/p
</ag |uPr(ot—p+1)dS) < C|M|W_ldp(.(2)'

Proof. Letusset p(x) = |x—y|,x € dQ. As in (6.24) we have:

(i) dé)p>

du
&er

ar(x))+p

()

e a(2)) 7 <20 (Iu(x’mn)l’“r (f

p
()

ar(x.)+p
<2V (Iu(x; mir+prt [
ar(x;)
(6.84).
Now by integration with respect to 1 in (a,(x.),a,(x,) + p) we get

U a, () Pp* P+ <

ar(x})+p ar(x)+p
§cl(/a o \M(XL,n)Ipr(“*”)dn+L(x,> r’

ar(x)+B ar(x.)+B
Scl/ |“(xlr777)|pr(a_lj)d77+cz/ r®
ar(x;) ar(x})

r

ou ., .. |°
2 4.8)

)= (6.85)

ou ,, . |°
)| 0

If we integrate (6.85) with respect to x’, in A,, the result follows. Clearly if
|x—y| >const, we apply [u|1»(90) < c3[ul;,1, ), the inequality obtained in Chap. 2;

o (2)
without using Theorem 2.4.2 we can prove it as in (6.85) using a partition of unity
and the domains V,,r =1,2,...,m, cf. 1.2.4. O

Now we prove

Theorem 3.7. Let Q € N*!, a;; € L*(Q), b;j € L(dRQ), and suppose the
sesquilinear form

=/,

is Whk2(Q)-elliptic. Let y € dQ, r = |x —y|. For N odd, if (N —1)/2 >k, let
o >2k—N; if (N—1)/2 <k let |o] < 1. If N is even, let k < (N—2)/2, o0 >
2k — N. Then there exist intervals Iy, I, containing neighborhoods of zero such
that for o € Iy, resp. for o € L® the sesquilinear form ((v,u))is er,’za (Q)-elliptic,

resp. erf;z(!))-elliplic. We assume for N odd, if (N—1)/2 >k, I, C (2k—N,),

Y a,JDvaud)H—/ Z > b,ja—D udS,  (6.85bis)
i1l <k =0 |j|<k—1

51t is possible to find /1, I, uniformly for y € 9 Q.
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I} C (—e,N—=2k), if (N—1)/2 <k Ii,l, C (—1,1). For N even, we assume
L C (2k—N,), I} C (—eo,N —2k).

Proof. Let N be even; for u € erf([)), let us set v = ur®. If € > 0, we have for
o € (2k—N+¢g,00),
‘V‘W,kizoc(Q) < C(8)|M|W:{&2(Q). (6.86)

It is sufficient to apply Theorem 3.5 for p =2, ot, 00 —2,...,a — 2k + 2.
We have:

((v,u)) :A(ura/z,ura/z) + a(uro‘/z,ura/z) + B(v,u) +b(v,u), (6.87)

where B( u) is a sum of terms as in (6.63), (6.64), with & = r. We have |D'rB| <
c1|B|rB- i) , then

»/ % . p _” 1/2 ) 1/2
/ aD'" uD' rO‘Dfﬂdx‘ < olal (/ D" u| (@2 )dx)) (/ |Dfu2r“dx) )
Q Q Q

and according to Theorem 3.5, we get

aD’ uD" r* Dindx| < eslat|ul? s, -
/Qg uD" r*D’udx| < cs| ||u|er&2(Q)

The term (6.64) can be estimated in the same way, and we get

[B(v,u)| < ca(e)lorl|ul?

Wiy (6.88)

Now b(v,u) is a sum of terms of the following type:

_dlvalr
ber T 9 pinds,
/89 o on” " (6.89)

[+ <k—1, [jl<k—1 "] > 1,

and of the type

i’ i’ 2
/ pd v Of,/ D/ap’" /2 ds,
9@ dn' on (6.90)

[+ <k—=1 |+ " <k=1, |[{[+]| < 2k-3,
where b € L~ (9€Q). Using Theorem 3.6, we obtain

[b(v, )| < es(e)|eluf?

W) (6.91)



314 6 Boundary Value Problems in Weighted Sobolev Spaces

We have

|((ur®?,ur®’?))| > 06|W’a/2|2wk.2(g) > C7(£)|”|‘2,V'§%2

(@)’

hence

()] > [erle) ~ ea(elo] ~ es(e)lofluf (6.91bis)

which gives the erozz(.Q)-ellipticity for |a| < c7(€)/(ca(e) +cs(€)); the er,’za (Q)-
ellipticity can be obtained in the same way.

Let N be odd, (N — 1)/2 > k. We proceed as above.

Let Nbeodd, (N—1)/2<k, ac(1—¢g, 1+¢€). Letm= (N+1)/2; we have
er,;,z(Q) C C*™(Q) algebraically and topologically, with

|u|ck—m(ﬁ) < C8(€)|M‘W:\&2(Q)~ (6.92)
Indeed we obtain, without difficulty, if 0 < o < 1—¢, p <2N/(N+ a),
|ulyrr () < C9(8)|M|erd2(g); (6.93)
for oo < 0 we have obviously
|M|Wk.2(_Q) < ‘M|er&2<g). (694)
If p=2N/(N+ o+ 1/2¢), it follows from Theorem 2.3.8:

lulcr-mimy < cr0(&)|ulwir ),

then using (6.93) we get (6.92); if o < 0, (6.92) is a consequence of (6.94) and
Theorem 2.3.8. Let

My ={ueW(Q), Y |Du(y) =0},

|i| <k—m

Ni={vew (@), Y [Dv(y)|=0}.

|i|<k—m

(6.95)
We have N; and M, ellipticity if o is sufficiently small. Indeed: If u € My,v = ur®,
then according to Theorem 3.3, for |i| < k we have
DiuPr o2 dx < ey (&) |uf? 1, 5 6.96
| i <en(e)ifu g, (6.96)
furthermore, for |i| <k,

DR D ax < epa(e)uf o

r

o (6.97)



6.3 Sesquilinear Forms on W7, () x Ws™(€2) 315

and then (6.86) follows. Moreover for |i| <k—m, a —2(k—|i|)+ N—1 < —1,
we have (6.97), (6.92) for v, and so v € N;. Now we can consider (6.87), we
obtain as above I C (—1,1) such that for o € I the sesquilinear form ((v,u)) is
N; and M, -elliptic. Let us denote N, = {v € er;za (Q), ((v,u)) =0 for u € Ny},

My={uc era’z(.(.?)7 ((v,u)) =0 for v € N2}, and denote by n the dimension of the
space of polynomials ¥ <, @i(x —y)'. We have dimM; = dim M, = n. Indeed: let
DP1,D2,--.,Pn be abasis of these spaces of polynomials. For every p;, i =1,2,...,n
we can find a unique v; € Ny, u; € M| such that v;+ p; € N»,u; + p; € M; this follows
fromu € My = ((vi + pi,u)) = ((u,vi+ pi))* =0, whence ((u,v;))* = —((u, pi))".
Applying Theorem 3.1 for the form ((u,v))*, which is Ny and M; elliptic for
o € I, we obtain the existence and uniqueness of v;. Concerning u; we have
veE N = ((v,ui + pi)) =0, and then we get ((v,u;)) = —((v, p;)) and the existence
and uniqueness of u;. In case o > 0, we moreover have

u; € Wh2(Q). (6.97bis)

Indeed if we denote W = {v € W52(Q), 31 <_, |D'v(y)| = 0}, then the sesquilinear

form ((v,u)) is W-elliptic, and the result follows. Hence we have Ny + N, =
k2 ; k20 0. k.2

W2a(Q), My +My =W,5™(Q); if u € W™ () we have

1

TDu(y) (x =)', wn € My. (6.98)

u=uy+ z

|i| <k—m

Clearly, the decomposition u = uy, + up, is unique; indeed if we assume that
there exists another decomposition, the difference of these two decompositions, say
oy, + oy, Will be equal to zero with @; # 0, w, # 0, which is not possible since

there exists w € Ny, |W|W{i2a @ = 1, such that 0 = ((w, oy, + O, ) = (W, 0py,)) >

c13(€)|om, |Wkd2(9)' The same result holds for er,% (). Now it follows from (6.92)

for erf;z(Q), er,’za(Q) and from (6.98) that the mappings P;, Q;,i = 1,2 defined
for u € er,;z (Q),ve er,’%x () by Pu = uy;, Qjv = vy, are linear and bounded,
P W (Q) = WA(Q), 0 WL (Q) — W ().

Let us consider now ((v,u)) on N x M. We have still the N, and M, ellipticity.

Let, for instance, u € M5; there always exists v € er,’%x (Q) =1, such that

’ ‘V‘wffa<9>
|((v,u))| > 0: if o > 0, then (6.97 bis) implies u € W5?(Q). There exists v € C*(Q)
such that |((v,u))| > 0. If & < 0, u € Wr?(Q) automatically and the result again
holds. Let now v = vy, + vy, ; clearly |((vy,,u))| > 0, and it follows, for u € M, that

flu) = sup |((v,u))| > 0. (6.99)
VGNz-,\V\Wk;za (Q):L

But the function f(u) is continuous on M5, dimM, = n < e, and so
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inf f(u) >0,
MEMZ,‘M‘WZC&Q(Q):I
and this implies the M,-ellipticity. The N,-ellipticity can be obtained in the same
way.

Now let us prove the er,’i(Q) and erf(Q) ellipticity. Let [u 2 @ = 1; we

)
have u = up, + up,. There exists v; € N; such that ((vi,up;,)) > 614(8)\uM,.|Wk,2(Q),

ra
and then

(1+v2,u)) 2 cra(e)(uan k2 o) F iy ) = 1a(@)lulyia g

With the same argument we prove the erji (Q)-ellipticity. (]

6.3.6 Concluding Remarks

There is a problem in Theorem 3.7 concerning the condition k < (N —2)/2, N even;
for instance the case N = 2 cannot be taken into account, the case N = 4 works
only for k = 1. To eliminate these restrictions, for N = 2, we can use the weight
o(x) =log(2M/|x —y|), M = diam (£2). This is left as an exercise:

Exercise 3.4. Prove for oo < p—1,p <2 that

1/2 1/2 p
L1 utoppl] (—tognterirtriia
S (6.100)
P e p 1 %4
<(—L2 _
<(5=r—) [ morcoenerar
andforoe>2, p—B—1>0,22—a) < —logh(p——1) that
b r p
[| [ wtorapl| (—rogne2s-rar
S (6.101)

< (p_i_p_ﬁ)p ./Ob lu(r)|P (—logr)*2rP dr.

Exercise 3.5. Using (6.100), (6.101) prove the existence of J C (—1,1)
including a neighborhood of zero, such that the sesquilinear form (6.85bis) is
k.2 . k2 ..
Wlog“"(zM/r) (Q)-elliptic and Wioge (2m/r) ()-elliptic.
Hint: Use the same method as in Theorem 3.7.
Example 3.8. Let N > 3, €2 a sector in the unit ball with center at the origin, Vrlogz =

{ve era’z, r = |x|, v(x) = 0 if |x| = 1}. For the sesquilinear form
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v au

Alvu) / lz{ﬁx, 0x;

we have the V7% (Q)-ellipticity if o] < N — 2.
Indeed, we obtain for v = wr® |o| < N —2,u € Vrlogz(Q) that || x2 @ =
c(a)|u|Wk,z(Q). Using integration by parts, we get: '

Re A(u 2/ (©=2) xinilu|* dS+

o

o N du|?
L T VAR B ) T /_
Se—a=n) [ A a3 [ 15

N
Z/ %2 xiniul?>dS = 0;
i=1/992

the V5*(Q)-ellipticity of A follows if 2 — N < a < 0. If |er| < N —2, then on V.
the norms induced by era’z(.Q) and Hrl&z () are equivalent. As in Example 3.3, the
result follows for |ot| < N —2.

Example 3.9. Let Q C R? be the sector Q = {x,0 < r < 1/2,|p| < 71— 0/2}, 2,
i =1,2, the subdomains

Q={x0<r<1/2,0<p<n—0w/2},

Q={x0<r<1/2,—1+w/2< ¢ <0},

and

ovdu 1 dv du Jdvou 1 dv du
A = ——+—==—— | dx ——+—==——=— | dx
() al/gl<8r8r+r28(p8(p) +a2/92(8r8r+r28(p8(p>
the sesquilinear form defined for a; > 0,a, > 0.

Using inequality (6.100), and the spaces H(’ Q), we obtain the

logr)® (

12 . ' s .
(leog,)a(ﬂ)-elhptlclty for |o| < 1; here we take V(—logr)a(g) = {ve
W( .logr) (Q)7V(x) =0 for |X| = 1/2}

If v( 10g,) «(Q) = W(lflogr>a(.(2), the result holds for A(v,u) + A (v,u),A suffi-

ciently large.

Problem 3.3. Using the weight o(x) = |x —y| with y € Q fixed, does the method
of Theorem 3.7 hold? For more precise results concerning the values of ¢, it seems
useful to prove a priori estimates, cf. H.O. Cordes [1], [2].






Chapter 7
Regularity of the Solution for Non-smooth
Coefficients and Non-regular Domains

The problem of solving a boundary value problem has been already investigated, but
it remains to deal with the regularity of this solution in the interior of the domain
and at the neighborhood of the boundary in the cases where the coefficients and
the boundary are non-smooth. There are many open questions; a general theory for
operators of order 2k in the following form:

> (=DlID(a;;D7),  a;j € L7(Q),
[i], <k

concerning for instance interior estimates in £2%, Q' C Q,of the following type:
D ulp= (@) < c(QIIf], Jal <k—1, (%)

where |f] is a suitable norm and u the solution of a problem with homogeneous
boundary conditions. It is also reasonable to study the regularity in a neighborhood
of the boundary.

We consider second order operators of the following form,

- g“ 9 a-‘i —|—ib-i+d aij,bi,d € L”(Q);
3)(?1' ljng =~ laxi ) 1751 ’

i,j=1

there exists a very general theory based on techniques and fundamental results of
E. de Giorgi [1], and extended by G. Stampacchia [2], [3, 5-9, 12], C.B. Morrey Jr.
[2], W.G. Littman, G. Stampacchia, and H. Weinberger [1]. The fundamental result
states that the weak solution is holderian in €2. For the Dirichlet problem this result
holds in Q with some conditions on Q2 (2 € MN%! is sufficient). For other problems,
cf. G. Stampacchia [3]. Another method related to Harnack’s inequality can be
found in J. Moser [1], [2]; this method is used by S.N. Kruzhkov [1]. G. Fichera [8]
used another idea to prove that u € L (). The Brelot axiomatics and the maximum
principle are proved in R.M. Hervé [1].

J. Necas et al., Direct Methods in the Theory of Elliptic Equations, 319
Springer Monographs in Mathematics, DOI 10.1007/978-3-642-10455-8_7,
© Springer-Verlag Berlin Heidelberg 2012
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Operators of the type

i ? X9
A== aj=—=—+ Y bi—+d
ij=1 Y 8)6,‘(9)(1‘ i—1 l&x,-

were considered by C. Pucci [1, 3], H.O. Cordes [1, 2], C. Miranda [1].
The maximum principle for these operators can be found in many papers by
A.D. Aleksandrov [1-6].

For operators of order > 2, there exist some particular results. A result of the type
(*) is not known to the author. If the coefficients a;;, |i], | j| < k, are smooth enough
without regularity on d€2, the regularity of a weak solution in a neighborhood of the
boundary is considered in the papers of the author [2, 5, 7, 9, 10, cf. also Chaps. 5,
6, this chapter and V.A. Kondratiev [1, 2].

For literature on connected topics cf. also G. Adler [1-3], S.N. Kruzhkov,
L.P. Kupcov [1], W. Littman[1].

7.1 Second Order Operators

7.1.1 Auxiliary Lemmas

Let us consider a second order operator, with real coefficients:

N9 d N9 -
A:_i,]zz'la_)ﬁ(aija_)ﬁ)_kgbia_ﬂ_kd’ ajj,bi,d €L (Q). (7.1)

Let us assume that for & = (&1,&,,... &),
N
D @&y > clgl?, ¢>0. (7.2)

ij=1

Let us consider a bounded domain £ in 91%!. We remark that in this chapter we can
deal with domains for which the imbedding theorems hold.

Let V be a closed subspace of W!?(£); in this section we consider only real
functions; V satisfies the condition WO1 ’2(.(2) CV c Wh2(Q), and we assume that

veV=|veV. (7.3)
If v eV, we denote by v'', n = 1,2,. .., the cut-off function defined as

VH(x) = v(x) for [v(x)| < n;

V'(x) = nsgn v(x) for [v(x)| > n.



7.1 Second Order Operators 321

Let us assume that for n > ny,
veV=1"eV. (7.4)

Let us denote v, = %(|v| +v),vo = %(|v| —v). We shall assume that for A > 0,
n = no,
veVv= (V)" ey, ()Htev. (7.5)

Using these definitions we shall prove a theorem due to G. Stampacchia (and in
some sense a generalization of this result), cf. G. Stampacchia [2, 6] using in
author’s opinion a more simple method.

Lemma 1.1. Let Q be a bounded domain. Then W'?(Q) satisfies (7.3)~(7.5).

Proof. According to Theorem 2.2.3, if we modify the function v € W!?(Q) on
a set of zero measure, this function is absolutely continuous on almost all lines
parallel to the coordinate axes xj,xp,...,xy and the usual derivatives coincide
almost everywhere in € with the distributional derivatives. For instance, let us
consider vy on a line parallel to x;.

Let x be a point where dv/dx; exists in the classical sense; if v(x) > 0, we have
(dv/dx1)(x) = (Ivy/dx1)(x); if v(x) =0 = (dv/dx1)(x), then (dvy/dx1)(x) =
0. The set of points x such that v(x) = 0, (dv/dx;1)(x) # 0 has zero measure on
the considered line. For v(x) < 0, (dv+/dx1)(x) = 0. Now if we take into account
Theorem 2.2.3 the result follows. O

The following lemmas will be useful:

Lemma 1.2. Let Q be a bounded domain. If lim,_eu, = u in Wl*z(Q), then
1imy, oo 1t| = |u| in W12(Q).

Proof. Clearly we get lim, .. |u,| = |u| in L?(Q), then similarly as in the proof
in Proposition 2.2.4, lim, . |u,| = |u| weakly in W!?(Q); but [[tnllw12@) =
|I’t”|W1'2(.Q)’

Lemma 1.3. Let Q be a bounded domain. Then WO1 2(Q) satisfies conditions
(7.3)=(7.5).

Proof. We proceed as in the proof of Lemma 1.1; using the previous lemma it
follows that |u|, u, u| etc. are continuous mappings from WO1 2(Q) to WOI"Z(Q).
0

Lemma 1.4. Let us consider Q € N, A C dQ, A open in dQ, V = {v €
W12(Q),v=0o0n A}. ThenV satisfies conditions (7.3)(7.5).

This result is a direct consequence of Theorems 2.2.3,2.4.3.
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7.1.2 Fundamental Lemmas

Lemma 1.5. Let us consider the operator given by (7.1), (7.2):
N9 d
A=— i +1,
z]zl a <a / a )

let V be the space as in (7.3)~(7.5),1/2<1/qg<1—1/N. Let V, =V in Wh4(Q),
F e (Vq)/,u €V such that

. [ N
vEV:>A(v,u)E/Q<z ,ng (;914 —|—vu> dx=Fv.

ij=1
Thenu € L"(Q) with1/r=1/p—1/N, where 1/p+1/q=1, and

1/(141/2) 1/(14+1/2)
ulor @) + 1 ae) DR ) AR < erlF o (7.6)

where (1+A/2)2N/(N—2)] =
Proof. According to Theorem 2.3.4 it follows:

<)) (7.6bis),

(N—2)/2N
( / (u+)<1+1/2><zzv/<zv2>>dx>
Q

then |u|r(q) < c:/<l+l/2)\(u+)(‘“‘/2)|I/UH/z hence it is sufficient to prove the

wl 2(9)
inequalities:
A
(i) AU P < earlFl, (1.7)
A
) I < el (738)

We will restrict ourselves to (7.7). Let v = (ui)(“”l). We have

N u' u
Al = /Q(Zumxui)l e §XJ+<u1>‘”>dx POl

ij=1
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Using Theorem 2.2.3, we get:

il u u
Avu) = /-(2 ( 2 (l-i-l)(u’jr)ka”% + %xj +(Mn+)1+)tu> dx

=1

N du’. Jdu’
> n\A Y0+ 9H4 n\(24+A)
= ((Hx)i’jz:‘l(m G e+ ) )dx

/ < (1+1/2)2 2 aua_xi(”+) a—xj(bhr) + (u}) dx

i,j=1
2

. 144/2)2
Z 15 ) ),

then
(W) 2R ) < 3L A /D] 0 P o) (79)

As A =[(2—¢q)N]/(gN —q—N), we get, according to (7.6 bis):
1/g—1/N
0" gy < (@ ([ w2y ax)
1/2

o () (e (2

1+A /(244
< cql (" )1+l/2|w‘ﬁ2/ )"" )

Then (7.9), (7.10) imply the inequality:

1/(14+4/2
() AP < eorlFl (7.11)

According to Theorems 2.6.1 or 1.1.4, we can extract from the sequence (uf@)”” 2
a subsequence which converges in L?(£) and almost everywhere to (1 )'t4/2;
then, using Proposition 2.2.4, we obtain (7.7). O

Remark 1.1. If N
0 d
A== o <a,,a >+d

i,j=1

withd >0andd #£0if V # WO’ (£2), then we obtain Lemma 1.5 for this operator.
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Let also 0 € L*(dL2), and let us define for the operator A satisfying (7.1), (7.2)
the sesquilinear form

(1)) = A(v,u0) +/m ovuds. (7.12)

We have

Lemma 1.6. Let ((v,u)) be given as in (7.12), V be the space verifying (7.3)—(7.5),
F as in the previous lemma, u € V such that for all v € V we have ((v, u)) = Fv. Then

[ ) A 4 () AR < (), + ltlwragay):

wl 2( Wl,Z(Q)
(7.13)
Proof. The function u satisfies
y dv du
dx
/Q(Z “omon T )
(7.14)
N du
:Fv—/ —vu—i—dvu—i—Zb,-v— dx—/ ovudS = Fv— Fyv.
Q & o 20
According to Theorems 2.3.4, 2.4.2 it follows: |F1| y<c |ulwr2(q) with 1/g1 =

1/24+1/N.If g1 < g, (7.13) is a consequence of (7 7), which is true for N < 4.
Let N >4, and q; > ¢. Letus set rj =2N/(N —4), rpyr1 = [(N—1)/(N —2)]rm,
m=12...., 4, =((N—2)/N)ry—2.Let ry <F<rpys1, 7 <r. Wegetasin (7.7):

u A A
WD 2 gy < a4+ i) (1 ><1+“2>|1V4 vt IF )
+e(1 +7Lm+1)(/g( +)(1+l Al (i ) ”'/2( )dx

n (144 ny(144/2) 144/ (24+2)
LGP as) < x4 A J) 0 >|W1,2<Q> Flay

- 1/2 ;
+ (/‘[2(”_"_)(2—}—2;{—)[4") dx) |(u+)(1+lm/2)|wl‘2(g) +/39(u+)2+}, dS>

We have 2+ 24 — A < 24 2411 — A < Py

8u+

i

(7.15)

24A<2(N=1)/(N=2)(14An/2);
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this, (7.15), and Theorem 2.4.2, leads finally by an induction over A — A3, A, —
A3y sl — A, 1O

|(”1)(1+M2)‘%V1.2(Q)

n i A/ (2+2)
§c4(l)(|(u+)(1+1/(2)|(1+ /(2+4) |F\ /+(‘F‘(Vq)/+|“|W1*2(.Q))(2+}L))’

wlz2
(7.16)
thus -
n (14472 (144/2)
‘(M+) |W1>2(Q) < cs (A)
(‘F|(Vq)/ + |"‘|W1-2(Q))(2+M
and by the same procedure as in the proof of Lemma 1.5 we have
1 1/(1+1/2)
(1) (1+3/2) |W/1 | >/ < co(A)(|F |y, +lulyro(@))- (7.17)
Finally, by induction (7.17) holds for A4 ; the same computations work for u_. O

We don’t consider the possible generalizations concerning the coefficients b;,d.
These questions are considered in G. Stampacchia’s paper [12].

Using Theorem 3.6.1, it is easy to prove

Exercise 1.1. Let A be the operator (7.1), (7.2) with b; =0, d € LN/Z(Q), N >3,
d > 0,d # 0. Then (7.6) holds.

7.1.3 Regularity of the Solution of the Boundary Value Problem

From the previous lemmas, we obtain immediately interesting consequences for the
solutions of boundary value problems.

The Dirichlet problem:

Theorem 1.1. Let us consider Q € N%!, v = Wol’z(Q), A the operator given in
(7.1),(7.2), I/N < 1/p<1/2, f € LP(Q), i = 1,2,....N, ug € W'P(Q). Let u €
W12(Q) be the solution of the Dirichlet problem Au =YY | f;/dx; in Q' u—uy €
Wol’2(Q). Thenif 1/r=1/p—1/N, we have

lulzr @) + Ul - ga) < ()(Z\lem )+ luolwip@) + ulwi2@)). (7-18)
i=1

'In other words, Au = f with f € W~17(Q).
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The proof follows from Lemma 1.6 and from Theorems 2.3.4, 2.4.2. The same
situation appears in

Theorem 1.2. We keep the same hypotheses as in the previous theorem but we
replace YN | dfi/dx; by f € L*(Q), 1/s = 1/p+ 1/N. Then for the solution u of
the problem Au = f in Q,u—up € WOI’Z(Q) we have

luler @) + lulpriv-vmag) < c(P)(fls@) + luolwir @) + lulwi2)-— (7.19)

The Neumann-Newton problem and the mixed problem:
Let us consider 0Q2 = Aj UA; UM, where Ay, A, are two open sets in d€2,
meas goM =0, Ay # 0, o € L”(A;); we denote

V={eWw"?(Q),v=00nA,}. (7.20)

We have

Theorem 1.3. Let us consider Q € MOV the space (7.20), A the operator given
in (7.1), (7.2), 1/N < 1/p < 1/2, 1/s=1/p+ 1N, f € L}(Q), uy € W'"(Q),
g€L(A)), 1/t =N/p(N —1), u € W'2(Q) the solution of the problem Au = f in
Q, du/dv+ou=gonA,u=uyonAy Thenif1/r=1/s—2/N, we have

lulr (@) + [l pov-viw a0y < (P)(If1s@) + [uolwrra) + I8l + lulwi2 (o))

The proof follows from Lemma 1.6 and from Theorems 2.3.4, 2.4.2.

Remark 1.2. The existence of solutions mentioned in Theorems 1.1-1.3 or in the
negative case the Fredholm alternative, follows from Theorem 3.2.1 or Theorem
3.3.1.

Remark 1.3. We have 1/r = 1/s—2/N, as if u € W*?(Q), which in general does
not hold under our hypotheses. We still have s < N/2.

7.1.4 The Case 1/N > 1/p

Now we shall consider the case 1/N > 1/p. We shall not consider the particular
case 1/N = 1/p, for this case see G. Stampacchia [7]. We obtain [u|;=(q) < .

Lemma 1.7. Let A be the operator, defined by (7.1), (7.2), V the space defined in
(7.3),(74), c € L*(dQ), F € (V) with1—1/N < 1/q. Let u € V be a function
such that we have for allv €V,

N ov ou L u
i = bv—+d dx dS = Fv.
/Q (i’jz]a”axi ij +i§ lvc?x,- +dvu -l—/aQ ovu v
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Then
lulz=(a) < c([Fly,y + lulyr2(g))- (7.20bis)

Proof. According to Lemma 1.6, for all A > 0 we have
1/(141/2) 1/(14A/2
|(u+) 1+7L/2)|uf] 2+ /2) + ‘( ) 1+)L/2)|Vl{](‘2([2)/ ) < Cl()’)(|F|(Vq)/ + |u|W1~2(Q))’
(7.21)
then, if N > 3,

[l fasasmianso-2) (@) + |l Laazeo-nie-2) () < 2(A)(F ],y + [ulwizq))-

(7.22)
Now, it follows that
Fov= / (1 —d)vudx+/ ovudS
Q 0Q
is a functional on (Vq)/, and
|F2|(vq)’ < C3(|F|(vq)’ + |“‘W112(Q))~ (7.23)

Let us set F3 = F + F>; without loss of generality we can assume 1/g < 1. Let us
consider 4,41 =[(2—¢q)/q]v(1 +A,/2),n=1,2,...,v >2q/(2—¢q),if N =2 and
v =2N/(N —2), if N > 3; A; must be sufficiently large such that v(2 —g¢q)/q+
2/(1+21/2) < v. As in the proofs of Lemmas 1.5, 1.6, we obtain for (1) (and
also for (u_)):

() P22 ) < €a (L Aut /2) B3 () 04 g )

. . (7.24)
+os| () T2 g o) () TR 2 ).
We have
2-¢)/2
[04) 4 gy < el us) A 2RIY g ) R 0 ) (7.25)
2-q)/2q)v+1/(1424,/2
[(4) 102 ) < ey ) ARV, (7.26)
Now, it follows from (7.24)—(7.26), if we set:
Z”l
L ‘(u+)l+kn/2|]/ (1+ )/2)
LEIAY
that )
Zilljlln/z <cg (14 Ay1/2)z n+1/2+C9Z511+7Ln+1/ ). (7.27)
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Letus set m; = 1 +zj,c10 = max(1,cg,c9) and define:

Myl = C%/(1+ln+1/2 ( +A’n+1/2)1/(1+kn+1/2) Mp, n= 1’2 -

Obviously z, < m,, so we now have

l z":ln(l-l-?L,H/Z)
(1+4in1/2 & 1+4in/2

1 ilnl+ll/2)+lln((2 q)/2)v
1((2=q)/29)v) = (2-q)/2q)v)

Inm, 1 =1Inm; +1Incyo 2

<Inmj+Incyg z

<lnm+Incyy;

this holds due to v > 2¢/(2 — q), then m, 1 < ¢1ymy, which with (7.23) implies:

1/(14+An/2
(i) A2 < cial(F Ly, + il 2g)). (7.28)

Finally we have:

An
(24+4) V) 1/(14-2,,/2) 14+2,/2 11/ (1424/2)
(1) dx <c |(u) |
o + =413 WIZ(_Q) ’

this last result and the same estimate for (u_) give the result. (]

7.1.5 Regularity of the Solution

Let us formulate some consequences of Lemma 1.7 for boundary value problems:

Theorem 1.4. Let us consider Q € % v = Wol’z(Q), A the operator (7.1), (7.2),
1/p<1/N,f; € LP(Q),i=1,2,...,N, ug € W'P(Q). Let u be the weak solution
of the Dirichlet problem Au =YY | 3 f;/dx; in Q,u = ug on IQ withu € W'2(Q).
Then

N
|ul =) < C(Zi \filr (@) + luolwin() + lulwi2(@))- (7.29)
=
Theorem 1.5. Let be Q € N0V =W12(Q), A be the operator (7.1), (7.2), 1 /s <
2/N, f€L5(Q), up € WP(Q), 1/p=1/s—1/N; let u € W'*(Q) be the weak
solution of the Dirichlet problem Au = f in Q, u=ugy on dQ. Then

[uli=(0) < c(If (@) + uolwrrig) + lulwizg))- (7.30)
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Theorem 1.6. Let be Q € NO1, V the space defined in (7.20), A the operator (7.1),
(7.2),1/s <2/N, f € [}(Q), up € W'P(Q), 1/p=1/s—1/N, g € L'(A}), 1/t =
(1/p)[N/(N—1)], 6 € L7 (A;). Let u € W'2(Q) be the weak solution of the problem
Au=fin Q, du/dv+ou=gonAy, u=uyon Ay Then

\M|L°° <C(|f|LA +\M0\w1.p(9)+|g|v(/\1)+|”|Wl=2(g))- (7.31)

Let us remark that as in the previous part, the data are such that using the
imbedding theorems, according to Theorems 1.4, 1.6, the existence of the solution
or at least the Fredholm alternative takes place.

We can also obtain estimates of type

lulys20) < clfls@), $>N/2, (%)

which implies that |u|;=(o) < c2|f|15(); but in general the estimate (x) is not true
with our hypotheses.

As we have seen previously, for the Dirichlet problem with the hypotheses of our
Theorems 1.4, 1.5, we obtain that u € CO’V(ﬁ).

7.1.6 The Dual Method

Theorems 1.1.—1.6. concern the regularity of the solution. Then, using the duality,
we obtain a class of very weak solutions. For this let us consider the operator A*
adjoint of A, i.e.

= 2 il —ii(bﬁ—d (7.32)
o 1 8)61 st 8)(1' i—1 8xi ! ' '
ij= i=
Let us consider ¢ € L(d€2), and
ul dv du
(vu)) = /Q (,’_,121 ajj o ax, —|—l§b,v +dvu> dx+/ ovuds.
To simplify let us assume the V-ellipticity of the form ((v,u)), i.e.

VGV:> |((V,V))| ZC|V|‘2}VI,2(Q) C>O~ (733)

First, let us consider the Dirichlet problem.

Theorem 1.7. Let Q € N0, V =W, *(Q), A the operator (7.1), (7.2), with (7.33),
G e[l*(Q)— WOl ‘2(9)] the Green operator corresponding to the problem A*u = f
inQu=00ndR.If1/2<1/g<1—1/N,let1/s=1/q+1/N;if l—1/N<1/q,
let s = 1. Then G* can be extended by continuity to G* € [L*(Q) — Wol’q(Q)].
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Proof. Letus considerf € L2(Q),u=G"f,F =YY df;/dx;, fi € LP(Q), 1 /p+
1/q = 1 (without loss of generality we assume 1/g < 1). According to Theorems
1.1, 1.4, if v is the solution of the problem Ay = —2?’:1 dfi/dxiin Q,v=00ndQ,
then v satisfies the following estimate:

V@) + Mwizg) < 2|f,u, Weo 1 /r+1/p=1. (7.34)

On the other hand,
N
((vu)) = / aufzdx / frdx,
= x;
then using (7.34), we get:
/ N 8u i
axl =

Now it is sufficient to apply Theorem 2.4.10. (]

Remark 1.4. As for N >3, ¢ < N, Whe(Q) c [N9/N-49)(Q), algebraically and
topologically, G* obtained from Theorem 1.7 is such that G* € [L*(Q) — L1(Q2)],
1/g=1/s—2/Nif 1/24+1/N<1/s<1,and 1/g > 1/s—2/N if s =1.If
b; € W=(Q), we can apply Theorems 1.2, 1.5 for the operator A* and it follows
that G* € [L*(Q) — L1(Q)], with 1 /¢g=1/s—2/N,if 2/N < 1/s<1/2+1/N, and
q = oo, if 1/s < N/2. This remark holds also for other problems in this section.

du | a
sup -— < Cz|f|L:(Q). (7.35)
9%i | 1q(q)

(ZX1 fillp)'/P <1

Problem 1.1. Let G* be the Green operator defined in Theorem 1.7. Determine the
values of g such that G* € [W~14(Q) — W, (Q)].

Theorem 1.8. Ler us consider Q € N1V the space (7.20), A* the operator
defined in the previous theorem, let G* the Green operator such that G* €
[L*(2) x L*(A) — W2(Q)] and corresponding to the problem A*u = f in €,
du/dv* + Ef»vzl binju+ou=g on A, u=0 on Ay. Let s be as in the previous
theorem, 1/t = (N —s)/[s(N—1)], if 1/2+1/N < 1/s < 1; 1/g=1/s—2/N, if
1)24+1/N<1/s<1; 1/qg>1/s=2/N, if s = 1. Then G* can be extended by
continuity to G* € [L*(Q) x L' (A;) — L1(Q)].

Proof. Let us consider f € L>(Q), g € L*(A;), let u be the solution of the problem
A*u=finQ, du/dv* +2§V:1 binju+ou=gonAj,u=0o0nA, F L), with
1/t+1/p =1, and v the solution of the problem Av = F in 2, dv/dv+cv=0on
Ay,u=0o0n Ay. According to Theorems 1.3, 1.6, for v we have

Wler@) + Vlpiv-nmga) < c1lF i), (7.36)
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if1/2+1/N<1/s<1,and
|l =) + [uli=@00) < 2l Fl2q) (7.37)

if s = 1. We have
((v,u)) :/ vfdx+/ vgdS:/ uF dx,
Q Ay Q
then (7.36), (7.37) imply:

lulre (@) < e3(|fls @) +18la))-

7.2 The Maximum Principle

This section is devoted to a generalization of the maximum principle. For simplicity
we consider only the case of the operator

N9

A=Y 8x,(”8 >+zb

i,j=1

where the form A (v, u) is WO1 2(Q)-elliptic and d > 0. A more general case, without
the restriction d > 0 is treated in a paper by G. Stampacchia [9]. For the Dirichlet
problem we shall prove the following: if ug € W!'2(Q)NL>(Q), and u € W'2(Q)
is the solution of the problem Au =01in Q, u —ug € WOI’Z(Q), then sup,. o |u(x)] <
sup,cq |uo(x)|. We shall deduce the existence of a solution for the Dirichlet problem
corresponding to the operator A with continuous data on the boundary. We have
observed that a such solution is continuous in £2; in the paper by W. Littman, G.
Stampacchia, A.F. Weinberger [1] the behaviour of the solution in a neighborhood
of the boundary is investigated; the result is that y € dQ is a regular point if and
only if this property is true for the Laplace operator; we assume b; = d = 0.

7.2.1 The Maximum Principle

Let 2 be any bounded domain, A the operator

A=-— ia‘l (a,,8 >+Zb (7.38)

i,j=1
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with real coefficients, a;; € L™(Q), b; € LN(Q), d € IN/?(Q), if N >3 and b; €
LPFE(Q),d € L'8(Q),if N =2, ¢ > 0. We assume d > 0, and the form

A(V7”):/Q<Z g; g;t +2bv3 —l—dvu) dx
ij i0Xj o

i,j=1

WO1 2(Q) strongly coercive, i.e.

veEW, 2 (Q) = A(ny) > cp 1, ¢>0. (7.39)

Q)
We can prove immediately

Theorem 2.1. Let A be given as in (7.38), (7.39), Q2 be a bounded domain, ug €
W12(Q), and almost everywhere uy(x) <M < oo, M > 0. Let u € W'2(Q) be the
weak solution of the Dirichlet problem Au=0in Q, u—ugy € WOl 2(Q). Then

ess sup u(x) <M. (7.40)

xeQ
Proof. > Let us consider € > 0, and u; = max(M + &,u) — (M + €) almost
everywhere. According to Theorem 2.2.3, u; € lez(.Q), moreover uj € WO1 "2(52).
Indeed: u = up+h, h € WOI’Z(Q), let us consider a sequence h, € Cy(£),
lim,—eh, = h in WI’Z(Q). Lemma 1.2 implies lim,_.[max(M + &, uy + h,)—
(M+¢€)]=u;in WOI’Z(Q); clearly max(M+€,up+h,) — (M+¢€) € Wol’z(Q). Then

o:A(ul,u)—/Q<z (;ZI ;9;! +2bul —|—du1u> dx > Aur,uy),
l J i=1

ij=1

this implies u; = 0, and hence ess supu(x) < M+ €. O
xeQ
Exercise 2.1. Let us consider a sequence of domains, €2, C Q, C Q, such that for
every compact K C Q,0Q, D K, n>ng, and letbe M > inf, SUP,co G, U0 (x),M>0.
With the hypotheses given in Theorem 2.1, prove that ess supu(x) < M.
xeQ

Corollary 2.1. We assume the hypotheses of Theorem 2.1; then we have:

min(0, ess inf uo(x)) < ess inf u(x)
xeQ xeQ

(7.41)
< ess sup u(x) < max(0,ess sup ug(x)),
xXeQ xeQ
|ul =) < |uolr=(@)- (7.42)

2The basic idea of this proof is due to J. Kadlec.
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Theorem 2.2. Considering the hypotheses as in Theorem 2.1 and assuming 2 €
NO we have

min(0,ess inf up(x)) < ess inf u(x
(0,ess inf uo(x)) < ess inf u(x)
(7.43)
< ess sup u(x) < max(0,ess sup up(x)),
xeQ xeQ

Proof. Let M = max,cq(0,ess supug(x)), u; := max(M,u) — M. It follows from
Theorems 2.2.3,2.4.10 that u; € Wol’z(Q); we finish as the previous proof. ([

We prove as above

Theorem 2.3. Let Q be a bounded domain, uy € C(Q)N WOl 2(Q). Then

min(0, minug(x)) < ess inf u(x) < ess sup u(x) < max(0,maxug(x)), (7.44)
xeQ xeQ X€Q xeQ

|u| =) < max |ug(x)]. (7.45)
xeQ
Exercise 2.2. With the hypotheses of Theorem 2.3 prove that if d = 0, we get:

min ug(x) <ess inf u(x) <ess sup u(x) < max uy(x).
xX€0Q 0( )7 x€Q ()7 xegp ()7)(68!2 0()

Let g € C(9Q). Let us extend g on RY to a function continuous on R" using
the Urysohn theorem. By a process of regularization, we prove that the space of
restriction of functions from C(Q) NW'2(Q) on 9L is a dense subset of C(9Q).
Let us denote by M the set of restrictions of functions from C(Q) NW!?2(Q) to
dQ. The Green operator G defined by Gg = u is, according to (7.45), such that
G € [M — L~(Q)]; as M is dense in C(d€2), we have:

Theorem 2.4. Let Q2 be a bounded domain, A the operatorasin(7.38),(7.39), G be
defined above. Then G can be extended continuously to a mapping from [C(9€) —
L7 (Q)].

Remark 2.1. If the coefficients of the operator are sufficiently smooth in €, then
using Theorem 4.1.3 we prove that the solution belongs to CZ(Q); for the Laplace
operator, we study the solution in a neighborhood of the boundary by the “barrier
functions” method, cf. for instance I.G. Petrovskii [1]. If Q € %! we prove using

Theorem 3.4 below that u € C(Q).
Moreover, the following theorem holds:

Theorem 2.5. Let Q be bounded, A be the operator as in (7.38), (7.39), g € C(dQ),

Gg = u be defined in Theorem 2.4, u* € C(Q)N Wl(lmz(Q) be a weak solution of
Au* =0in Q, u* = g on dQ. Then u* = u almost everywhere.
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Proof. Let , € 0™ be a sequence of subdomains €2,, C Q, C Q such that for every
compact set K C € there exists ng suchthatng >n=— K C Q,.Lete >0,g. €M,
lg— gglc()(ag) < €. We denote by u, (resp. ug,) the solution corresponding to g in
Q (resp. in £2,,). Then using (7.45) we get

e — u*|1=(q,) < |ge — " |c(aq,) <&

On the other hand, according to Theorem 3.6.7, the functions u,, extended by g¢ on
Q converge to u, in W'2(Q), and then

|ug — "‘*|L°°(.Q) <|ge —&lcan) <&,

and
|ue — M|L°°(Q) <lge _g‘c(ag) <E.
(I

Starting from the inequality (7.45) we can extend the Green operator G obtained
in Theorem 2.4 on C(d€2) to larger spaces.

7.3 Higher Order Equations

We are interested in the behaviour of the solution in a neighborhood of the boundary
for equations of order > 2 with sufficiently smooth coefficients, and sufficiently
general hypotheses about Q: for instance the “cone property”, %!, convexity, etc.
We restrict ourselves to the Dirichlet problem. The basic idea can be found in R.
Courant, D. Hilbert [1] and was developed by the author [S5]; here we assume N = 2.
Using the results obtained in the previous chapter concerning weighted spaces, we
shall also prove some results for N = 3.

7.3.1 “The Mean Inequality”

Let us denote K, = K(0, r) the ball with center at the origin and radius r; we consider
an operator of order 2k,

A=Y (~1)Di(a;D), (7.46)
il /1<K

a;j € CYN(Q), 1 =max(0,|i| —k—14[N/2]).
We have the following
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Lemma 3.1. Let r < 1,A be the operator (7.46) in K,, with |a,J|CK (&) < <cy; we
assume the form

A(v,u) :/ Y @;D'vD/udx
Krli i<k
to be Wk’z( K, )-elliptic with |A(v,v)| > CZM%sz K)

Let us consider f € W IN/2L2(K), u e sz( K,) the weak solution of Au = f
in K. Then u € C<~1(K,.), and

2 |Diu(0 | < c(er,e)( Z A |Dlu‘ i
iRt i<k 74
+ A1+ N/2-N/2) |f|W—k+[N/2]-2(Kr))'

Proof. Set'y = x/r,v(y) = u(ry) and denote D', the derivative with respect to the

coordinate variable y. Further denote b;;(y) = p2k=(li+1j Daj;(ry). Let us prove the
W(;{ 2(K,)-ellipticity with constant ¢; of the bilinear form

/ Y, b ()D’wawdy
Kiil | j1<k

Ifwe Wé"z(K] ), letm e Wg‘z(Kr) be defined by m(x) = w(x/r). It is convenient to
take the norms in Wé‘ 2(Q) in the following form

L)

cf. Theorem 1.1.1. We get

/ D b,-ﬂy)Di,waley =
K i 1<k

r N z aij(x r kD'mD7m dx
K il Jjl<k

_sz/ |D’w|2dy—cz|w| K2k

lil=k

> 2N, z \Dim|?dx  (7.48)
lij=k /K

Now, we have
|bl]|c'< ! < |al]|C'<z LK) (7.49)
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If [N/2] < k, let us define g € W+ IN/22(K,) by

<y, g>=rN <o £ o) = wx/r). (7.50a)
If [N/2] > k, let N
g(y) =r"f(ry). (7.500)
For y € G5 (K, ) we get
/ D b,-j(y)D;l//Divdy = D r(Zk’N)a,'j(x)D"(ijﬁdx =< y,g>.
il <k Kl jl<k

According to Theorem 4.1.2 and Proposition 4.1.1, we have v € WFHIN/212(k ),
p < 1, then by Theorem 2.3.8,v € C*~1(K).
If [N /2] > k, it follows according to Theorem 4.1.2 and Proposition 4.1.1 that

Ve, ) < e3(Vlweak,) + > ID'%lp), (7.51)
li|=[N/2]—k

where c3 depend only on ¢y, ¢;. Indeed: using Theorem 2.7.6 we get

\V\WMN/ZLZ(K]/Z) <cilblweeg)+ X D'l
li|<[N/2]—k

< C5(|V|Wk=2(l(1) + 2 |Dig|L2(K1) + 2 ‘Dig|L2(K1/2))7

li|=[N/2]—k li|<[N/2]—k
(7.52)

; [Nz/z] k|Dig|L2(K1/2) < C6|V|Wk+[N/2]—1.2(K1/2)
1< —

1
< E|V|Wk+[N/2],2<Kl/z) + C7|V|Wk,2(K|/2)7

and (7.51) follows from (7.52).
Now let us consider the case k < [N/2]. We have

2 |D§)v(0)| < C3(|v|Wk.2(Kl) + |g‘w—k+[N/2].2(K1>),
i <k—1

where the constant cg depends only on ¢y, c;. We get

Y, ADu(0) < g (Y, AINAD U g+ rE NI o )
li|<k—1 li[<k

and hence (7.47).
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If k > [N/2], we obtain from (7.51),

2 |D§vV(O)|§C9(|V|Wk12(1<1)+ 2 |Di8|L2(K.)),
li|<k—1 [i|=[N/2]—k

where ¢y depends only on ¢y, cy. Now we get

> AlDiv(0)]
li|<k—1
< 69( 2 AUi=N/2) |Di”|L2(K,) + 2 FUk+[N/2]=N/2) |Dif|L2(K,))
li|<k li|=[N/2]—k
<co( X, NI u| g )+ r VN £ 2k )
li| <k
and we get (7.47) also in this case. U

7.3.2 Existence of a Classical Solution in the Case N =2

Let us recall that a bounded domain satisfies the exterior cone property if there exists
a fixed open cone such for every y € d€2 it is possible to locate this cone in CQ in
such a way that y is the vertex of the cone. In this case we shall write 2 € Cy, cf.
Fig. 7.1. A bounded domain verifies the exterior ball property if there exists a ball B
such that for every y € d€ this ball can be located in C€ in such a way that y € 9B.
In this case we shall write €2 € By, cf. Fig. 7.2.

Fig. 7.1
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Fig. 7.2

We have the following theorem:

Theorem 3.1. Let us consider Q € C.y and A is the operator (7.46), A(v,u) is
Wé"z(.Q)-elliptic, feWKL2(Q), the function u is a weak solution of the problem
Au=finQ, uecW*(Q)and N =2. Then u € C*1(Q) for x € 9Q,|i| <k—1,
D'u(x) =0, and

|“|Ck*1(§) S C|f‘W7k+172(Q). (753)

Proof. According to Theorem 4.2.1, u € C*~1(Q). Let us consider x, € €, such
that lim,, .. X, =x € dQ, d, = dist (x,,dQ), &, € Q2 such that d, = |x, — &,|. Let
C be the cone defined previously, C C CQ, with vertex &,, and o(x) = |x — &,|. Let
us consider the ball K (x,,d,/2). Let us introduce the local coordinates (y',yy) with
origin at &, for which the axis yy coincides with the axis of the cone C and consider
lines parallel to the axis yy which cut the ball K (x,,d,, /2). Without loss of generality
we assume d, sufficiently small that all parallel lines considered cut C. Let us denote
by M,, the union of open segments on the parallel lines with one end on dC and the
other end in K (x,,d,/2). As in (6.27) we obtain

2 |Diu|L2

i 2kl

() < 1w, ),

which gives

(ki)

2 DUl 2k a,2) < ealulyra -

[i|<k

Now it suffices to use (7.47) to prove that lim, . D'u(x,) = 0, |i| < k— 1; then
(7.47) implies (7.53). 0
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Fig. 7.3

For the Dirichlet problem with nonhomogeneous boundary conditions which was
not considered in Theorem 3.1, we have

Theorem 3.2. Let us consider 2 € Ceyy,N = 2,A as in the previous theorem,
FeW Q) ug e WHQ)NC(Q).
Then the weak solution u of the Dirichlet problem Au = f in Q, u—ugy € W(f’z(Q)

satisfies u € C*~1(Q) and for x € 99, |i| < k— 1, D'u(x) = D'ug(x). Moreover we
have the inequality

|M‘Ck—l(§) < C(‘f‘w—k%—ll(g) + |MO|W/‘+'>2(Q) + |u0|ck71<§))-

If Q € RO then WH12(Q) ¢ C*1)(Q) algebraically and topologically.

Example 3.1. Let Q = {x e R%;0<x; < I, [xo| <x§, ¢ >0}, up € W32(R?), f €
L?(Q). Then the solution of the problem A%u = f in Q,u— ug € WOZ"Z(Q) belongs
to C1(Q).

Remark 3.1. 1f Q € M%!, and if the operator A is strongly elliptic, certain results
obtained by the author in [9] imply that the solution obtained in Theorem 3.1 is

k—hélderian in Q; if the coefficients aij, il = |j| = k, are real, we can choose
K<1/2.

7.3.3 The Case N =3

Theorem 3.3. Let us consider 2 € B,y and let A be the operator (7.46) verifying
the hypotheses given in Theorem 6.2.6. Let N =3, f € W’k+1*2(!2) and let u €

Wé"z(!)) be the solution of Au = f in Q. Then u € W<=1=(Q)NC*1(Q), and

‘M|Wk—1,w<g> < C|f|W—k+l.2(_Q). (7.54)
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Proof. Suppose x € Q, d = dist(x,0Q), & € dQ, d = |x—&]|. Let B the ball as
in Fig. 7.2, B C [Q such that & € 9B; let p be the radius of B and y its center.
Without loss of generality we assume d < p/2. Let B; be the ball of radius p/2
with center y;;y; is a point on the segment (y, &) such that dist(£,0B;) = d. Let us
set ox(n) = dist (1, 9By ). According to Theorem 6.2.7 and Remark 6.2.4, we get

‘M|Hk‘21(£2) <ci (|f|W*"+1=2(Q) + ‘le*ﬁZ(Q))v (7'55)

where ¢; does not depend on x. By Theorems 6.2.3, 6.2.4, for all ¢ € C5’(£2),
|(p|Wk71’2(Q) S Cz|(p|W§f(Q)’
where ¢; does not depend on x, and hence

|f|W*f~12(Q) < C2|f|W*k+1~2(9)' (7.56)

Now let M, be the union of segments as in Fig. 7.3, where one end of each segment
is on dB and the other one is in K(x,d/2). From (7.55) and (7.56) we get

u

Ox

< C3d71/2\f|w—k+1,2(g)7
Wkl(Mx)

where ¢3 does not depend on x; the function u/cy = v € Wé‘ 2(Q); using the
inequality (6.25) on My, |i| <k, we get:

|Div|L2—2(k*\i\)(Mx) < C4d71/2|f|W*k“~2(9)’
Ox

then for |i| <k:

|Diu|L272(k7\i\)72(Mx) < c5d71/2|f|W"‘+1*2(9)’
and ' .
‘Dl”‘LZ(K(x,d/z))d(_(k_M)_l) < C6d_1/2|f|w—k+1,2(9>,
and finally

|Diu|L2(K(x7d/2))d(—(k—\i\)—1/2) < C("f‘W(’k“)’Z(Q)' (7.57)
It follows from (7.57) and (7.47) that

Y IDu(x)| < c7lflw-wr12(q)- (7.58)
i <k—1
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Problem 3.1. Prove that with the hypotheses of Theorem 3.3, we have u €
ck=N(Q).

Moreover we get

Corollary 3.1. Let us assume the hypotheses given in Theorem 3.3. Assume
FEW Q) up e W2 Q)W (@),

and let u be the solution of the Dirichlet problem Au = f in 2, u—ug € W(;“Z(Q).
Then

|M|Wk—l,w(g) < C(‘f‘w—k-%—ll(g) + |u0|W/<+|,2(Q) + |M()|Wk—1,m(g>).

Remark 3.2. 1f Q € MO N By, N = 3, then WK12(Q) € CF1(Q) algebraically
and topologically and it suffices in the previous Corollary to assume only ug €
wk+1,2 (Q)

7.3.4 Continuity of the Solution for the Laplace Operator on Q

The weighted space method and Lemma 3.1 give again the well known results for
the second order Dirichlet problems. Here we consider only the Laplace operator,
but clearly the results can be extended to more general cases.

Theorem 3.4. Let be Q € Coy, f € W HINA2(QYNLI(Q), with 1/q =12~
([N/2] = 1/N),> u the solution of the Dirichlet problem —/Au = f in Q,u €
W(;(’Z(Q). Then u € C(Q), and

ule@) < clflwwpi-iziq) + fla@)- (7.59)

Proof. Fix y € dQ, ry = |x—y|, H| = Woly’r?a(Q), H) = W()]}?(Q). We assert that

the sesquilinear form

v au

() / zax, 8x,

is Hp-elliptic for o = —N+2 —¢,0 < € < 1. Indeed, according to Example 3.3, we
have:

rdx+

ReAur ) /Z

2@-N=0) [ P ax

Ix;

3f Q@ € MO, then according to Theorem 2.3.4, WIN/A=1.2(Q) ¢ L1(Q) algebraically and
topologically.
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We have

_ 2—-N-— “N—

%(Z—Nfo&)/g 2 Y dx = ngfg a2V .

Let C be the cone in 0Q, cf. Fig. 7.1, with vertex y. Let us introduce the local charts
(', x)y) with the origin at y and with the axis x}, parallel to the axis of the cone C. If
a is sufficient small, let us consider the prism P = {x = (x',x} ), |x}| < a, |x}y| < c1a}.
If ¢; is big enough we obtain that the face located in x), = —b is in (€. Denote
by Pi+’_, i=1,2,...N—1, the faces of P located in the hyperplanes x; = +a and
by P,:,r "~ the faces in the hyperplanes x), = £b. By elementary computations as in
Sect. 1.1, Chap. 1, we obtain fori =1,2,...,N — 1:

/ |u|2dp.+~f<ca2/ (i ou | @2)413** (7.60)
Pi+.f ! =2 pl = 8)6] 8)6, '
and then
a a )
/ / lu(a,xa,. .., xn—1,b)|7dxs ... dxy_1
a A a
(N—2)times (761)
Nloul® |oul?
<c a/ —| —|=—| aP'.
=3 p;f(j_Z‘l ox; dxi ) 1
From (7.61) it follows that
Nl oul|? u |
2 1p+ 2 -+
ul“dPy; < caa / —| —|=—1| )dP
/p;” N <pN+(j§1 ol Rl el B
7.62
L2 2 ary -
Pl+ i1 8xj axl -

On the faces Pf"*, we have csa < ry < cga, and then using (7.60), (7.62) it follows

that
/|u2|r°‘ 2dx<07/ 2

Now choosing € < max(1,2/[c7(N —1)]) we have the Wo }q (Q)-ellipticity. It is easy

Ot

ax,

to see that € does not depend on y € Q. Now we have

S < . 7.62bis
VEL;I;Z |u| 1§2N+2 0@ = C8|f|Lq(Q) ( )
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Indeed, it is sufficient to prove

sup / [vfldx < colflra(a)s (7.63)
w <179

v 12
: )
O,r)<._N+2_£)

using this last result we apply Theorem 6.3.1. According to Theorem 6.2.3 we get
/ |V|2ry(*N_4+8)dx < cio,
o

and then (7.63) follows. Theorem 4.2.2 gives u € C(€2). If we now have a sequence
Xn € Q such that limy e x, =x € 9Q, d,, = dist (x,,0Q2), &, € 0Q, dy, = &, —xy
then it follows from Theorem 6.2.3 that

12
(/Q |“‘2”y(*7N7£) dx) <cenlfl)s

taking into account (7.62 bis) and Lemma 3.1, and we obtain lim,,_,e u(x,) = 0. O

)

Remark 3.3. If we assume €2 only bounded, we prove without difficulty

sup |y,

<c|flLaa
vean W (Cnen (@) Fleata).
Ty

(cf. notations in the previous theorem and in the proof), and then
ulr=(a) < c(|flra@) + |f|w[N/2J—L2(_Q))~
Remark 3.4. 1f
FewWN 212 ) NL1(Q), uye WNIH2(Q)nC(Q),

then according to Theorem 3.4, we have for the weak solution of the problem
—Au=fin Qu—uyeW,*(Q),

lulcg) < cllflwwva12q) + 1 lia@) + ol o)+ luol o) )-

Remark 3.5. If A is a second-order elliptic operator with sufficiently smooth
coefficients and a;; = a;, we modify Theorem 3.4 replacing ry by

N
Py(x) = (Y Aij(y) (i — i) (xj — )2,

=1
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where A;j(y) are the elements of the matrix inverse to the matrix of the coefficients
aij(y)-

7.3.5 The Case of the Right Hand Side Equal to Zero

We return now to the hypothesis N = 2. For the solution of the problem Au = 0 in
Q, u—up € WP (82), ug € W(Q2)NC* 1 (Q), we shall prove that u € W*2() N
C*1(Q). This result was derived by the author in his paper [5] for polyharmonic
operators. We shall use the results on Poisson kernels given in Chap. 4; for simplicity

we assume that o
ajj € CM(Q) (764)

Now we prove

Lemma 3.2. Let us consider r < 1, the operator A defined in (7.46) and satisfying
(7.64) in K., and suppose the sesquilinear form A(v,u) is Wé"z(l(r)—elliptic with
ellipticity constant ¢*. Let u € Wk’z(Kr) be the weak solution of Au = 0 in K,.. Then
u € C=Y(K,), and for |u| = k— 1, u fixed, we have

D“u(O):ﬁ /K N(x, P)u(x) dx, (7.65)

where

N(x,r) € C(K;), [Nlegy) < claij,c”).

Proof. According to Theorem 4.1.2, we have u € C*(K,). With the notation used in
Lemma 3.1 we set

y=x/r, v(y)=u(ry), bij(y):V(Zki‘i‘i‘j‘)aij(r)’)-

For y € Cj (K1), we have
/ 2 E,’j (y)Dil[/D;de =0.
K i<k

The operator o '

B= Y (-1)Di(b;D]) (7.66)

[il.]j|<k

is Wé"z(!))-elliptic, cf. Lemma 3.1. Now we use Theorem 4.4.1 for 2 = K| and B*
and the Dirichlet problem B*M, = D" §(y) with homogeneous boundary conditions.
The very weak solution of this problem is M;.. According to Theorem 4.1.3 M,.(y) €
C*(K1 —{0}). Let y € C5 (K1), w(y) =1 for |y| < 1/2, and let us set P.(y) =
v (y)M,(y). It follows from Theorem 4.4.1 that
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0= (-=1)*IDlv(0)+ [ vN(7)dy.
1

where

Ny (y) = B*(P:(y)) — DH5(y).
We have N, € C*(K;), and |N,(y)| c(&) < ¢1- Returning to the charts x and setting
N(x,r) = (=1)*N,(x/r), the result follows. O

Theorem 3.5. Let Q € C,y, A be the operator (7.46), (7.64), the form A(v,u) be
Wé"z(.Q)-elliptic, N =2. Let ug € Wh2(Q)NC*1(Q), u the weak solution of the
Dirichlet problem Au= 0 in Q,u—uy € Wéc‘z(Q). Then u € C--1(Q), Diu(x) =
D'up(x), x€ 9Q, |i| <k—1, and

|’4\ck71(§) < C(|”0‘W’f=2(.(z) + |”0|ck71(§))- (7.67)

Proof. Using Theorem 4.1.2, we have u € C*(Q) and it suffices to consider
a sequence x, € 2, lim, X, = x € Q. Let us set u = u; + ug. Let us consider
the balls K(x,,d,/2) introduced in the proof of Theorem 3.1 and we use the same
notation for M,,. From Theorem 2.3.4 we have W(f’z(Q) C CK2(Q) if k > 2; then
it is sufficient to consider D*u;, || = k— 1. We apply the previous lemma for u in
the discs K (xp, dn/2). Hence we get

k+1 .
D*u(x,) = <d_n> . N(x,d,/2)u(x)dx.

It follows that

k+1
DHuy(x,) = (%) B N(x,dy/2)u(x)dx — D up(x,) =
k1 k1
(2) [ vedDmears (2) [ N/t dr- Dt
Denote |
pn(x) = E(x_xn)iDl"‘O(xn)u

and let u, € Wé{ 2 (Q) be the solution of Auy = Ap, in Q. According to Theorem 3.1
we get
‘“2|ck71(§) <c |M0|Ck71(§), (7.68)
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and for |i| < k— 1,lim,_,.. D'u(x,) = 0. Then we obtain

k+1
Dy () = (3) [ N(wda/2)in )t

o) k+1
H(2) Mo - pae o
" ! (7.69)
2 k+1
H(F) ) W 2)0n0) sl
n K,
2 k+1
+ (—) / N(x,dy /2)ua(x) dx — D u (x).
d}’l Kn
But we have the estimate
d7k|ul |L2(Kn) S 02|M1 |Wk'2(Mn)’
and hence
2 k+1
(d—) /K N (e, dn/2)u1 () dx| < el yezqog - (7.70)
n n
Obviously, we have
o) k+1
fim (-) / N(x, dn/2) (0 (x) — p(x)) dx| = 0. (7.71)
ni—peo dn Kn

We obtain

k1
<d£n) /K N(x,dn/2)(pn(x) — uz(x))) dx = DHuo (x,) — DMz (x),

and finally

< C4|M2|Wk,2<Mn>. (7.72)

(2" e

It follows from (7.69)—(7.72) that lim, .. D*u; (x,) = 0, and thus u € C*~D(Q).
The inequality (7.67) then follows from (7.69). (]

Exercise 3.1. Let A be the operator (7.46), (7.64),and suppose the sesquilinear form
corresponding to A is coercive. Assuming the hypotheses given in Theorem 3.5,
prove that

|“\ckf'(g) < C(\M0|Wk‘2(g) + |M0|ck—'<§) + \“|Wk12(g))~
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